BIRLA CENTRAL LIBRARY J 

FJLAJWi (RAJAKTHAWt ♦ 


e.. N. 5r3/'5‘/ : 

f)^^3T I 





theoretical 

mechanics 




Joseph 

Sweetman Ames 
and Francis D. 
Murnaghan 


Dover Publications, Inc. 
New York 
• New York 



Copy^ght 1929. by Joseph Sweetman Ames and 
^ Francis D. Mumaghan. 

Copyright 1957, by Ftands D. Murnaghan 


This new Dover edition hrst published in 1958, is an 
unabridged and unaltered republication of the first 
edition. It is published through Sf>ecial arrangement 
with Ginn and Company. 


Manufaaured in United States of America. 



PREFACE 


Owing to the notable advances in mathematical physics in 
recent years, due in large part to the introduction of the quan¬ 
tum principle and the principles of relativity, there has been 
a great stimulus in the study of theoretical mechanics. Many 
new methods have been introduced; a more critical discussion 
of the underlying principles has been made; a new emphasis 
has been placed upon various features of the subject. Further¬ 
more, new mathematical processes have been developed. It is 
evident, therefore, that students of physics, mathematics, and 
chemistry should have at their disposal a textbook or book of 
reference corresponding to the hev^ point of view. It is the 
purpose of this book to meet this demand. 

It is realized that there are many students who are not asso¬ 
ciated with institutions where advanced instruction is given and 
who feel the need of this new knowledge concerning theoretical 
mechanics. Consequently this book has been so written that 
it may be read by any competent student without the aid of an 
instructor, and numerous problems have been introduced. If the 
book is used with a class, the instructor may devote his time to 
extending the subject or to the discussion of new applications. 
In pursuit of this same purpose, an attempt is made to give 
rigorous proofs of theorems and formulas, so that the student, 
if he is not proficient in mathematics, may obtain a clearer idea 
of what is needed in a mathematical science. 

It is probable that in the first reading of the book a student 
may find it desirable to omit certain sections, or, possibly, 
chapters, but he should bear in mind that if he wishes to pro¬ 
ceed to the serious study of any of the more advanced fields 
of modern physics, such as statistical mechanics, quantum 
dynamics, atomic theory, etc., there is no chapter which will not 
prove of use. Furthermore, references are given to books and 
articles in which the student will find certain subjects amplified. 

J. S. A. 

F. D. M. 
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CHAPTER I 

VECTOR ANALYSIS 

1. The space-time postulates. It is necessary in theoretical 
mechanics to postulate certain properties of space and time so 
that numbers may be assigned to elements of length, area, and 
volume and to intervals of time. The fundamental postulates 
involved in the processes of measurement will be discussed in a 
later chapter. Classical mechanics assumes that space is of 
three dimensions and possesses the properties postulated by 
Euclid. Among these attention may be specifically directed to 
the postulate that any figure in space may be moved freely 
about, and to what is known as the parallel axiom. This latter 
is essentially the same as a postulate of the existence of figures 
of any magnitude similar to a given figure. The significance of 
these postulates is grasped most readily by considering figures 
of two dimensions — that is, surfaces — and comparing the 
plane with the sphere and the ellipsoid. The plane is Euclidean. 
Figures on it may be freely moved about and enlarged or 
diminished arbitrarily in scale. Briefly, there exist both con¬ 
gruent and similar figures on the plane.. On the sphere a figure 
may be moved about freely; but the postulate of similarity is 
not satisfied, that is, the shape of a spherical figure is not inde¬ 
pendent of its magnitude. The sphere is an example of what is 
known as a space of constant curvature. In such spaces the 
postulate of congruence is obeyed. On the other hand, neither 
the postulate of congruence nor that of similarity is obeyed on 
the ellipsoid. A figure on an ellipsoid cannot be moved about 
without distortion. An ellipsoid is an example of a space of 
variable curvature. For such spaces the postulate of congruence 
is not obeyed. 
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As regards time, classical mechanics postulates a definite 
method of assigning numbers to intervals of time, based, as a 
rule, on the definition of the word ''periodic'' in terms of the 
vibrations of a pendulum or the motion of some convenient 
mechanical system. 

It is postulated — although this is not always explicitly 
stated — that the dimensions of a space figure have the same 
numeric values for all observers, whether the latter are moving 
with the figure or not; that is, the dimensions of a body are 
supposed to be absolute properties of the body and not merely 
the expression of a relation between the body and the observer. 
In short, the observer (the man who makes experiments) is 
not mentioned in classical mechanics. In the modem theory of 
relativity the point of view is quite different. 

2. The vector concept. In order to locate a point in a Euclidean 
space of three dimensions it is necessary to have a rigid material 
framework, with respect to which measurements can be made. 

This material framework is known as 
a reference frame or, briefly, a frame. 
It is usually most convenient to use as 
a frame a system of three mutually 
Y perpendicular axes, OXYZy meeting in 
a point O known as the origin. We 
shall adopt the convention that these 
are so lettered as to form a right- 
handed system; that is, the rotation 
of a right-handed screw whose axis coincides with OZ from 
the X to the y axis forces the point of the screw to advance 
along the z axis. For example, O might be the center of the 
earth, with OZ pointing toward the north pole. Then OX 
and OY would be any two perpendicular lines through O in 
the equatorial plane, with OY east of OX, The position of 
any point M is, then, identified by means of its Cartesian 
coordinates (x, y, z) relative to the frame OXYZ, as shown 
in Fig. 1. 

We are thus able, in particular, to identify a new reference 
frame O'X'Y'Z', and any point M may, if convenient, be 
identified by means of its Cartesian coordinates (x', y'j z') rela¬ 
tive to the new frame O'X'Y'Z', Let us denote the codrdinates 
of the new origin O' relative to the original frame by (xo, yo, Zo)^ 
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and let the relative orientation of the two frames be specified 
by means of the table of direction cosines 



OX 

OY 

OZ 

O'X' 

a\ 

61 

Cl 

O'Y' 

02 

63 

C 2 

O'Z' 

' 03 1 

63 

■ 

C3 


where ca, for example, is the cosine of the angle between the 
OZ and the O'7' axes. We have, then, the relations 

+ b2&3 + C2C3 = 0, etc., (2.1) 

expressing that (ai, bu ci) etc. are the direction cosines of the 
axis O'X' relative to OXYZ, etc., and that the lines O'7' and 
O'Z' are at right angles, etc. Upon interchanging the roles of 
the two frames, we have the relations 

Qi^ *-)- (i2^ “f" ~ etc., biCi -f* &2C2 H” &3C3 ~ etc. ( 2 . 2 ) 

The connection between the coordinates (x, y, z) and (a:', y', z*) 
of the same point M, relative to the two frames OXYZ and 
O'X'Y'Z' respectively, may be given conveniently by the table 
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H 
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y-VO 

z — zo 

x' 

rtl 

hi 

Cl 

y' 

02 
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s' 

03 

hz 

CZ 


which is read as follows: 

ar' = ai(x - Xo) + hi{y- yo) + Ci{z- Zo), etc., 

X — xo = Oix' + 02I/' + as^', etc. 

When we consider two points. Mi and M2, we may introduce 
the idea of the operation which carries us from one of the 
points, Ml, to the other point, M2. This step from Mi to M2 
contains, in addition to the quality of magnitude, that is, the 
distance between the two points, the quality of "direction." 

There are many physical quantities which have exactly these 
two characteristics, and these may be conveniently repre- 
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sented by the geometric operation described above. Such 
physical quantities are known as vector quantities. A vector 
quantity is sufficiently described when its magnitude and di¬ 
rection are given. One of the two end points, Mi and M2, of 
the segment which is used to represent the vector quantity 
may be chosen arbitrarily; the other is then definitely deter¬ 
mined by the magnitude and direction of the representative 
segment. Calling the segment itself a vector, we may say that 
a vector quantity may be represented by any one of a system 
of equal, parallel, and similarly directed vectors. In what fol¬ 
lows, the term ''vector'' will be used to denote either the physi¬ 
cal vector quantity or a geometric segment representative of 
the vector quantity. 

The magnitude and direction of the step from Mi to M2 may 
be specified by means of the projections of the segment Mi M2 
on the coordinate axes. These projections will, in general, be 
different in different reference frames; and we shall say that 
the projections furnish, in the given reference frame y a presen¬ 
tation of the segment, so that we shall have in each frame a 
different presentation of the same segment. Thus, if (xi, yi, Zi) 
and {Z2, 2/2, Z2) are the coordinates, respectively, of Mi and M2 
relative to OXYZ, the presentation of the segment Mi M2 in the 
OXYZ frame is {X2 — a:i, 2/2 — 2/1,2:2 — 2:1). Similarly, the presen¬ 
tation in the O'X'Y'Z' frame is {x'2 — x'l, y'2 — y'l, z'2 — 2;'i), 
and, as follows readily from ( 2 . 3 ), the two presentations are 
connected with one another by the equations 

x'2 - a:'i = ai(x2 - Xi) + 61(2/2 “ yi) + Ci{z2 - 2:1), 
y'2 - 2/'i = a2(x2 - Xi) + 62(1/2 — 2/1) + ^2(2:2 - 2:1), 

2:'2 - z'l = az{x2 - Xi) + 63(2/2 ~ 2 /i) + ^3(2:2 - 2:1), 

( 2 . 4 ) 

X2 - Xi = ai(x'2 - x\) + a2{y'2 - y'l) -t- a 3 (z '2 - 2:'i), 

2/2 - 2/1 = bi(x'2 - x'l) + b2{y'2 - 2 /'i) + h(z'2 ~ 2;'i), 
Z2-Zi = Ci(x'2 - x'l) + C 2 ( 2/'2 ~ 2 /'i) + - 2:'i). 

The question then arises. How can we be sure that a given 
physical quantity is a vector quantity? In other words, pre¬ 
cisely what is meant by the statement that a certain physical 
quantity has the quality of direction? Let us suppose that we 
have a physical process which involves the measurement of 
three quantities, and which furnishes us, therefore, with three 
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numbers for each reference frame. Can we regard these three 
numbers as the presentation of a definite vector in the corre¬ 
sponding frame? Let us express the query in a different form. 
Let (Aa:, Ay, Az) be the three numbers associated with the 
frame OXYZ, and let (A'j., A'y, A'-) be those associated, for the 
same physical process, with the frame O'X'Y'Z', Will the seg¬ 
ment defined by choosing the former set as the measures of its 
projections on the OX, OY, and OZ axes, respectively, have the 
numbers (A'a:, A'y, A'z) as the measures of its projections on 
the O'X', O'Y', and O'Z' axes respectively? If this is so, the 
physical process in which we are interested defines a vector 
quantity, because the physical quantity furnished to us is 
fully described by a representative segment. The same obser¬ 
vations apply to any mathematical process which furnishes us 
a set of three quantities associated with each reference frame. 
The test is that (A'^., A'y, A'z) must measure the projections 
on the axes of the O'X'Y'Z' frame of a segment whose pro¬ 
jections on the axes of the OXYZ frame are measured by 
(A:r, Ay, Az). If MiMo denotes any such segment, we may 
say that 

Ax = X2 - Xi, Ay^yo — 2/1, Az = Z2 — Zi; 

and if we have a vector quantity, it must follow that 

A'x = x '2 — x'l, A'y ~ y '2 — 2/'n A'z = 2:'2 ~ z'u 

We have, then, from (2.4), the equations 

A'x — (iiAx + biAy + CiAzf Ax = diA'x + (i2A'y + (I'sA'z, 

A'y a2Ax "Y b2AyCoAz, Ay = biA'x-Y b2A'yb^A'z, (2.5) 

A'z = a-sAx + b^Ay + c-sAz, Az = Ci A'x + C2A'y + CsA'z- 

These equations enable us to answer the question as to 
whether the .sets of three numbers with which we are fur¬ 
nished, one set to each frame, present a vector or not. It is, of 
course, possible to regard an arbitrary set of three numbers 
(Ax, Ay, Az) as presenting a vector in the frame OXYZ. The 
presentation (A'x, A'y, A'z) in any other frame is then furnished 
by the equations (2.5). But this is not the usual situation. 
We are, in general, in possession of a process furnishing us 
with a set of three numbers in each frame, so that the three 
numbers in any reference frame are known. The equations 
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(2.5) then tell us whether or not these sets of three numbere 
present a vector or not. If they do present a vector, we shall 
denote this vector by the symbol A. This symbol denotes the 
vector itself and not any particular presentation of it. Or, if we 
wish, A stands for all possible presentations of the vector, any 
two of the presentations, by means of Cartesian frames, being 
connected with each other by the equations (2.5). The num¬ 
bers (Axy Ay, Az) will be called the components of the vector A 
in the frame OXYZ. 

The properties and combinations of vectors which are im¬ 
portant are those that have no particular reference to the 
presentation of the vectors which it is convenient to adopt. 
Thus the common length of the representative segments Mi M 2 
of a vector A is independent of the particular frame in use. 
In the frame OXYZ it has the value (A^^ Ay^ + and 
it is easy to verify, from the equations (2.5) and (2.2), that 
A'x^ + A'y^ + A'z’^ == Ax^ + Ay^ + We shall denote the 
length of any representative segment of the vector A by A 
and shall call it the magnitvde of A. A quantity such as A has 
a value quite independent of the particular frame in use, and 
is known as an invariant or scalar quantity. 

As an example of a relationship between two vectors which 
is independent of the frame, we may consider the equality of 
two vectors. Two vectors, A and B, are said to be equal when 
they have the same representative segments, that is, when any 
representative segment of the first is equal, parallel, and simi¬ 
larly directed to any representative segment of the second. 
This implies that Ax = Hx, Ay = By, A* = B*; and it follows 
from (2.5) that these equations imply that A'x = B'*, etc. Thus, 
if two vectors have the same presentation in any one frame, 
they have the same presentation in any other frame. The two 
vectors may then be said to be equal. If A and B are fur¬ 
nished a priori, it would be more natural to say that they 
are the same vector than to say that they are equal vectors; 
but when A and B result from certain processes performed upon 
other quantities, — that is, when A and B are secondary or 
derived vectors rather than primary or given vectors, — the 
latter terminology is more convenient. 

8. Vector algebra, a. Multiplication of a vector by a scalar. 
Let A be an arbitrary vector whose presentation in the frame 
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OXYZ is (Ax, Aj,, A^), and let m be the measure of any scalar 
quantity. If we multiply each of the components (Ax, Ay, A,) 
by m, we have a process which furnishes us with a set of 
three numbers in each frame. In the frame OXYZ the set 
is (mAx, mAy, mA^), and in any other frame, O'X'Y'Z', the 
set is (mA'x, mA'y, mA\), It follows at once, from (2.5), that 
these sets of three numbers present a vector. If m is different 
from zero, any representative segment of the new vector is 
parallel to any representative segment of A, the two segments 
being similarly directed if m is positive, and oppositely directed 
if m is negative. The ratio of the length of the representative 
segment of the new vector to the length of the representative 
segment of A is the numeric value of m. The new vector is 
denoted by wA and is said to be the product of the vector A by 
the scalar m. Its magnitude is |?n|A, where |ml is the numeric 
value of m. 

When m = 0 we have an exceptional situation. The presenta¬ 
tion of the new vector is (0, 0, 0) and is quite independent of 
the original vector A. There is no representative segment, so 
that the new vector cannot properly be said to possess the 
quality of direction. Since, when m is different from zero and 
positive, mA has the direction of A, and since, when m is zero, 
the new vector is independent of the original vector A, we say 
that its direction is indeterminate. This vector, whose com¬ 
ponents in any frame are (0, 0, 0), is called the zero vector. Its 
components in any other frame are also (0, 0, 0), so that it has 
the same presentation in all reference frames. We shall denote 
the zero vector by the symbol 0. It is apparent that its intro¬ 
duction is to a certain extent an enlargement of the vector 
concept. All other vectors have a definite direction, while the 
zero vector has no determinate direction. Once it is introduced, 
however, we are enabled to multiply a vector by any scalar 
quantity without having to guard against the possibility of the 
scalar taking the value zero. 

h. The addition and subtraction of vectors. From any vector A 
we derive, on multiplication by the scalars m, n, and m + n, the 
three vectors mA, wA, and (m + n)A respectively. If the initial 
point of a representative segment of nA is chosen to coincide 
with the end point of a representative segment of mA, the seg¬ 
ment from the initial point of the representative segment of 
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mk to the end point of the representative segment of nk is a 
representative segment of (m + n)k. We shall write 

mk + nA = (m + 

thus defining the process of adding (or subtracting) two vectors 
having the same direction. This definition of addition makes 
the distributive law applicable to the multiplication of a vector 
by a scalar. The addition of equal and oppositely directed 
vectors (or, equivalently, the subtraction of equal vectors) 
gives the zero vector. 

We shall now consider two vectors, A and B, whose representa¬ 
tive segments are not necessarily parallel. Let their presentations 
in any frame OXYZ be (A^, Ayy AY) and (Bx, By, Bz), respec¬ 
tively, and form the algebraic sums (Ax + Bx, Ay -f By, Az + B^). 
We have here again a process furnishing us in each frame with 
a set of three numbers, the set in any other frame O'X'Y'Z' 
being (A'x + B'x, A'y + B'y, A'z + B'^). It follows at once from 
the equations (2.5) that these sets of three numbers present 
a vector, which we shall denote by A + B. A representative 
segment of A + B can be found as follows: 

Choose the initial point of a representative segment of B as co- 
inciding with the end point of a representative segment of A. Then 
the segment from the initial pomt of the representative segment of 
A to the end point of the representative segment of B is a repre¬ 
sentative segment of A + B. 

Since Bx + Ax = Ax + Bx, B^ + A^ = A^ + By, 

Bz “1“ Az Az ”f~ Bz, 

it follows that A + B = B + A. Thus addition of vectors is 
commutative, and we may call A + B the sum of A and B, it 
being immaterial which vector is taken first in forming the sum. 
Vector addition is very similar to scalar addition. Thus, if we 
have a series of numbers on a scale, they are added or subtracted 
according to the rule explained for vectors whose representative 
segments are parallel. The only extension necessary for vectors 
whose representative segments are not parallel is that, in mov¬ 
ing a representative segment of one of the vectors so that its 
initial point may coincide with the end point of a representative 
segment of the other vector, we must be careful to preserve the 
direction of the segment which is moved. (See Fig. 2.) 
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Subtraction of vectors is defined by the statement 


A - B = A + (~ B). 


To obtain a representative segment of A — B, we must first 
reverse the direction of the representative segment of B and 
then proceed as in addition. It follows that representative 




Fig. 2 



segments of A + B and A — B are given by the two diagonals 
of the parallelogram whose coterminous edges are representative 
segments of A and B respectively. 

In connection with the definition of the sum of two vectors 
it should be pointed out that there are certain quantities in 
physics which may be represented by segments of directed lines, 
but which are of such a character that the combined effect of 
several of them is not found by adding the separate representa¬ 
tive segments. As an example, let us consider the rotation of a 
rigid body, about a line OP as an axis, through a definite 
angle d. The displacement of each point of the rigid body is 
fully described by a directed line of definite length if the line 
is drawn along the axis, if its length is made equal to 6, and if 
the direction of the line is so chosen as to indicate by some rule, 
such as the right-hand-screw convention, the sense of the rota¬ 
tion. Now let us suppose that a rigid body is rotated around 
two lines, OPi and OP 2 , in succession, through angles equal to 
the lengths of OPi and OP 2 respectively. The net result of 
these two rotations is equivalent to a rotation about a line 
through O, but this line is not the diagonal of the parallelogram 
whose coterminous edges are OPi and OP 2 . (See § 24.) 

In order to avoid confusion, such a directed quantity is not 
called a vector quantity, even though it can be represented by 
a segment and has presentations in different frames which are 
connected with one another by the equations (2.5); for we 
have a preconceived idea as to what we should mean by the 
sum of two rotations about a point, and this idea does not agree 



10 


THEORETICAL MECHANICS 


with the definition of the sum of two vectors which is most 
generally convenient. The same question as to the suitability 
of the definition of "sum"' will arise, naturally, in connection 
with every directed physical quantity. If, however, the directed 
quantity is arrived at as the result of operations upon some 
primary vector quantities, we usually know beforehand, by the 
rules of vector algebra and analysis, whether or not it is a 
vector in the narrow sense, that is, whether or not it obeys the 
rule of addition. Thus, in the case of the rotation of the rigid 
body about a point the primary vectors are the displacements 
of the various points of the rigid body. The operation of de¬ 
ducing from these displacement vectors the nature of the seg¬ 
ment which is representative of the rotation is not linear; hence 
the finite rotations of a rigid body about a point are not vectors 
in the narrow sense of the term. 

It is well to emphasize the distinction between experimental 
and theoretical physics. It is by experiment in the former and 
by postulation in the latter that the result of compounding 
physical quantities is determined. In the case of any physical 
quantity two questions arise: (1) Is it a vector in the wider 
sense; that is, is it fully described by a magnitude and a di¬ 
rection? (2) Is the experimental law for compounding the 
physical quantity the same as that for vectors? The answer 
to (2) may be in the negative even though the answer to (1) is 
in the affirmative. 

A vector whose magnitude is unity is called a unit vector. 
Associated with any frame OXYZ there are three fundamental 
unit vectors whose representative segments lie along the three 
coordinate axes respectively. These unit vectors have presen¬ 
tations (1, 0, 0), (0,1, 0), (0, 0,1) in the OXYZ frame and are 
denoted, respectively, by i, j, k. We have the equation 

A = Aj,i + Ayi + Agk, 

in which A is an arbitrary vector whose presentation in the 
frame OXYZ is Ay, A,). 

c. The scalar product of two vectors. As the direction cosines, 
relative to a frame OXYZ, of any representative segments of 

two vectors A and B are —) and (^, respec- 

tively, the angle 6 between these segments has its cosine given 
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by the formula cos d = + AyBy + A^Bz) -f- AB. 

since the expression ^ ^ 

AxBa: + AyBy + AzBz 


Hence, 


is equal to AB cos 6, it has a value independent of the frame 
in which the vectors are presented. We have here a process 
furnishing us with a number in each reference frame, and this 
number is the same for all frames. It is easy to verify, by 
means of the equations (2.5) and (2.2), that 


A^aiB^x “t" A^j/B^y -f- A'zB'z = AxBx -f- AyBy *1“ AzBz» 

This number is called the scalar product of the vector A and 
the vector B and is denoted by (A.B), so that we have the 
equation of definition 

(A.B) = AxBx + AyBy + A^B^ = AB cos 6, (3.1) 

It follows from (3.1) that (A.B) = (B.A), so that the scalar 
product of two vectors obeys the commutative law. It obeys 
also the distributive law, since 


(A.B + C) = A,(B, + Cx) + Ay(By + Cy) + Az{Bz + Cz) 

= (A^B^ + AyBy + AzBz) + ( A:,C;r + AyCy + A,C,) 

= (A.B) + (A,C). 

The equation (A.B) = ABcos0 shows that when the scalar 
product of two vectors is zero, then one of the vectors is zero 
or else the vectors have perpendicular representative segments. 
Since the zero vector has no determinate direction, it may be 
regarded as perpendicular to any vector, and we have the re¬ 
sult that the necessary and sufficient condition for two vectors 
to be at right angles (that is, to have perpendicular representa¬ 
tive segments) is that their scalar product be zero. 

If the vector A is a unit vector, (A.B) = B cos d is called the 
resolved part of B in the direction of A. This resolved part has 
a maximum value B when the direction of A is the same as 
that of B, and a minimum value — B when the direction of A 
is opposite to that of B. (B^, By, Bz) are, respectively, the 
resolved parts of B in the directions of the coordinate axes of 
the frame OXYZ. 

Let us now suppose that we have a process furnishing three 
numbers (A*, Ay, A«) in each frame OXYZ, and let us suppose 
that these three numbers have the property that the expres¬ 
sion AxBx + AyBy + A^B^ has a value independent of the frame. 
Here (B*, By, BJ is the presentation in the frame OXYZ of an 
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arbitrary vector B. It then follows that (A^, Ay, A^) present, 
in the frame OXYZ, a vector A. To see this we have merely 
to take, for example, as the frame O'X'Y'Z' that in which the 
vector B, which we may assume, without loss of generality, 
to be a unit vector, has the presentation (1, 0, 0). Its presen¬ 
tation in the OXYZ frame is, then, from the equations (2.5), 
(ai, hi, Cl); and the given equality 

A':,B'x + A'yB'y + = A^B^ + AyBy + A^B^ 

yields A'* = ai A^ + 6 i A^ + CiA^. 

Similarly, by taking for O'A'T'Z', in turn, the frames in which B 
has the presentations (0, 1 ,0) and (0, 0, 1 ) respectively, we find 

A'y = (l2Ax + b2Ay -f- C2Az, 

A'z ~ dsAx + h'sAy -f- C 3 A 2 . 

These equations show that the three numbers (Ax, Ay, Az) pre¬ 
sent, in the OXYZ frame, a vector A; for all frames O'X'Y'Z' 
may be obtained by suitably varying the arbitrary vector B. The 
fact that the granted independence in value of the expression 
AxBx + AyBy + AzBz of the reference frame, where (Bx, By, Bz) is 
a presentation of an arbitrary vector B, implies that (A^, Ay, Az) 
is a presentation of a vector A., will be found very useful in 
developing the theory of vectors. 

d. The vector product of two vectors. If we have two vectors, A 
and B, one of which is not a mere scalar multiple of the other, 
we may consider the plane formed by their representative seg¬ 
ments through any point M, This plane determines, by a line 
perpendicular to it, one of two directions. We shall agree to 
choose that one along which a right-handed screw would advance 
when turned in the sense that would be required to make the 
representative segment of A assume the direction of the] repre¬ 
sentative segment of B, the rotation being through the smaller 
of the two angles between the two representative segments. In 
order to present this direction we may use an arbitrary frame 
in which A is presented by (A^, Ay, A^) and B by (Bx, By, Bz ); 
and if C is any vector perpendicular to the plane including A and 
B, we have ^ ^ ^ 

(C.B) = C,Bx + CyBy + CxBx = 0; 
whence Cx — k{AyB, — A,By), Cy = k{AxBx — AxB^), 

Cr = k{AxBy — AyBx), 
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where A: is a factor of proportionality which might, conceivably, 
depend on the particular frame used to present A, B, and C. 
That it does not, follows from the fact that the magnitude of C 
is given by 

= k\{AyB, - A^ByY + (A.B, - A,B,Y + {A,By - 
= k\{A,^ + A,2 + + By^ + 

-- {A,B, + AyBy + 

= A; 2 A 2 B 2(1 - cos 2 6) 

= k^A‘‘^B'^ sin2 6; 

whence C = ± A:AB sin 6. 

To see which of the two signs should be taken, we choose a 
frame whose a:-axis lies along the representative segment of A, 
and whose |/-axis is in the plane of the two segments and 
directed so as to make an acute angle with the representative 
sejrment of B, Then C is, by definition, directed along the 
positive ; 2 :-axis, and its presentation is (0, 0, C), while the presen¬ 
tations of A and B are (A, 0, 0) and {B cos 0, B sin 6, 0) re¬ 
spectively. Upon substituting these in the expressions for 
Cxf Cy, and Ce above, we find Cx = 0, Cy — 0, Cz kAB sin d, 

and therefore , . ^ 

C = kAB sin d, 

so that k must be positive, since 0 , being less than two right 
angles, has its sine positive. We fix the magnitude of C by mak¬ 
ing A: = 1, so that C has, in the OXYZ frame, the presentation 

Cz — i^yBz AzBy)f Cy = (AzBx AxBz), - 

Cz = {AxBy - AyBx). ^ ‘ 

This vector is known as the vector product of A and B and is 
denoted by the symbol [A.B], It follows from (3.2) that 

C = (A^B, - A,B,,)i + (A,Bx - AxB.) j + (A^B*, - A^Bx)k 
i j k 

Ax Ay Az • 

Bx By Bz 

If A and B are the unit vectors i and j, it follows from the 
definition that [i.j] = k; similarly, [j.k] = i, [k.i] = Now the 
presentations of i, j, and k in the O'X'Y'Z' frame are given, by 
the equations (2.5), as (ai, a 2 , ua), (bu bo, 63 ), and (ci, C 2 , C 3 ), 
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respectively, so that on presenting the vector equation i = [j.k] 
in the O'X'Y'Z' frame we have the relations 

ai = 62 C 3 — hzC2t a2 = 63 C 1 — 61 C 3 , ^ 

a3 - 61 C 2 - 62 C 1 ^ ^ ^ 

among the direction cosines of (2.1). There are similar equations 
for ( 61 , 62 , 63 ) and (ci, C 2 , C 3 ). Upon interchanging the rdles of 
the OXYZ and the O'X'Y'Z' frames, we obtain the relations 

ai = 62 C 3 “ & 3 C 2 , bi = 02^3 — C3a2, ^ 

Cl = (X 2&3 — 0 - 362 , etc. 

These relations among the nine direction cosines which give 
the relative orientation of two Cartesian frames OXYZ and 
O'X'y'Z' may be used to verify the fact that the process which 
furnishes the set of three numbers {AyB^ — AzBy, A,Bx — A^Bz, 
AxBy — AyBx) in each frame OXYZ actually presents a vector. 
Thus it readily follows from (2.5) that 

A'yB'z — A'zB'y = ( 62 C 3 — b3C2)(AyBz — AzBy) 

+ (C2a3 - C3a2){AzBz, - A^Bz) 

”f" (O 263 0/2)b2^{^AxBy AyBx)f 

and, by (3.4), this is equal to 

ai(AyBz ■— AzBy) + bi{AzBx — A^Bz) + C\{AxBy — AyBx). 

Proceeding similarly for A'zB'x — A'xB'z and A'xB'y — A'yB'xf 
we see that the sets of three numbers furnished by our process 
satisfy the criterion given by the equations ( 2 . 5 ). 

The fact that the magnitude of the vector product is AR sin 6 
gives the useful expression 

AB sin e = [(AyBz - AzBy)^ + (A,H^ - AxBz)^ 

+ {AxBy-AyBx)^-]^ (3.5) 

for sin 0. The magnitude A B sin 0 of the vector product is the 
area of the parallelogram whose coterminous edges are repre¬ 
sentative segments of A and B. 

It readily follows from the expression (3.2), or directly from 
the definition of the vector product, that 

[B.A] = ~[A.B]. (3.6) 

Thus the vector product of two vectors does not obey the 
commutative law; for when the order of the factors in the 
product is changed, the direction of the product vector is also 
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changed. On the other hand, the distributive law is obeyed; 
for the first component in the OXYZ frame of [A.(B + C)], 
being + C,) — Az{By + Cy)y is equivalent to 

{AyBz — AzBy) + {AyCz — AgCy), 

and similarly for the other two components. Hence 

[A.(B + C)] = IA.B] + [A.C]. (3.7) 

More generally we have 


[(A + B).(C + D)] = [A.C] + [A.D] + [B.C] + [B.D]. (3.8) 
The distributive law may be freely applied when developing 
vector products, but care must be taken to preserve the proper 
order of the factors in the various products. 

When one of two vectors A and B is a scalar multiple of the 
other, the two representative segments through a point lie along 
the same straight line and do not determine a plane. The vector 
product of two such vectors is defined as the zero vector; this is 
in accordance with (3.2). Using the distributive law, we see that 
the vector product of two vectors is not altered if a scalar mul¬ 
tiple of either of the two factors is added to the other factor. Thus 
[A.(B + mA)] = [A.B] = [(A + nB).B], (3.9) 

where m and n are any scalar quantities. For this reason, vector 
division is not defined; for if we tried to interpret A -5- B = C, 
we should seek the vector C such that either [B.C] = A or 
[C.B] = A. There would then be two kinds of quotients, which 
might be distinguished by some such terms as ''right'' and 
"left." Neither type of quotient would be unique; for if C is 
any vector satisfying [B.C] = A, then C + mB, where m is any 
scalar, may be substituted for C without affecting the product.* 
e. The scalar triple product. If we have three vectors. A, B, and 
C, and take the scalar product of A into the vector product of 
B and C, we obtain the scalar quantity 


(A. [B.C]) 


Ax Ay Az 
Bx By Bz 
Cx Cy C/Z 


(3.10) 


♦ The consideration of A B, not as a vector but as an operation carrying a 
representative segment of B into a coterminous representative segment of A, led 
Sir William Hamilton to the study of quaternions. The name ’'quaternion” implies 
that the operation requires for its specification four numbers: three to describe the 
rotation of the representative segment of B into the same straight line as that of 
A, and a fourth to give the ratio of the lengths of the two representative segments. 
(See § 24.) 
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The verification, by means of (2.5), that this determinant does 
not depend in value on the frame chosen to present the vectors 
follows at once from the law of multiplication of determinants 


ai 

hi 

Cl 

and the fact that a 2 

&2 

C 2 = 1 , which is an immediate con- 

as 

63 

C 3 


sequence of the equations (3.4) and (2.1). We have at once, 
on interchanging the position of the rows of the determinant 
of (3.10), 


(A.[B.C]) = ([A.B].C) = (B.[C.A]), and so on. 

There is no ambiguity, then, in writing (A.[B.C]) in the form 
(A.B.C). It is known as the scalar triple product of the three 
vectors, and we have 

(A.B.C) = (B.C.A) = (C.A.B) = - (A.C.B) 

= - (B.A.C) = - (C.B.A). (3.11) 

Furthermore, it follows from (3.9) that 

(A.B.C) = (A.B.C -f mA + r^B), (3.12) 

where m and n are arbitrary scalar quantities. 

Since the magnitude of [B.C] is the area of the parallelogram 
formed by coterminous representative segments of B and C, 
and since [B.C] is directed along the perpendicular to the plane 
of these segments, we find, by (3.1), that (A.B.C) is the product 
of the area of the base of the parallelepiped, whose coterminous 
edges are representative segments of A, B, and C, respectively, 
by its altitude. Thus (A.B.C) is the volume of the parallele¬ 
piped. It will have a positive sign if A makes an acute angle 
with the direction of [B.C], and a negative sign if A makes an 
obtuse angle with this direction. The necessary and sufficient 
condition that the three coterminous representative segments 
of A, B, and C should lie in one plane is that (A.B.C) be zero. 
The three vectors will then be said, briefly, to be coplanar. The 
possibility that one of the vectors may be zero is here included, 
since the zero vector has an indeterminate direction. 

/. The vector triple product. Let us consider the vector product 
of A and the vector product of B and C. The a:-component of 
the presentation of this vector in the OXYZ frame is, by (3.2), 

Ay{BxCy ByCx) Az{Bj;Cx BxC^, 
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By adding and subtracting the term this may be written 

in the form 

BMzC:, + AyCy + A,c.) - CMxB^ + AyBy + A,B,) 

or (A.C)B,-(A.B)CV 

We have similar expressions for the other two components, so 
that we may write 

[A.[B.C1] = (A.C)B ~ (A.B)C. (3.13) 

It follows at once that 

[A.[B.C]] + [B.[C.A]] -f [C.[A.B]] =0. (3.13a) 

Remembering that a change in the order of the factors of a 
vector product changes the sign of the product, we may make 
a double change and write 

[A.[B.C1] = [[C.B].A] = (A.C)B ~ (A.B)C. (3.14) 

Tt is easy to remember the result (3.14) if we observe that the 
vector triple product, being a vector which is perpendicular 
to [B.C], must lie in the plane of B and C, so that it is a linear 
combination of B and C. The scalar multiples are the scalar 
products of the other two vectors, and the positive sign goes 
with the middle vector. It will be observed that the vector 
triple product does not obey the commutative law. 


Applications. If A, B, C, D are any four vectors, we may apply 
(3.12) and (3.14) to ([A.B]. [C.D]], and, remembering that ([A.B].C) 
is the scalar triple product (A.B. C), and so on, we have 


[[A.B].[C.Dll = (A.B.D)C - (A.B.C)D 

= (A.C.D)B - (B.C.D)A. (3.15) 


From (3.15) we derive the relation 

(A.B.C)D = (B.C.D)A + (C.A.D)B -f (A.B.D)C, (3.16) 

connecting four arbitrary vectors A, B, C, and D. If A, B, and C are 
not coplanar, so that (A. B. C) is different from zero, we derive, from 
(3.16), the equation 


_ (B.C. 
(A.B.C) 


A + 


(C.A.D) 

(A.B.C) 


B + 


(A.B.D) 

(A.B.C) 


C, 


(3.17) 


which expresses an arbitrary vector as a linear combination of the 
three non-coplanar vectors A, B, and C. 
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Upon adding together the three equations of the type (3.16), 
[IA.D].[B.C11 = (A.B.C)D - (B.C.D)A, 
[[B.Dl.lC.AJJ = (A.B.C)D - (C.A.D)B, 
[[C.Dl.lA.Bll = (C.D.B)A - (C.D.A)B, 

we obtain the equation 

2(A.B.C)D = [[A.DI.[B.CJ]-f [(B.D].[C.AI] 

+ (IC.D].[A.B1J. (3.18) 

Let us now suppose that we have a process furnishing us in each 
frame three numbers (D^, Z)y, U*); and, furthermore, let us suppose 
that although it is not known that these sets of three numbers present 
a vector, it is known that, if A is an arbitrary vector, — AgDy, 

AgDx — AgDg, AgDy — AyDx) present a vector. It follows from the 
equation (3.18) that the three numbers {Dx, Dy, I)*) actually present 
a vector. For the right-hand side of (3.18) is a vector, the first term 
in it being the vector product of the given vector whose presentation 
in the OXYZ frame is {AyDg — A,Uy, AzD^ — A^Dg, AxDy — AyDx) 
into the vector IB. C]; and so for the other terms. Of course, since 
we do not know ab initio that (Dx, Dyy Dg) actually present a vector 
in the OXYZ frame, (3.18) must be regarded merely as standing for 
the three separate equations 

2(A.B.C)Dx = {AgDx - AxDg){BxCy - ByCx) 

— {AxDy — AyDx){BgCx — BxCg) “f* • * *, etc. 

In other words, a necessary and sufficient condition for (Dx, Dy, Dg) 
to present a vector is that (AyDg — AgDyy AgDx — AxDgy AxDy ~ AyDx) 
present a vector, where (A,, Ay, A,) is the presentation of an arbi¬ 
trary vector A. The same result follows from a consideration of the 
invariance of the scalar triple product (C.A.D) and the equality 
(C.[A.D]) = ([C.A].p). 

Another theorem in vector algebra will be found very useful later 
on. Let us consider the scalar product of two vector products. It is 
a matter of elementary algebra to verify that 

(lA.Bl.IC.Dl) = (A.C)(B.D) - (A.D)(B.C), (3.19) 

where A, B, C, and D are any four vectors. If B and D coincide 
we have 

(lA. B1. [C. Bl) = (A. C)(B. B) ~ (A. B)(B. C). (3.20) 

If A, B, and C are unit vectors, and if their representative segments 
are drawn with a common initial point O, the end points of these 
segments will form the vertices of a spherical triangle ABC on 
the unit sphere which has 0 as center. Indicating, as usual, the 
angles of the spherical triangle by A, B, and C, and the opposite 
sides by a, b, and c respectively, we know that the magnitude of 
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IA.B] = sin c and that the magnitude of (C.B] = 8ina, while the 
angle between these two vector products is B. Hence we have, 
from (3.20), 

sin c sin a cos B = cos b — cos c cos a, 
or cos b = cos c cos a + sin c sin a cos B. (3.21) 

If, in (3.20), we replace each of the unit vectors A, B, and C by the 
unit vector having the direction of the vector product of the other 
two, the spherical triangle ABC is replaced by the polar triangle 
A'B'C', where A' = tt — a, B' = w — b, C' = tt — c, a' = tt — A, 
6'= tt “ B, c' = T — C; and we derive from (3.21) the second 
spherical-triangle formula 

cos B = — cos C cos A + sin C sin A cos 6. (3.22) 

4. Vector analysis, a. The gradient vector. If with each point 
of a curve, a surface, or a region of space there is associated a 
definite vector A, we have what is known as a vector field. Ana¬ 
lytically we have a vector field when, in any frame OXYZ, 
the components (Ax, Ay, A*) of a vector A are functions of the 
coordinates (x, y, z) of a variable point. The vector field may 
be called continuous when (Ax, Ay, Az) are continuous functions 
of (x, y, z), and differentiable to the first order when the nine 

partial derivatives etc. exist at all points (x, y, z) 

ox oy 

under consideration. Unless the contrary is expressly men¬ 
tioned, we shall deal only with continuous vector fields differ¬ 
entiable to any required order. A curve having the property 
that at each of its points the associated vector A has the direc¬ 
tion of the tangent to the curve will be called a vector line of the 
field. The vector lines of a vector field are found by integrating 
the equations 

dx_dy_dz 
Ax Ay Az 

A simple and important example of a vector field is obtained 
as follows. Let (t>(x, y, z) be any scalar point function, that is, 
a function of the coordinates (x, y, z) of a variable point whose 
value is independent of the frame in which the coordinates are 
measured. When any other frame is introduced, </> will, in 
general, change its form, but its value at any particular point 
will be unaltered. Denoting the new form by </>', we have the 
identical relation ; and, upon differentiating in turn with 
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respect to x', y’, and z', we obtain, by the rule for composite 
differentiation and the equations (2.3), the results 


dx dx dy dz 

dy' dx dy dz 


If we compare these equations with (2.5), we see that at any 
point {Xy y, z) the three numbers present a vector. 

This vector is known as the gradient of the scalar point func¬ 
tion 0, and is written grad </>. The square of its magnitude at 
any point is a scalar which is usually denoted by Ai0, and we 
have the relation 



If we draw the level surfaces = constant, we have d(i> = 0, 
or ^^dx+ ^ dy + ^dz — 0y where (dx, dyy dz) present in the 

tangent plane, at the point (x, y, z), an arbitrary vector to 
that member of the family of level surfaces which passes through 
the point. This shows that grad 0 is, at any point, normal to 
the level surface </> = constant passing through this point. It is, 
moreover, directed toward that side of the surface <f> = constant 
on which 0 is increasing. If we have any direction s whose 
direction cosines are (?, m, n), say, through (x, z), the resolved 

part of the gradient of 0 in this direction isl^^ + m^ + n 

dx dy dz 

and this is known as the directional derivative of </> in the direc¬ 
tion s. It is denoted by ^ • The directional derivative is ac- 

ds 

cordingly a maximum, at any point, when s is the normal n to 
the level surface (j> = constant through that point, the normal 
being drawn in the direction toward which (f> is increasing. The 
maximum value is 


^ = magnitude of grad <t> = (Ai</))^. 
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If d is the angle between the normal n and any other direction s, 
we have 

^ ^ cos e. 

as an 


(4.3) 


b. The divergence of a vector field. If we have a vector field A, 

the equations (2.5) and (4.1) show that the derivative trans- 

dx 

forms, when a change of frame is made, just as does the product 
AxBi of the ^-components of two vectors A and B. Thus 


dA', 


dx' dx' 


— (OlAj; -j- hlAy -|- Cl Az) 




= ai 


2 _L 7.. 2 I z. 2 I / rM 


()x ()y 


dz 


4- Ml 
V 'r)y dz 


+ 


since the direction cosines (ai, h\, Ci) are independent of (j, y, z). 

d jA. ^ d A ^ 

iJpon adding the two similar expressions for — f- and -r—we 
find, on using (2.2), that 


dA', 


dx' 


dA',, . dA', 
dy' dz' 


dAj. dA„ dA^ 
dx dy dz 


We have, then, associated with any vector field A a scalar point 

function which is known as the divergence of 

dx dy dz 

A and is written div A. Thus 


j- A , dAj, , dAz 

div A = -77^ + + “ 7 — 

dx dy dz 


(4.4) 


If in the scalar product AjBs + AyBy + A,B^ we replace A^, by 

A„ by 7 ^, and A^ by the expression becomes 
dx dy dz 

dB, I dB„ . dB, 
dx dy dz ’ 

or div B. In other words, if we use V as a symbolic vector 

( d d d \ 

divB = (V.B). 

It follows from (4.4) that if t/' is any scalar point function, 

div ^A = ^ div A -h (A. grad i^). (4.5) 
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When the vector A is the gradient of a scalar point function <l>, 
its divergence takes the form 


dH , d^4> , d^<i> 


The scalar point function which is derived in this way from an 
arbitrary point function 0 is known as the Laplacian (or second 
differential parameter) of 0 and may be denoted by A 2 <^. Thus 



The Laplacian is the result of an invariant operator. Thus in 
the frame O'X'Y'Z' the operator has the form A' 2 , and we have 
just proved that the equation A' 20 ' = A 2 </> is a consequence of 
the equation </>' = <^. Such invariant operators are known as 
differential parameter^. It is for this reason that the Laplacian 
is often referred to as the second differential parameter of 0. 
The result of the invariant differential operator Ai of (4.2) is 
known as the first differential parameter of the scalar point 
function <f>. If we fonn the expressions (A 2 Axf A 2 AJ,, A 2 A,), 
where (A^, Ay, A*) are the components in the OXYZ frame of a 
vector A, it is easy to show that they present a vector. The fact 

that A 2 is an invariant operator enables us to put A' 2 A ^ = A 2 A 

^2 ^2 f )2 

where A '2 is the operator We have, then, from 

the equation 

A'* = aiAx + biAy + CiAz, 

the result A' 2 A'a: = aiA 2 A 3 : + biA 2 Ay + C 1 A 2 A,, 


since the direction cosines (ai, bi, ci) are independent of (x, y, z). 
This, and the two similar equations for A' 2 A'y and A' 2 A'„ show 
that (A 2 Ax, A 2 Ay, A 2 A,) present a vector; this vector is denoted 
by the symbol A 2 A. 

c. The curl of a vector field. We have obtained above the scalar 
quantity divA = (V.A), where V is a vector operator whose 

components are let us now form the symbolic vector 

product [V.A]. This gives a vector whose components are 


gAy 8Ax\ 

^dy dz * dz dx' dx dy) 


(4.7) 
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That these are actually the components in the OXYZ frame of 
a vector follows at once by a proof similar to the analytic veri¬ 
fication of the fact that the three components of the vector 
product [A.B] of two vectors present a vector (see § 3, d). The 
vector presented by the components given in (4.7) is written 
curl A. (Sometimes the notation rot A is used.) The definition 
of the vector curl A may be put concisely in the form 


curl A = 


i j k 

1 

dx dy dz 

A-x Ay A.Z 


It follows at once that the curl of any gradient vector is zero, 
and that the divergence of the curl of any vector is zero. Thus 

curl grad </> = 0, div curl A = 0. (4.8) 


If we wish to find the curl of a vector field which is itself the 
curl of another vector field, we have, for the first component of 
the vector curl curl A, the expression 

d (dAy dAx\ d (dAx dAA 
dy \ dy ) dz\ dz dx } 

A 

By adding and subtracting the quantity —this may be 
written in the form 


d (dAx , dAy , dAA fd^Ax , d^Ax , gMA 
dx \ dy dz / \ dx^ dy^ dz^ / 

so that we have the result 

curl curl A = grad div A — A 2 A. (4.9) 

It is also easy to see that if 0 is any scalar point function, 
curl </)A = 0 curl A + [grad </).A]. (4.10) 


5. The derivative of a vector. Let us suppose that we have a 
vector field A attached to the points of a curve, and let the 
parameter along this curve be denoted by r. Then the com¬ 
ponents (Ax, Ay, Az) of A in any frame OXYZ are functions 
of (x, y, z) and, through them, functions of the ultimate in¬ 
dependent variable r. The values of this variable are quite 
independent of the frame, and so we may differentiate the equa¬ 
tions (2.6) with respect to r, the direction cosines (ai, bi, ci) etc. 
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being constants in the differentiation. We thus obtain three 
equations of the type 


dA'r 

dr 




+ 0 


dA; 

dr 


components are 


These equations show that components, 

in the frame OXYZ, of a vector which we may denote by —. 

(UK dr 

From this new vector we may derive the vector whose 

These results 

dr- dr- dr- J 
hold for any vector (not necessarily a vector field) whose com¬ 
ponents are functions of a certain parameter r the values of 
which are independent of the reference frame. The essential 
fact in the proof is that the direction cosines (ai, bi, Ci) etc., 
which fix the relative orientation of any two frames, must be 
independent of r. 

The following results are immediate consequences of the 
definition of the derivative of a vector. If m is any scalar, 


-f (mA) = m^A + ^A, 

dr dr dr 

£ 
dr 


(5.1) 

(5.2) 


:(A.B)=.(A.f) + (^.B). 

In particular, (A.A) — 2 (k • Thus, if A is a vector of 
dr \ dri , 

constant magnitude, so that (A.A) is constant, (A*—)=0, 

dA ^ 

which shows that the vector — is perpendicular to A. If, for 

dr 

example, we know that A is a unit vector, then it follows that 


dA : 


dr 


is perpendicular to A. 


d 


Furthermore, [A,B] 
dr 

and, in particular, 

A 

dr 


[-f] 


+ 


dA 

-dr 


b], 


(5.3) 

(5.4) 



=rA.^l 

1 . dr\ 



In general the ordinary rule for the differentiation of a 
product holds for the differentiation of vector products. Since, 
however, vector multiplication is not commutative, care must 
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be taken to preserve the order of the factors of the vector 
products during the differentiation. 

Let us now consider the special case where A is the vector r 
whose presentation in the frame OXYZ is {x, y, z). The vector 
r is known as the position vector of the point M 
whose coordinates are (x, z), and it has the seg¬ 

ment from O to M as a representative segment. Let 
M trace out a curve along which 
the parameter is r. Then the vector 

j 

r has, by definition, the direction 
dr 

of the tangent to the curve traced 
out by M, drawn in the direction in 
which T is increasing. If s denotes O 
the length of arc along the curve 
measured from some convenient point in the direction in which 
r is increasing, the unit vector in the direction of the tangent 

is 4^ r. This may be denoted by ti; so that we have 
as 

-f r = i)ti, 

dr 



Fig. 3 


where 






From this we find, by (5.1), 

d-T , dti , dv . 

Since ti is a unit vector, ^ is perpendicular to it; furthermore, 
dt 

~ lies in the osculating plane of the curve at the point M, 
dr 

that is, the plane of two consecutive tangents at the point M, 
Its direction is, by definition, that of the principal normal to 
the curve. Denoting the unit vector along this principal normal 
by n, the equation 

^ (5.5) 

P 

defines the positive quantity p, which is called the radius of 

curvature of the curve at the point M, Since, then, 
we have the result ^9 o j P 

f’ (5.6) 

P 


dti 

ds 


d^x ^ \dv , 
_ = ~ n + — ti. 
dr- p dr 



26 


THEORETICAL MECHANICS 


Thus the vector ^ lies entirely in the osculating plane of the 

curve and has components of magnitude H and ~ along the 

dr p 

tangent and the principal normal respectively. When the curve 
is plane, the osculating plane is the plane of the curve, and 
the principal normal is the ordinary normal directed toward the 
center of curvature. 

6 . Orthogonal curvilinear coordinates. It is frequently con¬ 
venient to use coordinates other than Cartesian to specify the 
positions of the various points of a material body. As familiar 
examples we have cylindrical coordi¬ 
nates and space polar coordinates. In 
cylindrical coordinates the three coor¬ 
dinates (p, 0, z) are, respectively, the 
distance p from a given line, the angle 
</> from a fixed half-plane through this 
line to the half-plane through the point 
(p, (t>, z) and the line, and, finally, the 
distance z along the given line from a 
given point on it, known as the origin, 
to its intersection with a plane through 
(p, 0, z) perpendicular to it. The dis¬ 
tance z is measured positively in the direction of advance of a 
right-handed screw which is turned in the direction in which (j> 
is measured positively. The quantity p is essentially positive, 
<t> may be taken to lie in the interval 0 ^ 0 < 2 tt, and z can 
take on any value, positive, negative, or zero. If we introduce 
a Cartesian frame with its origin at the origin of the cylindrical 
coordinates and with its z-axis coinciding with the z-axis of the 
cylindrical coordinates, while the x-axis is in the standard half¬ 
plane through the z-axis (that is, the half-plane from which 0 is 
measured), we have the obvious relationship 

X = p cos 2/ = P sin <^, z = z. (6.1) 

Space polar coordinates differ from cylindrical coordinates 
merely in substituting for z and p the angle 6 from the z-axis to the 
radius vector r from the origin to the point whose position is being 
specified, and the length of this radius vector. We have, therefore, 
p = r sin 0, z = r cos d; 

so that (6.1) yields 

X = r sin 0cos y = r sin 0 sin <t>, z^r cos 0. (6.2) 



Fig. 4 
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The radius r is essentially positive, 0 lies in the interval 0 ^ 0 g tt, 
and <^, as before, lies in the interval 0 ^ (/> < 2 tt. 

Through each point there pass, in either case, three coor¬ 
dinate surfaces, namely, the surfaces along which one of the 
curvilinear coordinates is constant, the other two being allowed 
to vary. Thus, in cylindrical coordinates the coordinate sur¬ 
faces are, respectively, a circular cylinder with its axis along 
the 2 :-axis, a half-plane through the ^-axis, and a plane per¬ 
pendicular to the 2 -axis. In space polar coordinates they are, 
respectively, a sphere with its center at the origin, a half-cone 
with its vertex at the origin, and a half-plane through the 2 -axis. 
These coordinate surfaces intersect, two by two, in curves which 
are known as coordinate curves, 
the intersection of the second and 
third coordinate surfaces being 
called the first coordinate curve, 
and so on. The parametric equa¬ 
tions of the coordinate curves, with 
reference to the Cartesian frame, 
are given by the equations (6.1) or 
(6.2), in which the single param¬ 
eter is the single varying coor¬ 
dinate. In cylindrical coordinates 

the coordinate curves (or lines) are, respectively, a half-line 
perpendicular to the 2 -axis, a circle with its center on the 2 -axis 
and lying in a plane perpendicular to the 2 -axis, and, finally, 
a straight line parallel to the 2 -axis. In space polar coordi¬ 
nates they are, respectively, a half-line through the origin, a 
semicircle with center at the origin and with its end points on 
the 2 -axis, and, finally, a circle with its center on the 2 -axis and 
lying in a plane perpendicular to the 2 -axis. 

The tangent lines to the three coordinate curves through 
any point, drawn in the direction in which the corresponding 
coordinate is increasing, furnish us with what are known as the 
three coordinate directions at that point. The direction cosines, 
relative to the Cartesian frame, of the coordinate directions 
follow readily from the equations (6.1) and (6.2). Thus, to 
get the direction cosines of the first coordinate line in cylin¬ 
drical coordinates, we have merely to calculate 
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and to divide each of these quantities by the positive square 
root of the sum of their squares. In this way we find the 
following tables of direction cosines for cylindrical and space 
polar coordinates respectively: 



X 

y 

z 

p 

cos </> 

sin <t> 

0 

4> 

— sin 4* 

cos 4> 

0 

z 

0 

0 

1 



X 

V 

z 

r 

sin 0 cos 4> 

sin Q sin </> 

cos 9 

6 

cos 0 cos </> 

cos Osin 4> 

— sin 0 


— sin 4> 

cos <j> 

0 


(6.3) 


(6.4) 


It is seen at once that these direction cosines satisfy in each 
case the relations (2.1) or (2.2), so that the coordinate direc¬ 
tions at any point form a set of three mutually perpendicular 
straight lines. This is expressed by the statement that cylin¬ 
drical coordinates and space polar coordinates each constitute 
a system of orthogonal curvilinear coordinates. It is convenient 
to consider the Cartesian reference frame formed by the tan¬ 
gents to the three coordinate lines at any point. We have, then, 
attached to every point a Cartesian frame, and the directions 
of the axes of the frame vary from point to point. If we specify 
the directions of any one of these frames by means of the direc¬ 
tion cosines of its axes relative to a fixed Cartesian frame 
OXYZy we have the tables of direction cosines (6.3) and (6.4). 
The essential thing to notice is that the cosines of these tables 
are not, like the direction cosines of the equations (2.3), inde¬ 
pendent of (x, i/y z). 

We may now consider the general idea of curvilinear coordi¬ 
nates, of which cylindrical and space polar coordinates are but 
special, although important, instances. We shall have as coor¬ 
dinates three functions (a, |S, 7) of (x, 2:), defined by three 

equations of the type 

a = a(x, 2/, z)y /5 = i8(x, 2/, 2:), 7 = 7(x, 2;), ( 6 . 5 ) 
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which we shall suppose solvable for {x, y, z); so that we shall 
have three equations of the type 

= x(a,/?, 7 ), y == y(a, 13, y), z = z(a,^,y), ( 6 . 6 ) 

It will be seen that ( 6 . 1 ) and (6.2) are special instances of ( 6 . 6 ). 
The coordinate surfaces are obtained by setting, in turn, a con¬ 
stant, P constant, and 7 constant in (6.5), and these coordinate 
surfaces furnish by their intersections the three coordinate lines 
through any point. These give, by means of their tangents, a 
rectangular Cartesian reference frame, since we shall so choose 
the coordinates that the coordinate surfaces are everywhere 
at right angles. We shall also so arrange matters that these 
Cartesian frames are all right-handed.* The table of direction 
cosines for the Cartesian frame attached to any point is 



X 

y 

z 

a 

h 

‘'t 

da 




t dz 

7 

dy 


cy 


( 6 . 7 ) 


The condition that the curvilinear coordinates should be or¬ 
thogonal is expressed by three equations of the type 


ir)x dx . dy dy . dz dz 
dy d^dy'^ df3 dy 


(6.9) 


The three coordinate directions at any point are, in addition 
to being tangent to the coordinate curves, normal to the coor- 


*In writing the equations (6.5) and (6.6) we make the assumption that the 

Jacobian determinant ^ ^ ^ does not vanish for any point (oc, 0, y) in which 

cia,(3,y) 

we are interested. Further, we assume that the partial derivatives — etc. are con- 

da 

tinuous, so that the Jacobian cannot change sign since it is continuous and is sup¬ 
posed not to vanish. In order to insure that the Cartesian frames attached to the 

various points are all right-handed, it is necessary merely to arrange that - if - ’ 

d (a, jti, 7 ) 

is positive at some one point (a, /3, y). It will then be positive at all points (a» /3, y), 
and all the frames will be right-handed. 
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dinate surfaces. We obtain, then, from the equations ( 6 . 6 ), the 
following table of direction cosines, which, though different in 
form, are identical in value with those of (6.7): 


( 6 . 10 ) 



X 

V 

z 

a 

. doc 

Jfcl — 
dy 

ki^ 

cz 


'‘^dx 

dy 

kM 

dz 

y 

’ dx 

k,^ 

dy 

k>^ 

dz 


where 




The identity of the tables (6.7) and (6.10) gives us nine equa¬ 
tions of the type 


r VJU 1 . VUL , 
— fCi — f 

da ox 


( 6 . 12 ) 


and so we have, from ( 6 . 8 ), the equation 

\dal \da/ \da/ 

_ h ^ 4. ^ ^ j. ^ 
hi L^x da dy da ^ dz dal 


[By (6.12)] 


The expression in brackets is, by the rule for composite dif¬ 
ferentiation, merely the partial derivative of a with respect to 
a, where ^ and 7 are the other independent variables. Its value 
is accordingly unity, and we have the result 


and, similarly. 



(6.13) 


If the curvilinear coordinates (a, /3, 7 ) and the Cartesian coor¬ 
dinates (x, y, z) are each numbered 1, 2, and 3, respectively, we 
may indicate the general cosine of the table (6.7) by the s 3 Tnbol 
c/, where r and s may take, independently, any one of the three 
values 1 , 2, and 3. The upper label refers to the coordinate 
line, and the lower to the Cartesian axis. For example, is the 
cosine of the angle between the second coordinate curve and 
the third Cartesian axis, that is, between the and z directions. 
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Denoting, for the moment, (a, /3, y) by (ai, a 2 , as) and (x, y, z) 
by (* 1 , X 2 , xs), we have the general formula 


C.r = hr^ = ^^- 
dOr hr dx. 


(6.14) 


This formula is readily remembered if it is noticed that the h's 
and a's carry the same subscripts and occur in opposite places, 
one above and one below. (The suffix carried by the h's and 
the a's is the upper one on the c’s.) 

Let us now consider a vector A whose presentation in the 
Cartesian frame OXYZ is (A^, Ay, A^), and whose presenta¬ 
tion in the Cartesian frame attached to the point (a, /3, 7 ) is 
(Aat Ap, Ay), We have then, from (2.5) and the definitions of 
the c/, three equations of the type Aa = ci^A^: + C 2 ^ A,, + ca^A*. 
If we are particularly interested in a point Po, whose curvilinear 
coordinates are (ao, jSo, 7o), it is convenient to choose the frame 
OXYZ so that its axes have the same directions as those of the 
frame attached to Po. We have, then, 



(c/)o = l, (r=l,2,3) 

fCt 1 

and 

(c.')o = 0; (r # 8) 

(b.l5) 

so that 

II 

O 

li 

O 

H 

II 

O 

(6.16) 

Prom (6.14) and (6.15) we derive 




(6.17) 

and 

/^)==0. (r^s) 

\dXs/o 


The subscript zero is used to indicate the values at the point Po. 

If A = grad </>, where (p is a scalar point function, we have, 
by (6.16), _m\ 

^ U W dx '^d^dx'^ dy dx Jo 



[By (6.17)] 


Since Po is any point whatsoever, we may now drop the sub¬ 
script zero; and we see that the presentation, in the frame 
attached to the point (a, jS, y), of grad 4> is 
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When we have a vector field and wish to find its divergence 
or curl, the fact that the direction cosines c/ are functions of 
(a, / 8 , 7 ) is important. It is necessary to calculate the values 
at Po of the twenty-seven first derivatives of the nine cosines 
c/ with respect to x, y, and z. These may be denoted by 

\ » where r, s, and t take, independently, any one of the 

X'dxth) 

values 1 , 2 , 3. Let us differentiate with respect to xt the equa¬ 
tions Cr^Cs^ + = 1 or 0 (accordiug as s^or iz r)y 

which are a consequence of the orthogonality of the curvilinear 
coordinates ,* and let us put in, after differentiation, the values 
of the (CaOo given in (6.15). We find 

/I _ A in\ 


-) + (~) = 0, 
%/o \dxt/o 


= 0 , 

(6.19) 

= 0 . 

( 6 . 20 ) 


and in particular, when r ■■ 


Thus nine of the twenty-seven first derivatives of the c/ vanish 
at Po, and the remaining eighteen are equal and opposite, in 
pairs. We have now merely to consider the case r s. Since 


0, from (6.17), the differentiation of c« 


respect to Xt yields 


hr dxs 


1 cPar \ 
hr dx.dxt/o 


Hence, if s and t are each different from r, we have 

Upon combining this result with (6.19), we can show that all 

the derivatives of the type , where the labels are all different, 

0 x 3 

vanish at Po- Thus, for example, 


whence, on addition, we find 

2 

We may therefore write 


WX 

\ 0x2/0 \ 0x2/0 \ 0 Xi/o 


= 0 . (r # s :/= 0 
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It remains to calculate the values of the six derivatives of 
the type , where r =^s. We have, from (6.21), 

\ OXr Jo 

It follows, from ( 6 . 11 ) and (6.13), that 


Upon differentiating this with respect to and substituting 
from (6.17), we find 


so that 



On using (6.19) and (6.18) we find 


(fir 


AL\. 

hr Jo 



(6.26) 

(6.27) 

(6.28) 
(6.29) 


Let us now proceed to calculate the divergence of a vector 
field A which is presented, at each point (a, fi, y), by its com¬ 
ponents {Aa, A/ 3 , Ay) in the frame attached to (a, jS, 7 ). We 
have the equations 

Ai — Cl'Aa 4- ci''A /3 4- Ci'^Ay, etc. 


Consequently, by use of (6.15), (6.18), and (6.28), 



^ p + Ayhih’^ 7^ i 
hi dy hi 


Since Po is an arbitrary point, we may drop the subscript zero 
and write 


dAr 

dx 


= hi 




Al\ 

dy hj’ 


(6.30) 


where (x, y, z) are coordinates in a fixed Cartesian frame having 
the same orientation as the frame which is attached to the 
point (a, jS, 7 ). 



34 


THEORETICAL MECHANICS 


Upon adding the three equations of the type (6.30), we 
obtain 

div A = A 1 A 2 A 3 ^ ^ j. (6.31) 

In particular, when A = grad </> we obtain, from (6.18) and (6.31), 

= 4,W, [I; ^)+^ H) 

The presentation of curl A in the frame attached to the point 
(or, /3, 7 ) readily follows. From 

Ai = C3*Aa + Cs^Ap + Cs^Ay 

and the relations (6.20) and (6.23), we have 


MrV 

% /o 




This, by (6.18) and (6.29), is equal to 




Upon combining this with the similar result for 


> we have 


(^ ■ ^)r [A (~ (fe)]} .• 

and, since Po is an arbitrary point, we may drop the subscript 
as before and write the presentation of curl A in the frame at¬ 
tached to (a, iS, 7 ) as 




7, Special cases. The simplest way to remember the expres¬ 
sions for hi, h 2 , and is to notice that the square of the ele¬ 
ment of arc ds along any curve is given by the formula 

(cte )2 = (dx )2 + {dyr + {dzy = 

We have, then, the following results: 
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a. Cylindrical coordinates. 


A 2 V: 


hi = 1, h 2 = hz = 1. 

P 



— (?■ %■ f> 


(7.1) 

Pvdpx dp) d<l)\p d<t))~^dz\ 



dz)\ 

(7.2) 

d'^V . IdV , 1 d‘^V . d‘^V 
dp^ p dp p'^ d4>‘^ dz^ 


]' 

(7.3) 


h. Space polar coordinates. 

fel = 1, = /i3 =- 

r r smd 


grad V = 


dV 1£V _£V' 

dr^ r dd^ r sin 0 d<t> 


} 


A 2 V-- 


r'^ sin d 




d<t>\sm 6 d(l>J 


.^,2^_ 

"dr^ ' r dr dd'^ 


1 d'^V ^cotddV 


d^V 


T Sin 


1 dA 


r sin B d(t> 


(7.4) 


dd sin^ B d<f)^ 

curl A = „ ^ ^ (r sin BA,t,) - (rAo)], 

sin B [dB d(t> J 


(7.5) 


<7-6) 


8. Tensors of the second rank. We have seen in § 3, c, that 
if B is an arbitrary vector, and if we are furnished in each frame 
OXYZ with a set of three numbers such that the linear form 

+ AyBy + A.J5, (8.1) 
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in the components of the vector B has a value independent of 
the reference frame, then the set of three numbers (A^, A^, A^) 
presents a vector. This point of view suggests an extension of 
the vector idea. Thus let us suppose that we have a process 
which furnishes us, for each reference frame OXYZ, with a set 
of nine quantities that we may conveniently arrange in a square 

as follows: . ^ . 

Axx Aj-y Axa! 

A,, Ay, Ay, (8.2) 

A-zx Azy Azz 

If these nine quantities are such that the bilinear form 

AxxBxCx + AjcyBxCy + AxzBxCz + AyxByCx + AyyByCy 

+ AyzByCz + AzxBzCx + AzyBzCy + (8.3) 

in the components (Bx, By, Bz) and (C^, Cy, Cz) of two arbitrary 
vectors B and C has a value independent of the reference frame, 
then the nine quantities (8.2) are said to present, in the frame 
OXYZ, a tensor of the second rank, of which the nine quantities 
themselves are said to be the components in that frame. This 
tensor we shall denote by the symbol SI. The connection be¬ 
tween the presentations in two different frames of the same 
tensor SI follows at once from the postulated invariance of the 
form (8.3) and from (2.5). Thus we may take, as special in¬ 
stances of the arbitrary vectors B and C, the vectors whose 
presentations in the O'X'Y'Z' frame are each (1, 0, 0). Then, 
from (2.5), we have Bx~ Cx = ai, By = Cy = hi, Bz ='Cz = Ci. 
We find 

A'XX = CIYAxx + (llhi{Axy + Ayx) + aiCi(Aa:2 + Azx) 

+ hi^Ayy + biCi{Ayz 4* Azy) + Ci^A^^, (8.4) 

with similar formulas for the other components. 

If F and G are any two vectors, the nine quantities 


FxGx FxGy 

FA 


FyGx FyGy 

FyGz 

( 8 . 6 ) 

FzGx FzGy 

FA 



present, in the frame OXYZ, a tensor of the second rank, which 
is called the tensor product of the two vectors; for the bilinear 
form (8.3) becomes, on putting Axx = FxGx etc., equivalent to 
(F.B)(G.C), and has, therefore, a value independent of the 
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reference frame. The formulas (8.4) may, accordingly, be con¬ 
veniently remembered by the statement that the components 
of a tensor of the second rank transform, on a change of refer¬ 
ence frame, in exactly the same way as do the products of the 
components of two vectors. 

It follows at once from the definition of a tensor of the 
second rank, by means of the invariance under change of refer¬ 
ence frame of the bilinear form (8.3), that if and 53 are two 
tensors of the second rank, the set of nine quantities 


A XX + Bxx A XI/ + ^xy Axz + Bx. 

Ayx + Byx Ayy + Byy A -j" Byz (8.6) 

A^x + Bzx Azy + Bzy Azz + Bzz 

present, in the frame OXYZ, a tensor of the second rank, which 
we shall denote by 3f + ® and call the sum of 31 and 33 . It 
is seen at once that the addition of tensors is commutative; 
that is, 31 + ^^3 = 3 .^ + 31. Similarly, if 31 is any tensor, the set 
of nine quantities obtained by multiplying the components of 
% by the same scalar quantity m present a tensor which will be 
denoted by m3f. Multiplication of tensors by a scalar is seen 
to obey the distributive law; that is, ?/?,(3l + 33) = m31 + m33. 
These definitions lead to the idea of the zero tensor, all of whose 
components in any frame are zero. 

If an interchange of the roles of the vectors B and C in the 
formation of the bilinear fomi (8.3) leaves its value unaltered, 
the tensor 31 is said to be symmetric. The necessary and suffi¬ 
cient conditions for symmetry are easily seen to be 


Ayz ^ Azy 


(8.7) 


If the equations (8.7) are satisfied in any one frame, they are 
satisfied in all frames, as may easily be verified by means of 
(8.4). If, on the other hand, an interchange of the roles of B and 
C changes the sign of the bilinear form (8.3), but does not change 
its numeric value, the tensor 31 is said to be alternating. The 
necessary and sufficient conditions for 31 to be alternating are 
seen to be ^ . /v 4 

Axx ~ Ayy - 0, Azz - 0, 


Azy 


Ayy - 0, 

Azx ~ Ax 


-Ax 


( 8 . 8 ) 


As before, these equations are satisfied in all reference frames if 
they are satisfied in any particular frame. If we call the tensor 
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derived from 21 by an interchange of the vectors B and C in 
the bilinear form (8.3) the conjugate of 21, we may say that a 
tensor is symmetric when it is equal to its conjugate, and alter¬ 
nating when it is the negative of its conjugate. Denoting the 
conjugate of 21 by 21', we see from the identity 

2I = i[2l + 3l'] + |[2l-2r] 

that any tensor may be represented as the sum of two tensors 
one of which is symmetric and the other alternating. 

9. Symmetric tensors. Let us suppose that the vectors B and 
C used in constructing the bilinear form (8.3) coincide, and let us 
draw that representative segment of either B or C whose initial 
point is at the origin of the OXYZ frame. If the tensor 21 is 
assumed S5rmmetric, the end point (rr, y, z) of the representative 
segment of the varying vector B traces out, for a given value 
(say, unity) of the scalar expression (8.3), the quadric surface 

+ AyyV^ + + 2 AyzVZ + 2 A,^zx + 2 A^yXy = 1. (9.1) 

The surface may be regarded as a geometric representation 
of the symmetric tensor 21. Conversely, any central quadric 
surface furnishes us with a unique symmetric tensor which it 
represents. In a particular frame, that formed by the prin¬ 
cipal axes of the quadric surface, the equation of the quadric 
takes the simple form 

aiZ2 + a2y2 + a3^2= 1. 

Consequently there is a frame in which the components of any 
symmetric tensor reduce to 

ai 0 0 

0 a2 0 

0 0 ©3 

The axes of this frame are called the principal axes of the sym¬ 
metric tensor. To determine these axes, we have to determine 
those directions of the radius vector of the general central 
quadric (9.1) for which x'^ + y^ A- is a maximum, a minimum, 
or a minimax; that is, we have to make x^ + y^ + stationary, 
where {Xy y, z) are subject to the equation (9.1). For the tan¬ 
gent planes at the ends of the axes of the quadric surface (9.1) 
are perpendicular to the radii vectors at their respective points 
of contact, and consequently the lengths of these radii must be 
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stationary at these points of contact. We have, then, connect¬ 
ing the differentials dx, dy^ and dz, the two equations 

xdx + ydy + zdz=^ id, 

(^Axx^ “i" Axi/y “1~ AxzZ)dx *4“ (^Ayxpc -j- Ayyy -I' AyzZ^dy 

+ {A^xX + Azyy + A^^z)dz = 0 . 

We must have, therefore, for certain points on the quadric 
surface (9.1), the equations 

AxxX “f" Axyy “f" AxzZ — Xx, 

AyxX -4“ Ayyy AyzZ ~ X^/, (9.2) 

Azx^ ~l~ Azyy “f“ AzzZ = X^^, 

where X is a factor of proportionality which will, in general, 
vary with (x, y^z). We see, from these three homogeneous equa¬ 
tions for (x, y, z), that X must satisfy the cubic equation 

Axx X Axy Axz 

Ayx Ayy Ayz = 0. (9.3) 

Azx Azy Azz X 

The geometric significance of X follows upon multiplication of 
the equations (9.2) by (x, y, z) respectively, and adding the 
products. We find Xr^ = 1, where r is the length of the sta¬ 
tionary radius vector. Corresponding to each root of the cubic 
(9.3) we have one of the principal axes; and, since the lengths 
of these axes do not depend on the reference frame, we see 
that the ratios of the coefficients of the X cubic must be 
scalar quantities. For the cubic (9.3) must be identical with 

(Xi — X)(X 2 — X)(X 3 — X) = 0, where Xi = etc., and where 

ri, r 2 ,7*3 are the lengths of the semiaxes of the quadric surface 
(9.1). In this way we arrive at the three scalar quantities 


Si - Axx “h ^vv Azzy 


(9.4) 

S 2 ~ Ayy Azz AzzAxX “1" AxxAyy 


(9.5) 

Axx Axy 



S^ ~ Ayx Ayy 

Ayz , 

(9.6) 

Azx Azy 

Azz 



formed from the components of any symmetric tensor 21. These 
are known, respectively, as the first, second, and third scalar 
invariants of the symmetric tensor 21. 
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The axes of a symmetric tensor are arbitrary when the rep¬ 
resentative quadric surface (9.1) is a sphere. In this case the 
tensor is a scalar multiple of the tensor 

10 0 

0 10 (9.7) 

0 0 1 

This tensor is remarkable for the fact that its presentation in 
all frames is the same. It arises naturally from (8.3) and from 
the known invariance of the scalar product 

(B.C) = + ByCy + 

of any two vectors. 

10. Alternating tensors. When the tensor .21 is alternating, the 
bilinear form (8.3) reduces to 

AUByC^ - B^Cy) + AMC. - B,C,) 

+ A,y(B,Cy - ByC,). (10.1) 

Now B and C are arbitrary vectors, so that [B. C] is an arbitrary 
vector; therefore, the invariance of (10.1) tells us that the three 
quantities (Ayg, A^x^ Axy) present a vector in the frame OXYZ 


(see § 3, c). Conversely, we 

may construct from any vector A 

the alternating tensor ^ 

Ax ~~ Ay 

-A, 

0 Ax 

Ay 

-Ax 0 

As an illustration of this consider the tensor product 

AxB^ 

AxBy AxBg 

AyBx 

AyBy AyBg 

AxBx 

AgBy AgBg 


of two vectors A and B and its conjugate 


AxBx 

AyBx 

AxBx 

AxBy 

AyBy 

AxBy 

AxBg 

AyBx 

AxBx 


The difference of these two tensors is the alternating tensor 

0 AxBy — AyBx AxBg — AgBx 

AyBx — AxBy 0 AyBg — AgBy 

AgBx AxBg AgBy — AyBg 0 

From this we derive, as above, the vector product [A.BJ of two 
arbitrary vectors. 
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11, The inner product of a tensor and a vector. Collecting the 
terms of the scalar bilinear form (8.3) as follows, 

{AxxCx 4" AxyCy 4” AxzCz)Bx 4" {AyxCx 4“ AyyCy 4" AyzCz)By 

+ iA,xCx 4- A,yCy + A,,C^)B^, 

we see, since this is an invariant or scalar quantity for an 
arbitrary vector B, that the set of three quantities 

{AxxCx + AxyCy 4- AxzC^, AyxCx 4- AyyCy 4- Ay^Cz, 

AzxCx 4“ AzyCy 4“ AzzCz) 

presents, in the frame OXYZ, a vector (see § 3, c). In other 
words, if we are given a tensor SI and a vector C, the three 
quantities 

AxxCx 4" AxyCy 4" AxzCz = Dxf 

AyxCx 4" AyyCy 4“ AyzCz = Dyy (H'l) 

AzxCx 4” AzyCy 4“ AzzCz = Dz 

are the components, in the frame OXYZy of a vector D, called 
the inner product of the tensor 81 and the vector C. The tensor 
81, when used in this way to associate with every vector C a 
vector D, is said to constitute a linear vector function. 

If 51 is symmetric and if we present it in the frame formed by its 
principal axes so that its components are 

Cl 0 0 

0 02 0 
0 0 03 

our expressions (11.1) reduce to 

Dx = OiCx, Dy = a2Cyy Dz = asCz, (11.2) 

The quadric surface which represents 21 has the equation 

01 x 24 - 022 /^ + 032 :^ = 1 . (11.3) 

Let (ly m, n) present the unit vector along C so that Cx = Cly Cy = Cw, 
Cz = Cn. Then that representative segment of C whose initial point 
is at the center O of the quadric (11.3) meets this quadric in the 
point X = rZ, 2 / = rw, 2 = m, where r is the length of the radius vector 
of the quadric in the direction of the segment. The tangent plane at 
this point has the equation 

(x — rl)ail + ( 2 / - rm)a 2 m + (2 — rn)azn = 0, (11.4) 

and the origin O is on the negative side of this tangent plane at 
a distance — • We see, then, from (11.2), that D is directed along 
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the perpendicular from O to the tangent plane (11.4), its magnitude 
being given by the equation ^ 

(11.5) 

rp 

where p is the length of the perpendicular. If we take C = r, we have 


12. The analysis of tensor fields. When the components An 
etc. of a tensor 21 are functions of the coordinates (x, y, z) of a 
variable point, we have what is known as a tensor field. Thus, 
from two vector fields A and B we may derive the tensor field 


AxRx 

AxB„ 

AxBt 


A„Bx 

AyBy 

AyBx 

[See §8] 

AxBx 

AzBy 

AxBx 



7) A 

Now the equations (4.1) tell us that the quantity ^ is trans- 

cx 

formed under a change of reference frame exactly like the ex- 


( 12 . 1 ) 


which is derived from a single vector field A. That (12.1) pre¬ 
sents a tensor follows from §5 and (8.3). Thus, upon differ¬ 
entiating A along any curve on which the parameter is r, we 

obtain the vector , ,, , , , 

( dA:c dAy d^ 

.dr' dr' dr. 


ids us 

to the tensor 

dAi 

dAx 

dAx 

dx 

dy 

dz 




dx 

dy 

dz 

dA, 

dA, 

dAx 

dx 

dy 

dz 


dA _ /d 
dr \ ( 


The scalar product of this and an arbitrary vector C is the same 
for all reference frames; and on writing out 

dAx _ dAx dx I dAx dy ■ dAx dz 
dr dx dr^ dy dr^ dz dr 

we obtain for this scalar product an expression of the type (8.3), 
where is the arbitrary vector B (arbitrary because 

the particular curve along which (x, y, z) varies is at our dis¬ 
posal), and where the coefficients of the bilinear form are given 
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by (12.1). The first scalar invariant of the tensor (12.1) is div A, 
and the difference between (12.1) and its conjugate gives an 
alternating tensor which leads at once to the vector curl A 
(see § 10). 

Similarly, the fact that the expressions (11.1) present a 
vector (C being an arbitrary vector), taken in conjunction with 
the equations (4.1), tells us that the three quantities 

%Aa I dA^ . gA„ 

dx dy dz ’ 

S£. _L . I ^ SI 

dz dy dz 

present a vector field. In this way we are able to derive from 
any tensor field 81 a vector field. As an example, the vector 
field thus derived from the tensor (12.1) is A 2 A. The signifi¬ 
cance of the vector field (12.2) will be seen after reading the 
next section on integrals. 

13. Line, surface, and volume integrals, a. Line integrals. 
When the coordinates (a;, y, z) of a variable point M are func¬ 
tions of a single independent variable t, M traces out a curve C 
as T varies. On differentiation with respect to t the vector 

r = (a;, y, z) yields the vector ^ This vector is 

directed along the tangent to the curve at the point M ; and 

j 

its magnitude is —> where ck is the element of arc measured 
dr 

along the curve. Let us now suppose that we have a vector 
field A with given values at all points of the curve C ; that is, 
(Ax, Ay, Ai) are known functions of the coordinates (x, y, z) 
of the variable point M on C. At any point Af on C we may 

form the scalar product ^A • = A* ^ -1- A„ ^ + A^ ^; and 

on substituting for (x, y, z) in (Ax, Ay, A^) their values in 
terms of t, this becomes a function of the single independent 
variable t. We may integrate it with respect to t between any 
two values (say, to and ti) assumed by that variable at points 
Mo = (xo, yo, zo) and Mi = (xi, yi, Zi) on the curve C. This 
definite integral is known as the line integral along C, between 
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the points Mo and Mi, of the vector A. It is quite possible that 
these two points will coincide even when to and ri are different. 
In this case we have what is known as a line integral around a 
closed curve. As may readily be seen, the line integral 

has a value independent of the choice of the parameter r, and 
so it is written in the form 



dx + Ay dy+ A: dz), 


(13.1) 


in which no indication of the parameter to be used in the 
evaluation of the integral is given. The quantities (A^., Ayy A^) 
are known as the coefficients of the line integral, and the essen¬ 
tial thing to notice is that the coefficients must present a vector 
if the value of the integrand of the line integral is to be inde¬ 
pendent of the reference frame in use. When the integral is 
to be taken over a closed curve, this is usually indicated by 


the symbol 



dx + Ay dy + Azdz), 


(13.2) 


An important special case arises when the coefficients (Ax, A^, A^) 
of the line integral are the components, in the frame OXYZ, of 

a gradient vector. Then Ax = A^ = A^ — ^y where </> 

dx ay dz 

is a scalar point function; and our line integral becomes 



rM, 

: / d(t>^ (t>{xi, yi, zi) - <i>{xo, yoy zo)* 

JMo 


It has, therefore, a value which depends merely on the end 
points of the curve along which the line integral is taken, and 
not on the form of the curve connecting these end points. The 
line integral is said in this case to be the integral of an exact 
differential. 

6. Surface integrals. When the coordinates (x, y, z) of a vari¬ 
able point M are functions of two independent variables u and 
V, M traces out a surface S as u and v vary. Through each 
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point of S there pass two curves which lie entirely on S and 
which are obtained by putting v and u, in turn, constant in the 
expressions for (x, ?/, z) as functions of u and v. These curves 
are called the parametric curves of the surface. The vector 
r = (x, y, z) yields, on partial differentiation with respect to 

u and r, two vectors, ^ and which are tangent, respectively, 

to the parametric curves v = constant and u = constant which 

pass through M. The vector product • ^1 is normal to the 

Idu dvJi 

surface S and is directed positively with respect to the smaller 
rotation from the progressive tangent to the u parametric 
curve (that is, that one along which v is constant) to the pro¬ 
gressive tangent to the v parametric curve. If we have any 
vector field A, whose values are given at all points of S, we 

may form the scalar product (a* * fr] )' 

(Axf Ayy Az) are replaced by their expressions in terms of u 
and Vj this becomes a function of the two independent variables 
u and V. Upon double integration with respect to u and v be¬ 
tween limits determined by the surface S, we have a definite 
integral which is known as the integral of the vector A over the 
surface S or as the flux of the vector A through the surface S. 
This integral may be written out in the form 



d{u, v) 


4 * A.y 


X) 

d{u, v) 


f A. 


vY 

dill, v). 


dudv. 


(13.3) 


It readily follows from the formula for the change of the vari¬ 
ables of integration in a double integral that (13.3) has a value 
independent of the choice of the parameters u and v. It is, 
accordingly, usually written in the form 


X' 


[A^diy, z) -t- Aydiz, x) -f- A^d{x, y)'i, (13.4) 


where no indication is given of the parameters to be used in 
evaluating it. Here d{y, z) stands for f du dv, and so on. 
The magnitude of the vector • —^dudv is denoted by dS 

and is called the element of area of the surface S. If v = {I, m, n) 
is that unit vector along the normal to S which is positively 
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related to the smaller rotation from the u parametric curve to 
the V parametric curve, we may write 


d{y,z) = ldS, d(z,x) = mdS, d(x,y) = ndS. 
Our stirface integral then takes the form 


£ 


{lAz + mAy -f nAi)dS, 


or x<* .v)dS. 


(13.6) 

(13.6) 


The essential thing to notice is that the coefficients (Ax, Ay, Ag) 
of the surface integral (13.4) must present a vector if the inte¬ 
gral is to have a value independent of the reference frame. 
We may, however, use the components of a tensor field SI to 
form an integral which is not a scalar but a vector. Thus we have 


J i (lAxx “I” viAxy “h uAxz)dS 
s ^ 

~ f Axxd(yf z) “h Axyd(z, x) "|” Axzd(x, 

^ Js 

j (lAyx + mAyy + nAyz)dS 

= f Ay^d{y, z) + A„d(z, x) + Ayzd{x, y), 

J f, Js 

\ (lAgx ytiAgy + %Azz)dS 
s ^ 

= / Azxd(y, z) + Azyd(z, x) + Azzd(x, y) 

Js 


as the three components of a vector (see § 11 ). The fact that 
the integrals present a vector when the integrands present a 
vector follows from the definition of integration as the limit of 
a summation. 

c. Volume integrals. When the coordinates (x, y, z) of a vari¬ 
able point M are functions of three independent variables 
(a, /3, y), M traces out, as (a, 0, y) vary, a volume or region 
of space V. Through each point M of V there pass three curves 
which are obtained by putting jS and 7 , 7 and a, a and /3 con¬ 
stant, respectively, in the expressions for (x, y, z) as functions 
of (a, jS, 7 ). These curves are called coordinate curves, and 
the vector r = (x, y, z) 3 rields, upon differentiation with respect 

to a, jS, and 7 , in turn, the three vectors which are 

da op oy 

tangent, respectively, to the first, second, and third coordinate 

curves through M. The scalar triple product ^ ) is 

\da op oy/ 
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independent of the reference frame and gives the volume of the 
parallelepiped whose coterminous edges are representative seg- 

ments of the vectors —> and ^ rest)ectively. We may 

da dp dy 

multiply this scalar triple product by a scalar point function 
y, z) ; and, upon substituting for {x, y, z) their expressions 

as functions of (a, j3, y), the product 4> - becomes 

\da dp dy/ 

a function of (or, j3, 7 ). We may then form the triple integral 


where the limits are determined by the volume V. Since 

is equal to follows, from the rule 

\da 0/8 dy/ d(a, j 8 , 7 ) 


(| 2 -. ^) is equal to o it follows, from the rule 
\da 0/8 dy! d(a, j 8 , 7 ) 

for the change of variables of integration in a triple integral, 
that the integral (13.8) has a value independent of the choice 
of the curvilinear coordinates (a, j 8 , 7 ). It is therefore written 
in the form 

J\j>dix, y, z), (13.9) 

where no indication is given of the particular coordinates 
(a, j 8 , 7 ) which are to be introduced for its evaluation. The 
integral (13.9) is known as the integral of the scalar point 
function <l> throughout the volume V. Here 

d{x, y, z) = 5^^ 1^- $. da d/3 dy 
d(a, p, 7 ) 

is known as the element of volume, and may be denoted by dr. If 
(a, / 3 , 7 ) are the coordinates (x, y, z) themselves, we have x = a, 

w = j 8 , z = 7 , so that f = 1 and dr = d{x, y, z) = dxdydz. 

V Pt T) 

It is important to notice, again, that if the value of the volume 
integral (13.9) is to be independent of the reference frame, <t> 
must be a scalar point function. We may, however, construct, 
from a given vector field A, a volume integral which is not a 
scalar but a vector. Thus the three expressions 

j^A:,dix, y, z), J^Ayd{x, y, z), J^A,d(x,y,z) 
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are the components of a vector which may be denoted by 

A dr. The fact that the integrals just mentioned present a 

vector follows from the definition of an integral as the limit of 
a summation. In connection with this vector integral and that 
of (13.7) it may be well to point out that the possibility of add¬ 
ing up, in this way, vectors at different points M depends 
essentially on the fact that we have a fixed reference frame 
OXYZy that is, one whose axes have the same directions at all 
points M. If we used, at each point M, a reference frame at¬ 
tached to it, — such, for example, as the frame furnished by a 
system of rectangular curvilinear coordinates, (a, 7 ), — the 

integrals / Aa dr, f dry I Ay dr would not, in general, pre- 
Jv Jv Jv 

sent a vector. For if we consider two distinct points Mi and 
M 2 and vectors Ai and A 2 , the vector Ai + A 2 is not found in 
either of the two frames attached to Mi and M 2 , respectively, 
by adding the components (Aa)i and (Aa) 2 , etc., since these 
frames have different orientations. 

14. Green’s lemma. There is an important connection, known 
as Green's lemma, between a surface integral over a closed sur¬ 
face and a certain derived integral extended throughout the 
volume bounded by the closed surface. In order to derive this 
lemma we shall use a Cartesian reference frame OXYZ and shall 

consider a volume integral of the type f dr, where / is any 

point function with a continuous partial derivative Here 

dr = dx dy dz, and an integration with respect to x gives 




The integration with respect to y and z is over the projection 8 ', 
on the yz plane, of the closed surface which bounds the volume V ; 
and f\i represents the difference between the sum of the values 
of f at the even points of intersection of the surface S with a 
straight line parallel to the x-axis, and the sum of the values 
of / at the odd points of intersection of the surface with the 
same straight line. Now, by (13.5), dydz = IdSy where (i, m, n) 
is the unit vector along the direction of the normal which makes 
an acute angle with the x-axis; for here y and z are the two 
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parameters on the surface S, and the parametric curves on S are 
the plane curves of intersection of S with planes parallel to the 
z and y coordinate planes respectively. The normal which is 
positively related to a rotation from the y parametric curve to 
the z parametric curve makes an acute angle with the x-axis. 
If we adopt the notation (Z, m, n) for the presentation of the 
outward-drawn unit vector v along the normal, we have 
dydz — Ids at the even points of intersection of S with a line 
parallel to the x-axis, and dy dz = — I dS at the odd points of 
intersection; so that 


where the integral on the right is extended over the entire 
closed surface 5. We may derive similar results for integrals 

of the type f ^dy and f ^ dz. The three results 
Jv^^y Jvdz 


£f^dT.£lfdS, j^f^dr=lm,dS. 


where (Z, m, n) presents the unit vector along the owZ 2 /?arcZ-drawn 
normal to the surface Sy constitute Green’s lemma. (By "out¬ 
ward’’ is meant away from the volume V.) « 

Applying the lemma to the volume integral j div A dr, where 

A is a vector field with continuous partial derivatives throughout 
Vy we have the result 


div A cZr 


=jr(Mx 


+ mAy-\-nA2)dS 


= £{A.v)dS. 


This result is frequently referred to as Gauss’s theorem. The 
scalar product (A. v) is the resolved part of A along the outward- 
drawn normal to S ; and, denoting this by An, we may rewrite 
(14.2) in the form 

y* div A dr = J An dS, (14.2 a) 

The equation gives the mean value of div A throughout the 
volume V as equal to J An dS divided by the inclosed volume. 
If the volume V is decreased indefinitely in all its dimensions, 



50 


THEORETICAL MECHANICS 


but in such a manner as always to contain a fixed point, we 
have for the value of div A at this point the limit 


div A = Lt 
v-*o 



The numerator here is the flux of A across the closed surface S 
surrounding the point in question, and it is from this relation 
that the name ''divergence'" is derived. It may not be out of 
place to observe that the relation just written may be used as 
a definition of div A. This definition is of wider application 
than that given previously, as, according to it, the divergence 

O A 

may well exist when some of the partial derivatives, etc., 

ox 

do not exist. In particular, if A is the gradient of a scalar point 
function (A.v), or An, is the normal directional derivative 


^; and we have 
an 


£^2<t>dr=£2^S. 


(14.3) 


It is assumed that the second partial derivatives 

dx^ cy^ dz^ 

are continuous throughout the region of integration. If there 
are certain singular points in the volume at which these deriva¬ 
tives become infinite, these points may be excluded from the 
region of integration by drawing small closed surfaces around 
each of them. The bounding surface S of the region of integra¬ 
tion will then consist of the original surface together with the 
surfaces which have thus been introduced in order to exclude 
the singular points. 

We may derive from (14.2) a slightly more general result 
than (14.3) if we write A = ^ gard 0, where both xj/ and 0 are 
scalar point functions. We find 


J*[xpA 2 (f> + (grad^.grad </))]dr = J*xJ/^dS. (14.4) 

This result is often referred to as Green's first theorem. Upon 
interchanging the r61es of 0 and xp in (14.4) and subtracting 
the result from (14.4), we obtain 


- <f>^2y|^)dT =£{^^-<i> ^dS, (14.5) 
a result which is sometimes referred to as Green's second theorem. 
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If the scalar point functions 0 and yp in (14.4) are identical, 
we have the result 

J' (0^20 + Ai<^))dr = (f)^dS. (14.6) 

It follows from (14.6) that a scalar point function </> which has 
the properties that A20 = 0 throughout a volume V, and that 

either 0 = 0 or ^ = 0 over the closed surface S bounding V, 

must satisfy the equation 

j^Ai0dT = O. (14.7) 

But Ai4>, being the square of the magnitude of grad </>, cannot 
be negative; and as dr is essentially positive, we see, from 
(14.7j, that Ai</) must be identically zero throughout the 
volume y. For the integral of a definitely positive (in the sense 
of non-negative) continuous function over any region cannot 
be zero unless the integrand is everywhere zero. To say that 
Ai</) is zero is to say that grad 0 is zero or that 0 is constant 
throughout V. In particular, if </> is considered to be zero on S, 
it must be zero throughout V. More generally, if we are given 
two point functions Wi and W 2 having the same values for 
A 2 iyi and A 2 W 2 at each point of V, and the same values for 

and at each point of S, the difference between Wi and 
dn dn 

W 2 must be constant throughout V, For this difference has 
the properties assigned to the scalar point function (f> above. 
Similarly, if A 2 W 1 and A 2 H ^2 have the same values at each point 
of y, and Wi and W 2 have the same values at each point of 5, 
then Wi and W 2 must have the same values at each point of V. 
These results constitute what are known as uniqueness theorems. 

15. Stokes’s theorem. If we have a plane closed curve C 
bounding a plane area S, we have, by a method exactly similar 
to that given above for space, Green’s lemma for the plane. 
Thus, if / and g are any two functions of the coordinates (x, y) 
of a variable point in the plane, we have 

(15.1) 

where ds is an element of length of arc along C, and dS is an 
element of area of S. Here I and m are the direction cosines of 
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the outward-drawn normal p to the curve C, and the sense of 
integration around C is such as to leave the area S on the left. 
In addition, the axes of x and y are supposed to be so chosen 
that the sense of the rotation from a: to 2 / is the same as the sense 
of the integration around C. At every point of the area S the 
functions / and g are supposed to possess continuous partial 

derivatives ^ and ^ respectively. 
ox oy 

The progressive tangent to the curve C is ahead of the 
outward-drawn normal by a right angle; so that we have 


cos 


dx 
ds 

^ = cos 
ds 


+ f)= + = 

{^ + ^)= <=08 (VX) = I, 


(15.2) 


where 0: and vy denote, respectively, the angles from the 
X and y axes to the outward-drawn normal. 

We may rewrite the results (15.1) in the form 

fj^ds=f^jdy, fJ^dS = -f^gdz. (15.3) 

Upon combining these results, and writing -- ufor g and v for /, 
we have 


- |)j(x. „). (15.4) 

Equation (15.4) is Stokes's lemma for the plane. In order 
to extend it to any closed curve in space, let us first consider 

a triangle whose vertices are any 
three points {A , B, C) in space. It 
is always possible to find a point 
O such that the three lines OA, 
OBy and OC may be chosen as the 
Xy yy and z axes of a right-handed 
Cartesian reference frame. The 
pointj^O is, in fact, one of the two intersections of the three 
spheres which have BC, CA, and AB, respectively, as diameters. 
Let {Uy Vy w) be the presentation of a vector in this frame, and 
consider the line integral 



4 ( 

Jabc 


{udx + vdy + w dz) 


(15.5) 
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taken around the closed path ABC formed by the three sides 
of the triangle ABC. This path may be replaced by the sequence 
of paths BOC, CO A, AOB ; for the line integrals over the new 
paths BO and OB, OC and CO, OA and AO mutually cancel. 
The path BOC lies in the yz plane, so that along it dx = 0, and 


our line integral (15.5) becomes'® {vdy + wdz). This is, by 
(15.4), equal to 

r/dw dv\,, s 


the integration being extended over the area of the triangle 
BOC. If dS is an element of area of the triangle ABC, and 
{I, m, n) are the direction cosines of the outward-drawn normal 
to this triangle (that is, the normal whose direction is positively 
related to the sense ABC of integration around the triangle), 
we have, by (13.5), d{y, z) dS. So we may write 




The surface integral is now extended over the area of the tri¬ 
angle ABC. Proceeding similarly with the line integrals along 
the closed paths COA and AOB, and combining our results, 
we find _ ^ „ 

(udx + V dy + w dz) = 

\(JZ oxj 


4 ( 

Jabc 


by dzj 


by) _ 


dS. (15.6) 


Denoting the vector whose presentation in the frame OABC is 
{u, V, w) by A, we may write (15.6) in the vector form 


(A.ds)= r(curlA.dS) 

Jabc Js 

= f (curlA.v)d5= f (curlA)p(Z5, (15.7) 

Js Js 


where ds is the differential vector along the closed path ABC, 
and dS is the differential surface vector whose components are 
d{y, z), d{z, x), d{x, y). 

The equation (15.7) says that the average value of (curl A)i. 

over the area of the triangle ABC isW (A.ds) divided by the 

Jabc 

area of the triangle. As the triangle is decreased indefinitely 
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in all its dimensions, but so as always to contain a certain 
point P, we obtain the following limit definition of (curl A)^ at 
the point P: 

(curl A)„ = Lt 

A-O 

where A is the area of the triangle ABC. As in the case of the 
divergence of a vector field, this definition is of wider application 
than that given previously. The s 3 niibol rot A is sometimes used 
instead of curl A. Both symbols have a hydrodynamic origin. 

Let us now suppose that we have any closed curve C bounding 
an arbitrary surface S. We may regard S as the limit approached 
by a figure with triangular faces as each side of every one of 
these triangular faces is decreased indefinitely. Applying (15.7) 
to each of these triangular faces, and observing that the only 
sides of the triangles which are not traced twice in opposite 
directions are those which join contiguous points on the bound¬ 
ing curve C, we obtain by this limiting process the result 

^(A.ds)= f (curlA.dS) 

Jc Js 

= f (curl A. v)dS= f (cuxlA)pdS. (15.8) 

Js Js 

This is known as Stokes's theorem. It was first communicated 
to Stokes by William Thomson, afterwards Lord Kelvin, and 
was then proposed by Stokes in the Smith prize examination 
in 1854. It may be conveniently stated in words as follows: 

The line integral of a vector around any closed curve is equal to 
the flux of the curl of that vector through any surface bounded by 
the curve. The direction of the flux is positively related to the sense 
of integration around the curve. 

Stokes’s theorem may be proved in the following manner, which 
does not use the limiting process mentioned above. This proof is 
interesting since it can be extended at once to spaces of any number 
of dimensions and of no special metrical character. The extended 
form of Stokes’s theorem thus obtained will be very useful when 
we come to consider dynamic systems and their representative 
phase spaces. 

Adopting the parametric representation of points on a surface, 
the coordinates (x, y, z) of each point on the surface are functions 
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of two independent variables, n and v. We may regard these vari¬ 
ables (w, v) as the Cartesian coordinates of a point on a plane; and • 
so the equations of the surface, 

x — x{:u,v), y~y{:ii,v), z — z{n,v), (15.9) 

set up a correspondence between the points P = (x, y, z) of the sur¬ 
face and the points P' = (w, t;) of the plane whose coordinates are 
connected with those of P by the equations (15.9). The surface S 
bounded by the closed curve C will have corresponding to it in this 
way a portion S' of the plane bounded by a closed curve C'. Upon 
substituting for (x, i/, z) their expressions in terms of (w, v) given by 
the equations (15.9), any line integral of the type 


Ydy+ Zdz), (15.10) 


where (X, 7, Z) are functions of (x, y, z)y will transform into a line 
integral over the closed plane curve C', Thus we have an equa¬ 
tion of the type 


where 


t7 = 


du 


dx+ Ydy + Zdz) = ^ (17 du + Vdv), 

Yp-+ Zp- and V=xif+Y^ + Z 

ou on dv dv 


dv' 


(15.11) 

(15.12) 


the quantities (X, 7, Z) being expressed in terms of u and v. Apply¬ 
ing the result (15.4) to the integral^ (Ud?/ -^Vdv), extended along 
the closed plane curve C', we have 

i,(Udu+V dv) f) d(u, V). (15.13) 

From (15.12) we find 

7 -^ 4 - 7 -^ 4 - 

du dudv^ dudv'^ dudv du dv du dv du dv' 

V-^4. y-^4. 7-^4-^^ + ^^ 4.^^^ 

dv ^ dudv"^ dudv"^ dudv dv du dv du dv du 


so that 


dv du ^ d(X, X) d(Y, y) d{Z, z) 
du dv d{u, v) d(u,v) diUfV) 


TT , . ^ , dX dx ^ dX ^^dX dz . , 

Upon substituting for ^ its value + + fo'ind 

by composite differentiation, we have 

d{X, X) ^ dX d{z, X) dX d(x, y) 
d{u, v) dz ' d(u, v) dy d{u, v) 
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There are similar expressions for and respectively. 

d{u, v) d{Uy v) 

Upon combining these results, we have 


^ ^ ^ _ dr ycy^z) ^ _ dz yjz, x) 

du dv \dy dz) d{u,v)'^\dz dx}d{u,v) 

(dY dX\ d{x,y) 
V^x dy/d(UyV)* 

so that 


^^(Udu-j- 



d{y, z) 
d(u, v) 


/ dX __ dZ \ d{z, x) 
\^ 2 : dxjdiUyV) 



[See 13.5] 


The application of (15.11) gives us 


['(I - S)+“(f - i) 

which is Stokes's theorem. 

It is evident that this mode of proof is applicable to a space of 
any number of dimensions. Thus, if we have a line integral of the 
type 

^(Xi dxi 4" X 2 dx2 -f • • • -f- Xn dxn) 


over a closed curve in such a space, it is equivalent to a surface 
integral 

fs? Xr.d(Xr,X.), (15.15) 

r <8 
1 

extended over any surface S bounded by the closed curve C. Here 
the coefficients Xra of the surface integral are defined by the equations 

„ _dXa dXr ...... 

There are (that is, the number of combinations of n things 

two at a time) terms in the integrand of the surface integral.* 


♦ For this extension of Stokes’s theorem, and for a discussion of the connection 
between Stokes's theorem and Green’s lemma and Gauss’s theorem, reference may 
be made to a paper entitled "The Absolute Significance of Maxwell’s Equations/’ 
Physical Review, 17, 73 (1921). 
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16. Orthogonal curvilinear coordinates. If we apply Green’s 
lemma to the vector integral formed with the vector of ( 12 . 2 ), 
we have the equations 

+If+%‘h =i +•“'*»+ 

+ + { 16 . 1 ) 

+If+'X 

We now proceed to find the presentation in a frame of variable 
orientation of the vector which occurs in the volume integral 
on the left, as this presentation is very useful in problems on 
the dynamics of continuous media. Let us consider the varying 
reference frames each of which is attached to a point («, 0, y) 
of a system of curvilinear coordinates. Introducing, as in § 6 , 
the notations (xi, X 2 , x\^) and (ai, a 2 , as) for (.t, y, z) and 
(a, jS, 7 ) respectively, and denoting the components of the 
tensor 31 in the frame attached to the point (a, / 3 , 7 ) and in 
the fixed frame by 

11 12 13 An Ai 2 An 

21 22 23 and A 21 A 22 A 23 

31 32 33 A 31 A 32 A 33 

respectively, we have, from the equations (8.4), the general 
formula ^ 

Ars = X CrP (16.2) 

Since p and q take independently all the values 1 , 2 , 3, there 
are nine terms in the double summation; and since r and s 
take independently the values 1, 2, 3, there are nine equations 
of the type (16.2). Taking the fixed Cartesian frame parallel to 
the frame which is attached to some particular point (ao, 7o) 
in which we are interested, we have, from (6.15) and (16.2), 

(Ar,)o = (?s)o. 


(16.3) 
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The first component, 


^ + ^ + of the vector in 
OX oy oz 


o A 

which we are interested takes the form / -:r-^ ; and this may 

^ dXm 

3 m -1 

be replaced, on using (16.2), by^ Upon sub- 

" CXr«. 


m, p,q 
1 


stituting the values at (q:o, /3o, To), we obtain 

3 


(dA,, 

1 J 

L dArz 

\ dx 

r M i 
dy 

^ dz , 


)r 


I 


J1 

dXm 


(CjP c„« pq) 


This becomes, on performing the differentiations and using 
(6.15), 

Z 4: +Z ^ 4; +Zsi; 

m, p, 

I 


m-* 1 


m, q 
1 


We now make use of the results of (6.20), (6.23), (6,28), and 
(6.29), and the expression just written becomes 

(1^) + ^ Ac,2 + 31 Aci 3 + -f-33 ^Ci3 

OXfn 

m — 1 


' dxi 


^ (^Xi 


^ dX2 


dxs 


+12/-Ci3 +13 + n/-C2’+13 3^02^ 

OXI OXI ^ ' 0X2 0X2 

+ n/-C3>+12/-C32] . 

OXs 0 X 3 J 0 

On writing — {h„ (from (6.18)) and using (6.29), we 

\oXm/0 \ Oam/0 

may put this expression in the form 

{a, ^ ^ (^)] + ^ ^ (1) 

+ 31 kihz /-(f)- ^ f^ik2^(Pl 

OOC3 \lli / OOCi \h2) 


33 hihz 


a^i)}o' 


Since the point Po = (ao, /So, To) is an arbitrary point, we may 
drop the zero subscript: and we find that the presentation, in 
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the frame attached to the point (a, fi, y), of the vector field 
given in ( 12 . 2 ) is 


^ (H)+^(H)] 

+ hihi ^5 F + ~ ^ 

vp hi dy hi 

da h2 ca hs 

h,h.>h, 1^(11 )+i.(m\+A(£_) 

- [dayh^hi)^ d(3\h,hj^ rJy\hA>/ 

+ ali kih2 -^^ + yl3 hih-i — — 
()a ho dy h2 


1 

d 1 


(16.4) 


-aahAz-^^-yyhih'i- . 

flp hi djS ha 

— oa hih:i 7^ i t— —• 

dy hi dy /12 

Here the presentation of the tensor ?I in the frame attached to 
(a, jS, 7 ) is denoted for convenience by 


aa ay 

13 a ^13 f 3 y 
TjS 77 


(16.5) 


As special cases we give the form of (16.4) for cylindrical and 
space polar coordinates. 

For cylindrical coordinates we have h\ = 1 , /i 2 == -» = 1, 

P 

and we find as the presentation in cylindrical coordinates 






A<^+l(^ + ^) + l|-^ + l$$, (16.6) 

Op p p dq> dz 
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For space polar coordinates = 1, A 2 = h^ — — 

r r sin ^ 

presentation in this system of coordinates is therefore 


The 


d ^ . 2 . 1 ^ . cot 6 

— rr + - rr + - — H- rd 

dr r r dO r 


1 


d 


r sin d d(t) 

dr r r dd 


r<p - 
cot 6 


r 


{dd — 00 ) 


I 1 d £L,rd 
rsind d<p r ’ 

|-0r + |^+i|00 + 5^(00+^) 


1 


rsmOdcf) ~ r 


(16.7) 


When the tensor 31 is symmetric, these rather complicated 
expressions become somewhat simplified. 

17. Localized vectors. There are certain physical quantities 
which require for their full description a magnitude and a direc¬ 
tion, and, in addition, the position in space of a straight line 
having this direction. Thus, let us consider the rotation of a 
door on its axis, that is, the line joining its hinges. In addition 
to knowing the amount of the rotation and the direction of the 
axis — that is, the sense of the rotation — it is necessary to 
know the position of the axis. We may picture a physical 
quantity such as this rotation by a vector located on the speci¬ 
fied line. It is immaterial what particular point of the line is 
taken as the initial point of the representative segment of the 
vector, and all representative segments may be obtained from 
any one of them by merely sliding it along the axis. Such a 
physical quantity is known as a localized vector quantity. Any 
one of its representative segments is known as a sliding segment 
or a localized vector. The axis along which the representative 
segment may slide is called the axis of the localized vector. As 
in the case of nonlocalized vectors, we shall frequently use the 
term 'Tocalized vector’' to designate either the physical quan¬ 
tity or the representative sliding segment. 

Let us agree to denote points by small letters, such as a, ft, c, 
etc. By Aa shall be meant a localized vector whose axis passes 
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through the point a. By A will be understood the nonlocalized 
vector of which any one of the representative segments of Aa 
is a representative segment. Denoting by 
Tab the nonlocalized vector of which the 

segment ah is a representative segment, 
the vector product 

[Tab.B] (17.1) 

is called the vector moment of the local¬ 
ized vector B;, about the point a. This 
vector moment is independent of the posi¬ 
tion of the point b on the axis of the 
For if b' be a different point on this axis, 



Fig. 7 


localized vector 
we have 

Tbb' = mB, 

where tw is a scalar quantity. So 


Tab' — Tab "h Tbh' = Tab + 

Hence, by (3.9), [r„6'.B] = [r„fc.B]. 

Let us now suppose that we have two points a and b and a 
localized vector Cr. Then 

[Tac.C] = [Tab.C] + [Tbr.C]. (17.2) 


This equation shows that the vector moment of any localized 
vector Cc about any point a is equal to the vector moment of 
the same localized vector Cc about b, plus the vector moment 
of the localized vector Ci, about a. Hence, 
in order to know the vector moments 
about all points in space of a localized 
vector Co it is sufficient to know the non¬ 
localized vector C and the vector moment 

G=[ro..C] (17.3) 

of Cc about some convenient origin o. The 
vector moment about any point a in space 
is then given by 

G-f” [rao’C] or G— [roa»C]. (17.4) 

If, in a Cartesian frame with origin at o, C has the presentation 
(X, y, Z) and G has the presentation (L, M, N), thr six quan¬ 
tities (X, y, Z, L, My N) are called the coordinates of the sliding 



Fig. 8 
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segment which represents the localized vector Cc- It follows at 
once, from (17.3), that (C.G) = 0, so that the six coordinates 
of the sliding segment are connected by the relation 

XL+YM+ZN=- 0. (17.5) 

If (x, y, z) are the coordinates of any point c on the axis of Cc, 
we have, from (17.3), the three equations 

L = yZ-zY, M=-zX-xZ, N = xY-yX. (17.6) 
On account of (17.5) these three planes have a common line 
and not merely a common point. The axis of the localized 
vector whose coordinates are (X, F, Z, L, M, N) lies along the 
common line of the three planes (17.6). 

If we resolve the vector moment [lac.C] of a localized vector 
Cc about any point a in any direction, the resulting scalar quan¬ 
tity is called the moment of Cc about the axis through a having 
this direction. If Ai is a unit nonlocalized vector having the 
direction of this axis, we have, for the moment of Cc about the 
axis, the scalar triple product 

(Al.facC). (17.7) 

If a' is any other point on the axis through a, we have Taa' = mAu 
where m is a scalar. Consequently Tac = r„'c + mAi. This shows, 
on using (3.12), that the moment of Cc about the axis through 
a is independent of the position of a on the axis. We have 
already seen that it is also independent of the position of the 
point c on the axis of Ce¬ 
ll Aa and are any two localized vectors, the scalar expression 
Mi 2 =(A.r«,.B) (17.8) 

is called the relative moment of the localized vector B^ and the 
localized vector Aa. It is independent of the positions of a and b 
on the axes of Aa and Bf, respectively. Furthermore, it is inde¬ 
pendent of the order in which the localized vectors are taken; for 

(B.fba.A) = (B,A.ra6) = (A.ra6.B). 

l^t (Xi, Fi, Zi, Li, Ml, Ni) be the coordinates of the first sliding 
segment, and (X2, F2, Z2, L2, M2, N2) those of the second. 
Writing Tab—Tao+Tob and [ro 6 .B]=G 2 , as also [A.foo] = [rco.A]=Gi, 
we have 

Mi2 = (A.G2) + (B.Gi) 

= X1L2 + F1M2 + Z1N2 + X2L1 + F2M1 + Z2N1. ( 17 . 9 ) 



VECTOR ANALYSIS 


63 


Here (Li, Mi, Ni), for example, are the moments of Ao about 
the coordinate axes, and (Xi, Yi, Zi) are the resolved parts of 
A along these axes. In order to obtain a geometric interpreta¬ 
tion of the formula (17.9), we may suppose that a and b are 
the ends of the common perpendicular to the axes of Aa and Bb. 
Denoting by 6 the angle from A to B measured positively around 
Tab (and lying in the interval — 180° < 180°), we have at 

once an expression for Mi 2 in terms of the magnitudes of 
A and B, the shortest distance 5 be- ^ 

tween the axes of A« and B/„ and 6. In X 

fact,Mi 2 = (A.ra6.B)=(ra6.[B.A]). The j . 

magnitude of [B .A] is ± AB sin and Bu^X /b 

its direction is the same as or oppo- X 
site to that of tab according as 6 is ^^k 
negative or positive. Since the angle ^ig 9 

between tat and [B.A] is 0° or —180°, 

the scalar product (rab.[S-A]) is-~6ARsin0, where 5 is the 
magnitude of Tab, that is, the length of the common perpen¬ 
dicular to the two axes. We have, therefore, the expression 

Mi 2 = — 5 AjB sin 0. (17.10) 

This result gives us the expression V = ^ ab 5 sin 6 for the volume 
of a tetrahedron two of whose opposite edges have lengths a and b 
respectively, the shortest distance between these edges being 5, and 
6 being the angle between them; for (17.8) tells us that M 12 is the 
volume of a parallelepiped which has representative segments of 

A, B, and ab as coterminous edges. 

The two sliding segments are said to be positively related 
when Mi2 is positive, and negatively related when Mi 2 is nega¬ 
tive. We see, from (17.10), that the segments are positively 
or negatively related according as 6 is negative or positive. In 
order that the relative moment M 12 shall be zero when neither 
of the vectors A or B is zero, either d or sin 6 must be zero. Thus, 
if Mi2 = 0 , the axes of the two localized vectors Aa and Bt must 
either meet or be parallel. Both cases are included in the state¬ 
ment that the necessary and sufficient condition for the relative 
moment of two localized vectors to be zero is that their axes 
should be coplanar. 

18. Systems of localized vectors. If we have a systein of local¬ 
ized vectors, the vector moment of the system about any point 



64 


THEORETICAL MECHANICS 


is defined as the sum of the vector moments of the various 
localized vectors of the system about that point. Similarly, the 
moment of the system about any axis is defined as the sum of 
the moments of the various localized vectors of the system 
about that axis. Thus, if (Xr, Yr, Zr, Lr, Mr, Nr) are the coordi¬ 
nates of the rth localized vector of the system, the moments of 
the system about the coordinate axes are 

^Mr, ^Nr, (18.1) 

r = l r-1 r-1 

respectively, where there are supposed to be n localized vectors 
in the system. Denoting by G the vector which has these three 
quantities as components, G is the vector moment of the system 
about the origin o. Denoting by R the nonlocalized vector which 
has as components the three quantities 

X X (18.2) 

f«l r«l r-1 

we see, from (17.4), that the vector moment of the system about 
any point a is given by the expression 

G~[ro...R]. 

The six quantities 

n n n 

^ = X 

r-l r«l r-1 

L = X^^’ M = N=X^r 

r-1 r-1 r-1 

are known as the coordinates of the system. 

It follows, from (18.3), that the vector moment of any system 
of localized vectors about any point in space is determined by 
the coordinates of the system. We shall say that two systems 
of localized vectors are equivalent when they have the same 
vetitor moment about any arbitrary point in space, and it fol¬ 
lows that two systems are equivalent when they have the same 
coordinates. This sufficient condition for equivalence is readily 
seen to be necessary; for we have, from (18.3), on distinguishing 
the assumed equivalent system from the original one by primes, 

G-~[roa.R] = G^~Iroa.Rl, 

G~G' = Ir«,.(R-~R0l. 


(18.3) 

(18.4) 


or 


( 18 . 6 ) 
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Since toa is an arbitrary vector, and since G — G' does not de¬ 
pend on the position of the point a, it follows, from (18.5), that 

G = G' and R==R'; (18.6) 


that is, the two systems have the same coordinates. 

19. The invariants of a system of localized vectors. The magni¬ 
tude of the vector R is the scalar B; and this quantity is inva¬ 
riant, in the sense that it is independent of the choice of the 
particular frame used to present the localized vectors. Similarly, 
the magnitude G of the vector G is the same for all reference 
frames having a common origin o. These quantities are, more¬ 
over, invariant in another sense. Their value is unaltered not 
only by a change of reference frame but also by a change from 
one system of localized vectors to an equivalent one. Instead 
of considering G, whose value depends on the position of the 
origin o of the reference frame, we may consider the scalar 
product (R.G). It is apparent, from (18.3), that this is inde¬ 
pendent of the position of the origin o; for if a change is made 
to a new origin a, G becomes G — [roa.R], and (R.G) is unal¬ 
tered since (R.[roa.R]) = 0. 

We have, then, for any system of localized vectors, two 


invariants. 


B and (R.G). 


(19.1) 


These are unaltered by a change of the reference frame or by a 
change from one equivalent system to any other. They are 
known, respectively, as the first and second invariants of the 
system. The second invariant will be denoted by the symbol H, 
so that H = (R.G). The first invariant is the magnitude of the 
sum of all the nonlocalized vectors which have as representative 
segments the representative segments of the localized vectors 
of the system. 

We shall now try to find the simplest system which is equiva¬ 
lent to a given system. Let us first consider the case where B 
is different from zero. Then, if H is not zero, it is impossible to 
find a single segment equivalent to the given system. For in a 
system consisting of a single segment the invariant H is, from 
(17.5), zero. If H is zero and B is not zero, there is a single seg¬ 
ment equivalent to the given system. It is, in fact, the segment 
whose six coordinates are the coordinates of the system. Its axis 
is given by the equations (17.6). We may call this sliding segment 
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the ''sum'" of the representative sliding segments of the system, 
and the localized vector which it represents the '"sum'" of the 
localized vectors of the system. If, for example, we wish to find 
the "sum’' of two localized vectors, we see, from the fact that 

R= (Xi+A2, 71+72, Z 1 + Z 2 ), 

G = (Li + L2, Ml + M2, Ni + N2), 
and XiLi + 7iMi + ZiNi-0, 

X2L2 + Y2M2 + Z2N2 = 0, I y • I 

that the necessary and sufficient condition H = 0 amounts to 

M12 = X1L2 + 7 iM 2 + ZiNo + X2L1 + 72M1 + Z2N1 = 0 , 

Hence, by (17.10), the two sliding segments must be coplanar. 
Thus it is not possible to add two localized vectors, and have 
the sum a localized vector, unless their axes are coplanar. If 
they are coplanar and meet, the single sliding segment which is 
their sum passes through their point of intersection and is con¬ 
structed by means of the parallelogram law. If they are parallel, 
the single equivalent segment is parallel to each of them in the 
plane determined by them. It divides any transversal of the 
original two segments inversely in the ratio of their lengths. We 
emphasize again the fact that this definition of the sum of two 
vectors proves nothing about the compounding of physical 
quantities. Thus the result of rotating a rigid body successively 
about two intersecting axes is not described by the localized 
vector which is the sum, as defined above, of the two coplanar 
localized vectors which describe, respectively, the two separate 
rotations. 

It is always possible to find in an infinity of ways two localized 
vectors which, taken together, form a system equivalent to a 
given system (R, G). In fact, if (Ri, Gi) and (R 2 , G 2 ) refer, re¬ 
spectively, to the two desired segments, we have 

R 2 = R ~ Ri, G 2 = G - Gi. (19.2) 

Since (R 2 .G 2 ) = 0 and (Ri.Gi) = 0, this gives 

(R.G) = H = (R.Gi) + (G.Ri). (19.3) 

The first segment may be taken arbitrarily, except that it must 
satisfy the equation (19.3). The second segment is then given 
by (19.2). 
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We may now consider the case where i? = 0. It follows, from 

(18.3) , that the system of localized vectors has the same vector 
moment G about all points in space. The second invariant, H, 
is also zero in this case. If G = 0, the system has zero moment 
about all points in space and may be called the zero system. 
The simplest equivalent system consists of two equal and oppo¬ 
site localized vectors (that is, the axes of the localized vectors 
lie along the same straight line). 

If G ^ 0, a system, consisting of two segments, equivalent to 
the given system may be found as follows: Since i? = 0, 
Rg = — Ri; that is, the two segments must be equal and parallel 
and oppositely directed. From the fact that H = 0, and from 

(19.3) , we see that each of these segments must be perpendicular 
to G. In fact, the plane of the two segments must be perpendic¬ 
ular to G; for the moment vector of the system (consisting of the 
two equal and oppositely directed parallel segments) about all 
points in space is the same, since R is equal to 0 for this system. 
The value of this constant moment is [laiaa • R 2 ], where ai and a 2 
are any two points, one on each of the two segments. Since 
this is equal to G, we see that G is perpendicular not only to 
R2 but to Ta,ar 

The axis of one of the segments may be chosen arbitrarily, so 
long as it is perpendicular to G, and its length may be taken 
arbitrarily. The second sliding segment is then determined 
uniquely by the fact that it is equal and parallel and oppositely 
directed to the first, and satisfies the equation 

G = K„,.R2]. (19.4) 

Such a pair of equal and oppositely directed parallel segments 
is called a couple, and the plane of the segments is called the 
plane of the couple. G, as defined by (19.4), is called the moment 
of the couple, and the direction of G is called the direction of 
the couple. 

We have, then, the result that any system of localized vectors 
for which R, and consequently H, is zero, is equivalent to an 
infinity of couples. Such a system is called, briefly, a couple. 
The moment G of the system, being the same for all points, is 
called the moment of the couple. Its direction is the direction 
of the couple, and any plane perpendicular to it is called a 
plane of the couple. 
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20. Reduction of a system of parallel localized vectors. Let Ao 
denote the unit nonlocalized vector whose representative seg¬ 
ment is parallel to the various sliding segments that represent 
the localized vectors of the parallel system. If Or is any point 
on the axis of the rth sliding segment, the coordinates of this 
segment are given by the presentation of the vectors 

Rr = nirAo and Gr = [toa^.m^Ao], (20.1) 

where nir is a scalar quantity. The R and G of the system are 
accordingly given by 

R = (S,mr)Ao, G = Srlroo^.wirA,] = 2r[mrroa,.Ao]. (20.2) 
The invariant H of the system is accordingly zero. There are 
two cases to be considered according as /? = 0 and R =^0. If 
Rz=:0, we have 2rWir = 0. The system is a couple whose 
moment vector G is perpendicular to the common direction 
of the axes of the various sliding segments of the system. 

If R we write SrWr = m, Xr{mrTc^^) = mvoa ; and we see 
that the system is equivalent to a single segment whose coordi¬ 
nates are given by the presentation of the two vectors R = mA>, 
G = [toa-rnAo], This segment is parallel to the common direc¬ 
tion of the various sliding segments of the system and passes 
through the point a, satisfying the equation 

I>r{m^oar) = niToa- (20.3) 

The point a, defined by this equation, is the mean center of the 
points Or, where Or is given the weighting factor nir. 

21. The central axis of a system of localized vectors. When 
neither of the invariants R and H of a system of localized vectors 
is equal to zero, it is possible to find in an infinity of ways a 
system, consisting of the combination of a single segment and 
a couple, equivalent to the given system. This reduction of the 
system is usually more convenient than the reduction to a 
system of two sliding segments mentioned in § 19. If (Ri, Gi) 
refer to the segment, and Gg to the couple, we must'have 

R = Ri, G = Gi + G 2 . (21.1) 

From these equations, and the fact that (Ri.Gi) = 0, by (17.5), 
we derive 

H = (R.G) = (R.G 2 ). (21.2) 

The moment G 2 of the couple may be chosen arbitrarily so 
long as it satisfies this equation. It has an arbitrary direction, 
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save for the fact that it must not be perpendicular to R; and 
its magnitude is determined, once its direction is chosen, by the 
equation (21.2). The coordinates of the segment then follow 
from (21.1). 

A particularly simple and important equivalent system con¬ 
sisting of a segment and a couple is obtained when the direction 
of the couple is the same as, or opposite to, the direction of the 
segment. In this case we have 

G2 = AR, (21.3) 

where is a scalar quantity. We see, from (21.2), that H = hR^ ; 
so that 



and is therefore determined by the invariants of the system. On 
using (21.1) and (21.3) we have 

Gi = G ~ Ga = G ~ AR. (21.5) 


This, combined with Ri = R, determines the axis of the segment 
by means of the equations (17.6). 

This combination of a sliding segment and a couple whose 
moment vector is parallel to the segment is called a wrench or a 
screw. The axis of the sliding segment is known as the axis of 
the screw or the central axis of the system of localized vectors. 
The quantity h of (21.3) and (21.4) is called the pitch of the 
wrench or screw. 

22. The relative moment of two systems of localized vectors. If 
we have two systems of localized vectors whose coordinates are 
given, respectively, by the presentations of the two pairs of 
vectors (Ri, Gi) and (R 2 , G 2 ), it follows, from (18.3), that the 


expression 


Hi 2 = (R1.G2) + (R2-Gi) 


( 22 . 1 ) 


is independent of the reference frame. For if a change to a new 
origin a is made, G2 becomes G2— [foa. R2I, and so (R1.G2) 
becomes (R1.G2) ~ (R1.roa.R2). Similarly, (R2.G1) becomes 
(R 2 .Gi)~ (R2.roa.R1), showing that H 12 is unaltered, since 
(R1.roa.R2) + (R2.roa.R1) = 0, by (3.11). 

The scalar quantity Hi 2 is not only unchanged when a change 
of the reference frame is made, but its value is unaltered, as 
follows from its definition and (18.6), when either of the two 
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systems is replaced by an equivalent system. It is called the 
relative moment or the mutual invariant of the two systems. 
When it has the value zero, the two systems are said to be 
reciprocal to each other or to be in involution. 

Let us suppose each system reduced to its equivalent screw. 
The coordinates of the segment of the first screw are given by 
the presentations of the vectors (Ri, Gi*), where Gi* = Gi — hiRi, 
hi being the pitch of the first system (see (21.5)). We may, 
then, replace Gi by Gi* + hiRi in (22.1); and, doing the same 
thing for the second system, we find 

Hi2 = (R1.G2* + /z 2 R 2 ) + (R2.G1* + h,Ri) 

= (R1.G2*) + (R2.G1*) + (hi + fe)(Ri.R 2 ). 

The expression (R1.G2*) -f (R2.G1*) is, by (17.9), the relative 
moment of the two segments, and this is, by (17.10), equal to 
— 6 sin 0, where 8 is the shortest distance between the 
axes of the two sliding segments and where 6 is the angle be¬ 
tween these two axes measured positively from the first to the 
second in the direction of the shortest distance from the first 
to the second. We may write (R1.R2) = R1R2 cos d, and we 
then obtain the result 

Hi 2 = RJhlihi + h 2 ) COS0-8 sin 61 (22.2) 

a. The screw product of two screws. The relative moment (Ri. G2) -f 
(R2.G1) of two systems of localized vectors may be called the scalar 
product of the two screws. It is often convenient to introduce a 
screw which is derived from the two given screws and which may 
be called their screw product. Thus we may consider, in any given 
frame, the two vectors (R1.R2] and IR1.G2I + [G1.R2]. These may 
be taken as the first and second vectors (R, G) of a localized vector 
system which is called the screw product of the first and second 
screws. To see this, let a change of reference frame be made, the new 
origin being a, and denote by r the nonlocalized vector which has 
oa as a representative segment. Then the new presentations of the 
two screws are, respectively, 

(Ri, Gi -h (Ri.rl) and (R2, G2 + IR2.r]). 

The new presentation of the screw product is therefore 

{[R1.R2I, [R1.G2] + [G1.R2] + (R1.lR2.rlI + [[R1.rI.R2]}, 
or (R,G+[R.rl), ( 22 . 3 ) 

on making use of the identity 

[Ri.[R2.r]] -h [R2.[r.Ril] -f [r.lRi.Rdl = 0 . [See ( 3 . 13 a) 
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The result ( 22 . 3 ) shows that the vectors 

R = [Ri.R 2] and G = [R1.G2I 4 - (G1.R2] 

may be used as the first and second vectors of a localized vector 
system. It is at once apparent that the screw product of two screws, 
like the vector product of two vectors, is not commutative. An 
interchange in the order of the factor screws changes the sign of 
the product. 

If we introduce the central axes of the two screws and take any 
two points oi and 02 on the first and second central axes respectively, 
the two screws are presented in an arbitrary reference frame, with 
origin at any point 0, by the two pairs of vectors 

(Ri, hiRi + [Ri.ri)) and (R2, /J2R2 -f- IR2*r2l) 
respectively, where n and r2 are, respectively, the two nonlocalized 
vectors which have 0^ and 0^ as representative segments. The 
screw product is presented, then, in the frame whose origin is at 0, 
by the vectors 

(R1.R2I and (R1.R2] {hi 4-/^2) 4 - [Ri.(R2*r2lI + [[R1.r1J.R2]. 

The second vector may be expanded to 

{hi 4 - h2) (R1.R2I 4 - (Ri.r2)R2 — (Ri.R2)r2 -f (Ri.R2)ri — (ri.R2)Ri. 


By taking 0i and 02 as the ends of the common perpendicular to 
the two central axes, and 0 any point on this common perpendicular, 


this simplifies to 


{hi 4 - h2) [R1.R2] 4 - (Ri.R2)Di2, 


( 22 . 4 ) 


where D12 is the nonlocalized vector which has the common per¬ 
pendicular from the first to the second central axis as a representa¬ 
tive segment. It follows, from ( 22 . 4 ), that the central axis of the 
product of two screws is the common perpendicular to the central 
axes of the two factor screws; for both the vectors [R1.R2] and 
{hi 4 - h2) [R1.R2] 4 - (Ri.R2)Di 2 lie along this common perpendicu¬ 
lar. Denoting, as before, by 6 the angle from the first central axis 
to the second, measured positively around the direction on the 
common perpendicular from the first axis to the second, the pitch 


of the product screw is , , ^ ^ 

hi-^hz + dcote, 


( 22 . 5 ) 


where 8 is the length of the common perpendicular. 

A special case presents the screw product of two simple segments 
as a screw whose central axis is the common perpendicular to the 
two segments, its direction being from the first segment to the sec¬ 
ond, and the pitch of the product screw being 5 cot 6 . Thus the 
screw product is unaltered when the two simple segments are ro¬ 
tated as an ordinary screw about their common perpendicular, the 
angle between the segments and their distance apart being main- 
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tained constant. We may, conversely, regard any localized vector 
system as the product of two segments of arbitrary lengths meeting 
the central axis of the system at right angles. The axis of the first 
of the segments, so long as it meets the central axis at right angles, 
is arbitrary, but, once it is chosen, the axis of the other segment is 
completely determined. 

These results may be arrived at very concisely by use of Clifford's* 
complex unit e, which is subject to the ordinary rules of algebra but 
is such that = 0. A localized vector system or screw is written 
in the form R + eG in this notation, and is known as a bivector. 
The scalar product of two bivectors Ri + eGi and R2 + €G 2 is 

(R1.R2) -h 6 [(Ri.G 2) -h (R2.G1)] 

and leads at once to the relative moment of two localized vector 
systems. The vector product of the two bivectors is 

[R1.R2I 4 - €((Ri.G2) 4 [G1.R2]) 

and is what we have called the screw product of the two screws. 
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EXERCISES* 

1. If u =/(ri, T2)f where t\ and r2 are the distances of a variable 
point P from two fixed points Pi and P2, show that 

grad w ^ grad ^ grad r2. 

Hence show how to construct the normal to the level surface 
u = constant which passes through any given point P. Treat, in par¬ 
ticular, the cases u = r\ + r2 (level surfaces, ellipsoids), w = ri ~ r2 
(level surfaces, hyperboloids), w = rir2 (level surfaces, surfaces of 
revolution whose meridian curves are Cassinian ovals). 

2. Extend the construction of Exercise 1 to take care of the level 
surfaces of the function u =/(ri, r2, • • •, fn), where (ri, • • •, r^) are 
the distances of a variable point P from n fixed points Pi, P2, • • •, Pn. 

3 . Show how to find the points in space where the function 
u = fix If r2, rs) has a stationary value. (Here grad u must be 0 , so 
that the construction for the normal must break down.) Apply in 
particular to the function u = ri-f- r2 -f ra. 

4 . If the variable point in Exercise 3 travels along a curve, show 
how to find the points on this curve where u has a stationary value. 
(Here grad u must be normal to the curve). 

6. Repeat Exercise 4 assuming that the variable point moves along 
a given surface. 

6. Show that the point for which the function u ri^ -{• r2^ + 

-h rn^ has a minimum value is the mean center of the points 

Fi, • • •, Pn from which the distances (ri, • • •, fn) are measured. 

7 . Show that div [A.B] = (B.curl A) — (A.curl B). 

8. If A and B are any two vector fields, show that the quantities 

Ax + Aft *f Az etc., (the other two expressions being ob- 
dx • oy oz 

tained by writing By and P^, in turn, for B* in this expression) are 
the components of a vector. This vector is usually denoted by the 
symbol (A.V)B. 

♦Most of the exercises on this and the following chapters have been selected 
from the standard texts mentioned on page 103. 
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9 . Express curl [A.B] and grad (A.B) in terms of the vector of 
Exercise 8. 

10. Prove that the integral J (r.v)d8 taken around any closed 
surface S is three times the volume inclosed by S, 

11. State the theorem corresponding to that of Exercise 10 when 
the closed surface is replaced by a closed plane curve. 

12. Calculate the position of the central axis and the pitch of the 
wrench equivalent to the system of three forces ( 0 , 15 , 0 ), ( 10 , 0 , 0 ), 
(0, 0, 21) whose representative segments pass, respectively, through 
the points ( 0 , 0 , 10 ), ( 0 , 0 , 0 ), and ( 5 , 0 , 0 ). 

13 . A circular plate is supported horizontally at its center. Show 
how to arrange three given weights around its circumference so as 
to preserve the equilibrium. 

14 . A balance has slightly unequal arms when the indicator 
points to zero. When a body weighs p grams in one pan and q grams 
in the other, what is its true weight ? 

15 . If four forces are in equilibrium, prove that the invariant of 
any two is equal to that of the remaining two; also that the in¬ 
variant of any three is zero. 

16 . Forces act at the corners of a tetrahedron perpendicularly to 
the opposite faces and proportionally to their areas. Prove that 
they are in equilibrium if they act either all inwards or all outwards. 

17 . Twelve equal forces occupy the edges of a cube, the parallel 
forces acting in the same direction. Prove that their central axis 
is a diagonal of the cube. If the forces are replaced by twelve equal 
couples whose axes occupy the edges, show that their central axis 
is parallel to a diagonal. 

18 . Any number of forces are represented in magnitude and direc- 

- ^ ^ ^ 

tion by straight lines Ai A'l, A2A'2, • • A„A'n, and G and G' are the 
centroids of the points (Ai, A2, • • •, An) and (A'l, A'2, • • *, A «) respec¬ 
tively. Show that these forces, transferred parallel to themselves 
to act at a point, have a resultant which is represented in magnitude 

and direction by nGG', 

19 . If the forces in Exercise 18 are localized, show that the cen- 
tral axis is parallel to GG', If the representative segments intersect 

any plane perpendicular to GG' in the points (Bi, B2, • • B„), prove 

that the central axis intersects this plane in the center of gravity of 
particles placed at (Bi, B2, • • •, Bn) whose weights are proportional 

to the resolved parts of the forces parallel to GG'- 
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20. Forces {la, mb, nc) act in three nonintersecting edges of a 
parallelepiped, where (a, b, c) are the lengths of these edges. Prove 
that the product of the force and couple of the equivalent wrench 
is {Im -f- mn -f- nl)V, where V is the volume of the parallelepiped. 

21. If a system consisting of two forces whose lines of action are 
given and a couple whose plane is given admit of a single resultant, 
prove that the direction of this resultant lies upon a certain hyper¬ 
bolic paraboloid. 

22. Show that a system of coplanar forces can be reduced to three 
forces which act along the sides of any triangle taken arbitrarily in 
the plane. Show also how to find these forces. 

23. Find the components of a given vector A parallel to a given 
direction and a given plane. 

Hint. If n is the unit vector along the given direction, and p is a unit vector 
normal to the given plane, A = oai -1- /3r, where r is a vector perpendicular to 

both p and [A.n]. Writing r = [[A.n] .p], we find a = and /3 =-—» 

giving the result (^ • P) (n • P) 

(n.p) (n.p) 

24. Show that any system of localized vectors can be reduced 
to six localized vectors whose axes lie along the edges of a given 
tetrahedron. 

25. Five localized vectors are equivalent to a zero system; show 
that their axes intersect two straight lines which may be coincident 
or imaginary. (Mobius.) 

26. Prove that any system of parallel localized vectors is equiva¬ 
lent to a system of three parallel localized vectors whose axes pass 
through three given points. 

27. The end point of a vector field A(0 traces out a curve as t 
varies (the initial point being supposed fixed); the curve traced out 

by the end point of the derivative A(0 = ^ Is called the hodo- 

graph of the vector field (the initial point being again supposed fixed). 
Find the hodograph of a vector field whose end point traces out an 
ellipse around its initial point as focus in such a way that the rate 
at which areas are swept out by the radius vector is constant. 
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THE DISPLACEMENT AND MOTION OF A RIGID BODY 

23. The rigid body with one fixed point. The concept of a rigid 
body as one having the property that the distance between any 
two of its points does not alter is inherent in the postulates 
of Euclidean geometry, — the congruence postulate, for example 
(see § 1). It is closely allied with the conception of time, and 
any difficulties arising in connection with the time idea will 
also be present in connection with the idea of rigidity. Some of 
these difficulties will be considered later. 

In any displacement of a rigid body, lengths, areas, and vol¬ 
umes are unaltered. Such a displacement we shall call, for 
brevity, a rigid displacement. Let us suppose that three points 
of the rigid body which do not lie in the same straight line 
remain fixed in position. Then any fourth point M will also 
remain fixed, and no point can actually change its position. 
For, since the distances ri, r 2 , rs of M from the three fixed 
points Pi, P2, P3 are given, M must be one of the two points 
of intersection of the three spheres whose centers are at Pj, P2, 
and P 3 and whose radii are ri, r 2 , and ra respectively. These 
two points of intersection. Mi and M 2 , are symmetrically 
situated with respect to the plane P1P2P3, and each may be 
said to be the reflection of the other in this plane. The volume 
of the parallelepiped whose coterminous edges are Mi Pi, M1P2, 
and M1P3 is equal to the volume of the parallelepiped whose 
coterminous edges are M2P1, M2P2, and M2P3- If, ho wever , 

we denot e the nonlocalized vectors which have MPi, MP 2 , 

and MP3 as representative segments by n, 12 , and rs respectively, 
the scalar triple product (r 1 . 12 . 13 ) (whose numeric value is the 
volume of the parallelepiped which has MPi, MP2, and MP3 
as coterminous edges) will have the same absolute value but 
opposite signs at Mi and M 2 . Since not only the absolute value 
but also the sign of this scalar triple product is conserved in a 
rigid displacement, the position of M is unique, and there can 
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be no actual displacement of the rigid body. The mathematical 
operation by which every point Mi of a rigid body is transformed 
into its image M 2 in any plane does not affect the distance 
between any two points of the rigid body, but it is nevertheless 
not a possible displacement of the rigid body. We shall call 
such an operation reflection of the body in the plane. 

There are, then, two operations, changing the positions of a set 
of material points in space, which have the property that the dis¬ 
tance between any two points of the set is the same after the opera¬ 
tion as it was before it. These two operations are distinguished from 
one another by the fact that one of them, the rigid displacement, 
leaves the scalar triple product (r1.r2.r3) unaltered, whereas the 
other, the planar reflection, changes the sign of this scalar triple 
product without altering its numeric value. It follows that the 
succession of an even number of planar reflections is a rigid displace¬ 
ment ; and we find that the most general operation which changes 
the positions of a set of material points in space without altering the 
distance between any two points of the set is either a rigid displace¬ 
ment or a rigid displacement followed by a planar reflection. 

If two points, Pi and P 2 , of the body are fixed in a rigid dis¬ 
placement, every point of the straight line joining them is fixed. 
Any other point must move, if at all, on a circle whose center 
is on the line of fixed points and whose plane is perpendicular to 
this line. If M is displaced to M', the dihedral angle 6 from the 
half-plane MP 1 P 2 to the half-plane M'PiP 2 is independent of 
the position of M; and we choose such a direction on the line 
of fixed points that 6 is measured positively around it, accord¬ 
ing to the right-hand-screw convention. The displacement is 
then termed a rotation of amount 9 about the directed line, 
which is known as the axis of rotation. The vector displace¬ 
ment of any point M of the rigid body may, then, be completely 
described by means of a segment of length 6 on the axis of rota¬ 
tion. The position of the initial point of the representative 
segment on the axis of rotation is immaterial, so that we have 
here an example of a sliding segment. _^ 

The mathematical calculation of the vector displacement MM' 
of any point M of the rigid body in terms of the coordinates of 
the sliding segment may be best carried out somewhat as fol¬ 
lows: Let M' be the new position of M, and let the plane 
through MM' perpendicular to the axis of rotation meet it in 
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the point C. Take the origin O of a rectangular Cartesian refer¬ 
ence frame on the axis of rotation, and d enote by r and r' the 

nonlocalized vectors which have OM and OM\ respectively, as 
representative segments. If co denotes the unit nonlocalized 
vector along the axis of rotation, we have 
(rL<i>) = (r.co) = OC; and so the nonlocalized 

vector which has CM' as a representative seg¬ 
ment is t' — (r.cD)o>. Let us resolve this vector 

along and perpendicular to CM. If the angle 
of rotation is denoted by 6, and the common 

length of CM and CM' by a, our vector has a 
component a cos $ along CM and a component 
a sin 0 perpendicular to CM (the right angle 
being measured positively around the axis of 
rotation). Now the vector product [r.o>] has the magnitude a, 
and one of its representative segments lies in the plane CMM', 

at right angles to Cil/, the right angle being measured nega¬ 
tively around the axis of rotation. Since the vector which has 
CM as a representative segment is r — (r.a))co, we have 

r' — (r.(o)(o = {r — (r.co;o)} cos 6 — [r.o)] sin 6. (23.1) 

Upon solving for this becomes 



r' = cos 01+ (r.<o)(l — cos 0)a> — sin 0[t, o)]. (23.2) 

The required vector MM', being equal to r' — r, is therefore 
furnished by the equation 


MM' = (cos d-l)T+ (r. 0 )) (1 - cos 0)(o - sin 0 [r.«]. (23.3) 

It is convenient to introduce the notation p = cos ~ and 

0 2t 

V = sin I CD so that 

r' = (2 p2 - l)r + 2(r.v)v - 2 p [r. v]. (23.4) 


If (z, y, z), {x', y', z'), and (X, fx, v) are, respectively, the presen¬ 
tations of the vectors r, r', and v in the frame OXYZ, then, 
since -]r = 1, the equation (23.4) is seen to be 

equivalent to the equations 

x' = (p2 i/2)x 4- 2(Xp — I^p)y + 2(X^ + pp)z, 

y' = 2(mX + vp)x + (p2 + p2_^x^- v^)y + 2{pv - Xp)z, (23.5) 
2 :' = 2(p\ - pp)x + 2{pp + Xp)y -f- (p2 + J.2 _ X2 - p2)z. 



DISPLACEMENT AND MOTION OF A RIGID BODY 79 


The equation (23.4) may be solved for r in terms of r' by merely 
changing the sign of v, without altering that of p. For the 
rotation which sends the points M' into the points M differs 
from that which sends the points M into the points M' merely 
by a reversal of the axis of rotation. In this way we obtain the 
following equation giving r in terms of r': 

r = (2 p2 - ly + 2(r' .v)v + 2 p[r'.v]. (23.6) 

Instead of considering the relation of two points M and M' to 
a single fixed reference frame OXYZ, we may now consider the 
relation of a single point M' with reference to a frame which 
rotates with the rigid body. The coordinates of M' with refer¬ 
ence to the new frame OX'Y'Z' are the same as the coordinates 
(x, y, z) of M with respect to OXYZ ; for since M moves with 
the frame OXYZ its new position M' bears the same relation 
to the new position OX'Y'Z' of the frame as its old position M 
bore to the old position OXYZ of the reference frame. As be¬ 
fore, (x', y', z') denote the coordinates of the point M' under 
discussion relative to OXYZ, and so the vector equation (23.6) 
furnishes us with the following table of direction cosines. (See 
the deduction of (23.5) and refer to (2.3).) 



X 

y 

z 

a:' 

p2 -f -- ^2 _ p2 

2(Xp + vp) 

2y\v — pp) 

y' 

2(iJi\ - vp) 

p2 -f _ p2 _ X2 

2{pp + Xp) 

z' 

2{y\ -f yup) 

2{vfi — Xp) 

p2 -f p2 _ X2 — ^2 


(23.7) 


In comparing the vector equation (23.6) with (2.3) the reader 
will be careful to note that (x', y', z'), being the presentation 
of r' in the frame OXYZ, plays the r61e of (A^, Ay, A,), whereas 
(x, y, z), being the presentation of the same vector in the frame 
OX'Y'Z', plays the role of (A'x, A'y, A'^). We shall see shortly 
that any reference frame OXYZ can be sent into any other 
reference frame OX'Y'Z' having the same origin O by a rigid 
rotation about an axis through O. The table (23.7) expresses, 
then, the nine direction cosines giving the relative orientation 
of any two frames in terms of four parameters (X, p, v, p) which 
are connected by the relation X^ -f -f -f- p^ = 1. ll {I, m, n) 
are the direction cosines of the axis of rotation, and if 6 is the 
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angle of the rotation sending the frame OXYZ into the frame 
OX'Y'Z', we have 

a f) fi 

X = /sin^, )u = msin~, p=^nsin^y p==cos^- (23.8) 

A second specification of the nine direction cosines which give 
the relative orientation of two frames OXYZ and OX'Y'Z' 
having a common origin 0 is due to Euler and will be found 
very useful. Denote by ON that half of the line of intersection 
of the '"equatorial” planes OXY and OX'Y', around which the 

measured positively, and call 
it the line of nodes. The line 
of nodes is therefore perpen¬ 
dicular to the plane OZZ'. 
Denote by OT and OT' the 
half-lines in the equatorial 
planes OXY and OX'Y', re¬ 
spectively, which are behind 
ON by a right angle, the 
sense of positive measure¬ 
ment of angles being around 
OZ and OZ' respectively. 
The lines OT and OT' are in 
the plane OZZ' and are called 
the transverse axes in the two 
equatorial planes. Then the 
angle from OX to OT is denoted by </>. It is really a dihedral 
angle measuring the inclination of the half-plane ZOZ' to the 
half-plane ZOX, the sense of positive rotation being around OZ, 
The angle from OT' to OX' is denoted by xj/. It also is a dihedral 
angle, measured from the half-plane ZOZ' to the half-plane Z'OX' 
positively around OZ', It may save misunderstanding, later on, 
if attention is directed explicitly to the difference in the defini¬ 
tion of the two angles </> and \{/: the first is measured from OX to 
OT, whereas the second is measured from OT' to OX', The nine 
direction cosines may be expressed in terms of the three angles 
0, <f>, and \p, which are known as the Eulerian angles. It follows, 
from the definition of these angles, that the frame OXYZ may 
be brought into coincidence with the frame OX'Y'Z' by the fol¬ 
lowing series of operations, performed in the order indicated: 


smaller angle 6 from OZ to OZ' is 
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1. A rotation through an angle 0 about OZ. 

2. A rotation through an angle d about ON, the new position 
of OY. 

3. A rotation through an angle \p about OZ\ the new position 
of OZ. 

Similarly the OX'Y'Z' frame may be brought into coincidence 
with the OXYZ frame by the following series of operations, per¬ 
formed in the order indicated : 

1. A rotation through an angle about OZ'. 

2. A rotation through an angle — d about ON, the new posi¬ 
tion of 07'. 

3. A rotation through an angle — (f> about OZ, the new posi¬ 
tion of OZ'. 

Hence the roles of the two frames may be interchanged by 
replacing 0 by — i/^, d hy — 6, and by — </>. 

In order to find the actual expressions of the direction cosines 
as functions of the angles 0, 6, and 0, we shall express the unit 
vectors {V, y, k') along the axes of the OX'Y'Z' frame as linear 
combinations of the unit vectors (i, j, k) along the axes of the 
OXYZ frame. Thus i' may be expressed as the sum of a vector 

COS0 along OT' and a vector sin0 along ON. But a unit vector 
along OT' may be expressed as the sum of a vector — sin 6 along 

OZ and a vector cos 6 along OT. Finally, a unit vector along 
ON — — sin 0 i + cos 0 j, and a unit vector along OT = cos 0 i 
+ sin 0 j. Hence we have 

= (cos 6 cos 0 cos 0 — sin 0 sin 0)i 

+ (cos 0 cos 0 sin 0 + sin 0 cos 0) j — cos 0 sin 6 k. 

Similarly, or ^since the angle from OT' to 07' is 0-f by 
merely writing 0 + ~ for 0 in this expression, 

4U 

y = (— cos d cos sin ^ — sin <i> cos^)i 

+ (— sin \f/ cos 0 sin <^ + cos ^ cos <^) j + sin xp sin 6 k. 

A unit vector along OZ' may be expressed as the sum of a 
vector cos 6 along OZ and a vector sin d along OT. Hence 

k’ = sin 0 cos d) i + sin 0 sin <> j + cos 6 k. 
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We have, then, the following table of direction cosines: 



OX 

OY 

OZ. 

OX' 

cos 0 cos <f> cos ^ 

— sin 0 sin 0 

cos 0 sin 0 cos 0 

■f cos 0 sin 0 

--8in0cos0 

OY' 

— cos B cos 0 sin 0 

— sin 0 cos 0 

1 

— cos 0 sin 0 sin 0 

+ cos 0 cos 0 

sin ^sin0 

OZ' 

sin 6 cos 0 

sin B sin 0 

cos $ 


As a check on the accuracy of this table we note that the rows 
and columns interchange when </> is replaced hy —\f/, 0 by — 0, 
and by — </). Just as the second row is obtained from the first 

on replacing xp by xp the second column is obtained from 

the first by replacing — </> by — that is, 0 by 0 ~* 

24. The composition of rotations about coplanar axes. A rota¬ 
tion of amount 6 about a given axis is readily seen to be equiva¬ 
lent to a succession of two planar reflections in two planes 

through the axis of rotation, 
^ ihe angle from the first plane to 

a 

the second being The posi- 

tion of the first plane is im¬ 
material, so long as it passes 
through the axis of rotation; 
but the order in which the two 
reflections are carried out is 
essential. Reversing the order 
is equivalent to changing the 
sign of d, or, if we wish, to 
changing the direction of the vector along the axis of rota¬ 
tion. The only case in which an interchange of the order of 
the reflections is unimportant is when the angle d — w; that 
is, when the two planes are at right angles. This analysis of a 
rotation into a succession of two planar reflections enables us 
to compound rotations about two coplanar axes. Let us first 
suppose that the axes are not parallel, and let them meet in a 
point O. Denoting by A and B the points in which the axes 
pierce the unit sphere which has 0 for its center (OA and OB 
being supposed to give the directions of the two axes), we choose 



Fig. 12 
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the two planes in which the reflections equivalent to the rota¬ 
tion about OA are carried out, in such a way that the plane 
OAB is the second of the two planes. The two planes in which 
the reflections yielding the rotation about OB are carried out 
are then chosen so that OAB is the first of them. The two suc¬ 
cessive reflections in the plane OA B neutralize each other, and 
we see that the net result of the two rotations about OA 
and OB in succession is equivalent to a succession of two planar 
reflections, the first of the planes passing through OA, and the 
second through OB; that is, to a rotation about an axis OC 
passing through O. If we consider the spherical triangle ABC, 
the position of OC and the amount of the rotation about it are 
given by the following theorem : 

A rotation about OA through twice the internal angle at A, 
followed by a rotation about OB through twice the internal angle 
at B, is equivalent to a rotation about OC through tivice the external 
angle at C. 

In the figure, OAC is the first plane in which the reflection is 
performed, and OAB is the second, so that the dihedral angle at 
A (that is, the angle A of the spherical triangle ABC) is half the 
angle di of the first rotation. Similarly, 
the angle B of the spherical triangle is 
half the angle 62 of the rotation about OB. 

Since the two reflections in the plane 
OAB neutralize each other, the final posi¬ 
tion M' of any point M may be obtained 
by first reflecting M in the plane OAC C 
and then reflecting its new position in the 
plane OBC. We take the external angle 
of the spherical triangle at C, instead of the internal angle, as half 
the angle of the equivalent rotation about OC, since the angle of 
rotation is to be measured positively around OC according to the 
right-hand-screw convention. 

This leads at once to a result, which is due to Euler, affect¬ 
ing the displacement of a rigid body which has one fixed point. 
Let any point M of the body be displaced to a position M'. 
Then, O being the fixed point, a rotation of proper amount 
about an axis through O perpendicular to the plane OMM' will 
send M into M'. Further displacement from the new position 
of the rigid body has O and M' as fixed points and is therefore 
a rotation about OM'. Thus the most general displacement of 
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a rigid body having a fixed point is equivalent to a succession 
of two rotations about axes through the fixed point, and these 
are equivalent, as we have just seen, to a single rotation about 
an axis through the fixed point. 

The spherical-triangle construction for the resultant of two rota¬ 
tions about concurrent axes enables us to determine the parameters 
(X, /X, V, p) of the resultant rotation in terms of the parameters 
(Xi, /ii, vu Pi) and (X2, /X2, V2, P2) of the separate rotations. Denot¬ 
ing the sides of the spherical triangle, as usual, by (a, 6, c ), and the 
angles by (A, B, C), we have 

A=—» B = C=7r —cos c = 4 -miW2-f Win2. ( 24 . 1 ) 

The spherical-triangle formula 

cos C = — cos A cos R + sin A sin B cos c [See ( 3 . 22 )] 

d Si $2 > Oi . $2 

gives cos ~ = cos cos — sin sin cos c, 

or p = pip2 ~ X1X2 — M1P2 — ( 24 . 2 ) 

In order to find (X, p, v) we express the unit vector C along ^ as 

a linear combination of the unit vectors A (along Oa) and B 
—►- —►- 

(along OB), and the vector product [A.B] along, say, OD, The 

formula ( 3 . 16 ) gives 

(A.B.IA.BDC = (C.B.[A.B|)A-f ([A.Bj.A.OB 

4-(A.B.C) [A.B]. ( 24 . 3 ) 
Now (A. B. [A. B]) = ([A. B]. [A. B]) = sin2 c, 

since the magnitude of [A. B] is sin c, and 

(C.B.[A.B]) = ([C.B].[A.B 1 ) 

= (C.A)(B.B)-(C.B)(A.B) [By ( 3 . 19 )] 
= cos b — cos a cos c 

[A, B, and C being unit vectors] 

= sin a sin c cos B. [By ( 3 . 21 )] 

Similarly, ([A. B]. A. C) = sin 6 sin c cos A. 

Furthermore, 

(A.B.C) = ([A.B].C) = sin c cos^~ — sin c sin he, 

where he is the altitude on side c of the spherical triangle. 
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Now sin may be replaced by sin B sin a ; and we have, from ( 24 . 3 ), 

C = cos B A -f cos A B — sin B [A.B] ( 24 . 4 ) 

sm c sin c sin c ^ 

= cos B A + cos A B - sin B [A.B], (24.5) 

Sin C sin C sin C j \ / 

Upon using the results of ( 24 . 1 ), this may be written 

sin IC = cos ^sin ^ A -f cos ^ sin ^ B - sin ^ sin ^ [A.B], ( 24 . 6 ) 


or, equivalently, X = P2X1 -b piX2 - mii^2 + M2^i, 

/i = P 2 M 1 P 1 P 2 1 ^ 1 X 2 + 1 ^ 2 X 1 , (24.7) 

p = P2P1 + P1P2 Xip 2 + X2P.1. 


These relations, combined with ( 24 . 2 ), are the formulas required. 
They may be represented compactly by the following device. Let 
us call the rotation which is specified by (X, p, Py p) a versor and 
denote it by the symbol 

p -f Xz -f pj + pky ( 24 . 8 ) 


where (z, i, k) are complex quantities supposed to be subject to the 
distributive laws of addition and multiplication. The result of 
two versors 


Pi + Xiz + pij + Pik and p 2 + X 2 Z + ^ 2 :) + P 2 k 
carried out in succession in this order is given by the product 
(p2 "b X 2 Z’ + P 2 J +• P2k){pi -b XiZ -b pd + Pik) 

the complex quantities (z, i, k) being supposed to obey the following 
multiplication table: 


z 2 = — /(.2 Ij — _ jl = 4 - A :, 

jk ~ ^ Jcj — z, ki = — zA: = + j. 


( 24 . 9 ) 


The versor ( 24 . 8 ) is a unit quaternion. It is obvious, from ( 23 . 4 ), 
that if each of the four quantities (X, p, p, p) is multiplied by the 
same number we have a rotation followed by an extension from 
the origin, that is, a rotation from (x, y, z) to (x', ?/', z') followed 
by a transformation of the type x" = kx\ y" = ky\ z" ~ kz\ The 
four arbitrary quantities (X, p, z', p) are, then, said to build up, 
by means of an expression of the type ( 24 . 8 ), a quaternion; and 
A: = (X^ + p2 -b j/2 4. p2)b is called the tensor of the quaternion. 


a. The composition of rotations about parallel axes. It is evident 
that a succession of two planar reflections in para llel planes 

carries any point M to a point M\ such that MM' is perpen¬ 
dicular to each of the planes, its direction being from the first 
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to the second, and its length being equal to twice the distance 
between the parallel planes. This type of rigid displacement, in 
which all points have equal vector displacements, is known as 
a translation. If, now, we wish to compound two successive 
rotations about two parallel axes, we draw any plane per¬ 
pendicular to the axes and let these axes pierce this plane in 

the points A and B respectively. 
The succession of the two rotations 
is equivalent to a single rotation 
about a parallel axis through a point 
C determined as in the spherical- 
triangle construction, the only dif¬ 
ference being that the spherical 
triangle is replaced by a plane tri¬ 
angle ABC in the plane perpendic¬ 
ular to the axes of rotation. Since 
the external angle at C is equal to the sum of the internal angles 
at A and B, the amount 6 of the single equivalent rotation is 
given by the formula ^ ^ ^ 

* (9 = 01 + 02 . ( 24 . 10 ) 



Fig. 14 


When 01 + 02 = 0, the planes through AC and BC are parallel, 
and we have the result that the succession of two equal and 
opposite rotations about parallel axes is equivalent to a trans- 

0 

lation of amount 2 d sin where d is the distance between 


the parallel axes and where 0i is the common magnitude of the 
two rotations. The direction of the translation is perpendicular 
to that plane which passes through the first axis and which must 


0 

be turned through an angle ~ in order to be brought into coin¬ 


cidence with the plane of the two axes. The translation is 
from the former plane toward the parallel plane through the 
second axis. 

26. The general rigid displacement. If the vector displace¬ 
ments of all points of a rigid body are parallel to a given plane, 
the body may be said to suffer a plane displacement. If one 
point is fixed in such a displacement, all points in a line through 
this fixed point perpendicular to the given plane must be fixed 
(since any displacement of such a point parallel to the given 
plane would necessarily increase its distance from the fixed 
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point), and we have rotation about an axis perpendicular to 
the given plane. If, in any plane displacement whatsoever, a 
point M moves into a positi on M \ the displacement may be 
analyzed into the translation MM' followed by a rotation about 
an axis through M' perpendicular to the plane of displacement. 
The translation may be further analyzed into two equal and 
opposite rotations about axes which are perpendicular to the 
plane of displacement. Since the three rotations about parallel 
axes may be compounded into either a single rotation about a 
parallel axis or a translation perpendicular to the axes of rota¬ 
tion, we have the following result: 


The most general plane rigid displacement is equivalent either 
to a translation parallel to the plane of displacement or to a rota¬ 
tion about an axis perpendicular to the plane of displacement. 


We may now consider the most general displacement of a 
rigid body. If any point M is displaced to M', it follows, by 
Euler's theorem, that the displacement is equivalent to the 

translation MM' followed by a rotation about an axis M'A 
passing through M'. The translation MM' may be analyzed 
into a translation MB parallel to the axis of rotation M'A 

- y - y 

and a translation BM' perpendicular to M'A, The displace¬ 


ment which consists of the translation BM' followed by the 
—>- 

rotation about AT A is a plane displacement, the plane of dis- 

—>- 

placement being perpendicular to M'A. Applying the rule for 
plane displacements which has just been obtained, we obtain 
the following result: 


The most general displacement of a rigid body is a translation, 
or can be analyzed into a translation followed by a rotation about 
an axis parallel to the direction of translation. 

Such a displacement is called a screw, the axis of the rotation 
being known as the axis of the screw. Since any translation or 
rotation may be analyzed into two planar reflections, and since 
the order of reflection in two perpendicular planes may be inter¬ 
changed, we may present a screw motion as follows: 

Take, on the axis of the screw, two points, at a distance apart 
equal to one half the magnitude of the translation, such that 
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the direction from the first to the second is that of the transla¬ 
tion. Take any two lines, one through each of these points, 
perpendicular to the axis of the screw and such that the angle 
from the first to the second is one half the angle of rotation 
(the sense of positive measurement of angle being positively 
related to the axis of the screw). The screw is then equivalent 
to a rotation through two right angles about the first line, fol¬ 
lowed by a rotation through two right angles about the second 
line; for a rotation through two right angles about any line — 
that is, an inversion or reflection in the line — is equivalent to 
a succession of two planar reflections in any two perpendicular 
planes through the line. 

We have, then, merely to choose as the first plane of the first 
rotation the plane containing the first line and the axis of the 
screw and as the second plane of the second rotation the plane 
containing the second line and the axis of the screw. Since the 
planes 1, 2, 3, and 4 of the four reflections are such that 1 is 
perpendicular to 2 and 3, the reflections may be changed from 
the order (1, 2, 3, 4) to the order (2,3,1, 4). The planes 2 and 3 
being parallel, and perpendicular to the axis of the screw, the 
first two reflections, in the new order, give the translation while 
the last two give the rotation of the screw. 

This analysis of a screw shows how to compound any two 
screws. We have merely to arrange that the second line for the 
first screw and the first line for the second screw shall each coin¬ 
cide with the common perpendicular to the axes of the two 
screws. The axis of the resultant screw is the common perpen¬ 
dicular to the first line for the first screw and to the second 
line for the second screw. 

Since a rotation is a screw of zero pitch, this construction 
enables us to describe the screw which is equivalent to a succes¬ 
sion of two rotations. 

26. The time derivative of a vector with respect to a reference 
frame. If the components (Ay, A^) of a vector A in any refer¬ 
ence frame OXYZ are functions of the time t, the three quan¬ 
tities present in the same frame a vector which 

\ dt at dt } 

we shall denote by ~ (See § 5.) This vector may be called 
at 

the time derivative of the vector A with respect to the frame 
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OXYZ, It is essential to realize that the new vector derived in 
this way depends not only on the original vector A but on the 
frame OXYZ in which it was presented. We have already seen, 
in § 5, that the time derivatives of any vector with respect to 
frames which are at rest relatively to one another are the same. 
If, however, the frames are in motion relative to one another, 
the time derivatives will, in general, be different. Thus, let us 
consider a reference frame which we shall, for convenience, 
call fixed, and let us denote the time derivative of A with re¬ 
spect to this frame by A. This time derivative may be called the 
absolute’' time derivative of A, and the derivative with respect 
to the frame OXYZ the'' relative” time derivative of A. In order 
to find the connection between the absolute and relative time 
derivatives, »e write ^ ^ ^ ^ 

where i, j, k denote unit vectors along the axes OX, OY, OZ, 
respectively, of the reference frame OXYZ. If the frame OXYZ 
is in motion with respect to the fixed frame the unit 

vectors i, j, k will have presentations in the fixed frame which 
will, in general, vary with the time. In forming, then, the ab¬ 
solute time derivative A we shall have to regard i, j, and k as 
functions of L Thus we obtain, from (26.1), 


A = Aj + 5^i + Aj + ^j + A.k + ^k. [See§5] (26.2) 

We can now find the presentation of A in the frame OXYZ by 
multiplying it scalarly by i, j, and k in succession. On account 
of the relations 


(i.i) = l, (i.j) = 0, (i.k) = 0, etc. 
we have, on differentiation with respect to t, 

(i.i) = 0, (i.j) +(i.j) = 0, (i.k)4-(i.k) = 0, etc. 

Upon introducing the notation 

CO* = (k.j) = - (j.k), coj, = (i.k) = - (k.i), 
w. = (j.i) = ~(i.j), 

. . A 

we have (A)i = (A. i) = — oj^Ay, 

at 

(A)„ = (A. j) = + cOiAi — ojjAz, 

(A). = (A.k) = ^ + - UyA^. 


(26.3) 

(26.4) 


(26.5) 
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The equations (26.5) show that the three expressions 

{U)yA^ — 0),Ay, 0)jcAy — OOyA:r) 

present in the frame OXYZ a vector, which is the vector dif¬ 
ference A — ^ between the absolute and relative time deriva- 
di 

tives of the vector A. Since this is true no matter what the 
vector A is, we know, from (3.18), that the three expressions 
(coj., cov, cOr), defined by (26.4), present in the frame OXYZ a 
vector. Denoting this vector by (o, we may rewrite the equations 
(26.5) in the vector form 

A = ^+[«.A]. (26.6) 

As an example let us consider the special case where one of 
the unit vectors - for example, k — is constant with reference 
to the fixed, or absolute, frame. We may choose our axis Pf of 
the fixed frame parallel to the axis OZ of the moving frame, and 
we may denote the dihedral angle from the half-plane fP^ to 
the half-plane ZOX, measured positively around the common 
direction of the axes Pf and OZ, by 0. Then the presentations, 
in the fixed frame of the vectors (i, j, k) are, respectively, 

(cos (/), sin 4>, 0), (— sin </>, cos 0, 0), (0, 0, 1). 

Hence the presentations in this same frame of (i, j, k) are, by 
definition, 

(— sin 0 0, cos 0 0, 0), (— cos 0 0, — sin 0 0, 0), (0, 0, 0), 

respectively, where 0 stands for The equations of definition 
(26.4) give, then, ^ 

OJj: = 0, 0)y = 0, CCz = 0. (26.7) 

More generally, let the orientation of the moving frame OXYZ 
with respect to the fixed frame at any instant t be given 
by the Eulerian angles (0, 0, 0). We have, then, from (23.9), 
the table of direction cosines 




Pv 

P^ 

ox 

cos 0 cos <i> cos ^ 

— sin 0 sin 0 

cos 6 sin 0 cos 0 

+ cos 0 sin 0 

— sin 0 cos 0 

OY 

— cos 0 cos 0 sin 0 

— sin 0 cos 0 

— cos 6 .sin 0 sin 0 

-f cos 0 cos 0 

sin 6 sin 0 

OZ 

sin 6 cos 0 { 

sin 0sin 0 | 

cos 0 


(26.8) 






DISPLACEMENT AND MOTION OF A RIGID BODY 91 
From these we readily find 

i = (^ + cos 0 <^)j — (0 cos\// + sin 6 sin yp 0)k, 
j = — + cos 0 0)i + {6 sin^ — sin 6 cos j/ (?^)k, (26.9) 

k = (cosi/^ 0 + sin 6 sin^ ^)i ~ {6 ^m\p — sin 6 cos\^ 0)j, 
so that, by (26.4), 

<jOjc — (k.j) = ^ sin\^^ — sin 6 cos^(j>, 

ooy = (i.k) = d cosip + sin 6 sinj/'c/i, (26.10) 

(jOz = (j.i) = ^ + cos d 

These formulas show that the vector o) is the sum of a vector 
<j) along the fixed pf axis, a vector d along the line of nodes ON, 

and a vector \f/ along the axis OZ of the moving frame. From 
this we have the presentation of the vector cd in the fixed frame 
P^? 7 f as 

cot = — ^ sin 0 + sin 6 cos (p \p, 

con ~ 0 cos 0 + sin ^ sin cpip, (26.11) 

COw = 0 + cos d\p. 

The formulas (26.11) can be derived immediately from the 
formulas (26.10) by writing — 6 for Oy ~~\p for 0, and — (j> 
foripy and then changing the sign of each expression (see § 23). 
27. The velocity vector. If M is any point, we 

may denote the vectors OM and PM by r and p 
respectively. Then p is known as the 
velocity of the point M with respect 
to the frame P^tj^ or, if we wish, as 
the absolute velocity of the point M. 

Similarly, ~ is known as the velocity 
at 

of the point M with respect to the 
frame OXYZ or as the relative velocity of M. Denoting the 

vector PO by a, we have 

p = a + r; 

whence, by (26.6), 

p = d4-f = tt-|-^ + [o).r]. 




(27.1) 
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If, now, the moving point happens to be rigidly attached to the 

OXYZ frame, its relative velocity ^ is zero, and (27.1) reduces 
to d + [<o.r]. Writing, then, 

d+ [a).rl = pd, (27.2) 

we may call pd the drag velocity of the point M, since it is the 
absolute velocity of that point of the reference frame OXYZ 
which is momentarily in coincidence with the moving point M. 
The equations (27.1) and (27.2) give 

Va = Vd + Vr, (27.3) 

where Va, Vd, and Vr denote, respectively, the absolute, drag, 
and relative velocities of the point M. The point M is usually 
said to possess simultaneously the two velocities va and Vr, and 
the result (27.3) is known as the law of composition of velocities. 
It may evidently be extended to take care of the case where M 
possesses simultaneously several velocities. Thus let us suppose 
that we have a "'fixed,'' or "absolute," reference frame Fn + i, 
and a series of "moving," or "relative," frames Fi, F 2 , • • Fn* 
Let us denote by Vr the velocity of a point M with respect to 
F\y and by vi the velocity, relative to the frame /^ 2 , of that 
point Ml of Fi which happens to be momentarily in coincidence 
with M; in general, let us denote by v., the velocity relative 
to Fa+ 1 of that point M* of Fa which happens to be momentarily 
in coincidence with M. Then the point M is said to possess 
simultaneously the n+1 velocities Vr, vi, • • *, Vn, and its abso¬ 
lute velocity is given by the equation 

Va = Vr + Vi H - h Vn. (27.4) 

If M is permanently in coincidence with Mi, we have Vr = 0 , 
and the drag velocity Vd is given by the equation 

Vd = Vi + V2 H-h Vn. (27.6) 

The equation (27.2) shows that the drag velocity of any point 
M of a moving frame is the vector moment about that point of 
the localized-vector system (ca, d) (see (18.3)). If <0 = 0, the 
localized-vector system is a couple; and in this case every point 
of the moving frame has the same velocity d, so that the moving 
frame is said to have, at the instant in question, a velocity of 
translation without rotation with respect to the fixed frame. The 
direction and magnitude of the common drag velocity of the 



DISPLACEMENT AND MOTION OF A RIGID BODY 93 


various points of the moving frame are given by the vector d 
of the couple. 

If the invariant (w. d) of the localized-vector system is zero, 
the system is equivalent to a single segment (see § 19). In 
particular, if d = 0 (that is, if the origin 0 of the moving 
frame has zero velocity relative to the fixed frame), the single 
equivalent segment passes through the origin O, and its axis 
lies along that representative segment of cd whose initial point 
is at 0. The drag velocity of any point M of the moving frame 


is given by 


vj = [<i).r], 


(27.6) 


and the frame is said to possess an angular velocity co with re¬ 
spect to the fixed frame Pfryf. From our results on the compo¬ 
sition of coplanar localized vectors (see § 19), we see that if a 
frame Fi has an angular velocity caj with respect to a frame F 2 , 
which has itself an angular velocity o >2 with respect to a fixed 
frame F, then the frame Fi has an ''absolute'' angular velocity 
cDi 4- ( 1)2 with respect to the fixed frame F. The frame Fi is 
usually said to possess simultaneously the two angular veloci¬ 
ties 0)1 and 0 ) 2 , and our result may be stated in the form that 
angular velocities are compounded or added according to the 
vector law. It is, of course, expressly understood that the origins 
of the three frames have no relative velocity. The frames may 
therefore be supposed, without any lack of generality, to have 


a common origin. 

Since any localized-vector system is equivalent to a single 
segment and a couple whose plane is perpendicular to the seg¬ 
ment, we see that, at any instant, the drag velocities of the 
various points of a moving frame may be obtained by combin¬ 
ing an angular velocity about a given line with a velocity of 
translation parallel to this line. In other words, the motion at 
any instant of the various points of a given frame with respect 
to any other frame is a screw motion. The pitch h of the screw 


is given by 


h = [See (21.4)] (27.7) 


and the axis of the screw is given by 


[r«..o)j =a — ha, 


(27.8) 


where a is any point on the axis of the screw. When A = 0 we 
have a motion of rotation without translation. 
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28. The angular velocity vector in orthogonal curvilinear coor¬ 
dinates. We shall first consider the case of space polar coordi¬ 
nates. The moving frame OXYZ has at each point O, whose 
space polar coordinates are (r, d, 4>), the directions of the space 
polar coordinate lines through O. We have, then, the following 
table of direction cosines (see (6.4)): 




Pv 

sin 0 sin 

P^ 

ox 

sin d cos <t> 

cos B 

OY 

OZ 

cos 9 cos <t> 

— sin <i> 

cos 0 sin 

cos <f> 

— sin 6 

0 


It follows at once that 

i = ^ j + 0 sin 0 k, 
j — 0 i + 0 cos 6 k, 
k = — 0 sin 0 i — 0 cos 6 j; 
whence we derive ojx = (k. j) = 0 cos 6, 

coy = (i.k) = — 0 sin 0 , (28.1) 

= (j-i) = 0, 

showing that the angular velocity vector (o is equal to the sum 
of a vector 0 along the polar axis and a vector 6 along a line 
perpendicular to the meridian plane in the sense of 0 increasing. 

It is now easy to find the presentation of the absolute velocity 
of the point O = (r, 0, 0) in a frame which has a fixed origin, 
but whose axes are always parallel to those of the frame OXYZ. 

The formula (27.1) reduces to Va = ~ + [<*>-r], where r has the 

at 

presentation (r, 0, 0 ) in our relative frame. It follows that the 
relative presentation of the absolute velocity of 0 is 

r sin d 0 ^. (28.2) 

For a general system of orthogonal curvilinear coordinates (see 
§ 6 ), we choose the axes of the fixed frame parallel to those of 
the moving frame at a definite instant when the latter have the 
directions of the curvilinear coordinate lines through an arbi¬ 
trary point (a, 7 ). The direction cosines c/ which give the 






DISPLACEMENT AND MOTION OF A RIGID BODY 95 


relative orientation of the fixed and moving frames have, there- 
fore, at the point (a, /3, 7 ), the values 


c/ = 1 , c/ = 0. (r zjfc s) [By (6.16)] 

Denoting the Cartesian coordinates of any point with respect 
to the fixed frame by (^, 77 , we have 


" dr) 


^ i- , 


where the dots denote, as usual, time differentiations. Now at 
the point O = (a, /3, 7 ) the quantities (^, 97 , f) present in the 
fixed frame, and therefore in the moving frame (since the latter 
has at 0 the same directions as the fixed frame), the absolute 
velocity of the moving origin. If the curve traced out by the 
moving origin has equations of the type 


a = 7), f), = /3(^, Vr f), 7 = 7(?, rj> f), 

where (^, 77 , f) are functions of the time, we have three equations 
of the type 


It follows from the results (6.17), as there (xi, X 2 , X 3 ) play the 
r61es taken here by (^, 77 , that, at the point 0 , or = ki^. We 
find in this way that the presentation of the absolute-velocity 
vector in the moving frame is 


Va 


a 

hi' 




(28.3) 


Since (f, rj, f) play here the role taken by (xi, X2, X3) in § 6, the 

values of the partial derivatives at the point O 

\()^ dr) af / 

follow from the results given in (6.19), (6.20), (6.23), (6.28), and 
(6.29). To evaluate « we write 

and upon writing ( 0 o = Va, etc. we find, for example, 

(C3^)0 = - (02^)0 = \h2h,(vy i)]^. 

Two similar expressions may be obtained by permut ing the let¬ 
ters {a, /3, y) and the suffixes (1,2,3) cyclically. The subscript 
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zero may now be dropped, since O is any point (a, y) whatso¬ 
ever ; and we have the results 

. (k.i) - («.. ^ ^ ^ i], 

= (i.k) = (c,3)o = hski A ^ ^ y, (28.6) 

0 ,. = (j. i) = (C 2 * )o = h^k, ^ _ p„ I . 

Let us consider, for a moment, the case where the origin O of the 
moving frame moves along the first coordinate line with unit 
velocity (see § 27). Then = 1, = 0, = 0; and differentia¬ 

tion with respect to the time is equivalent to differentiation with 
respect to the arc length si along the first coordinate line through O. 
On denoting by o>i the angular velocity of the moving frame when 
the origin moves along the first coordinate line, we have 
= (k. j)i = 0, 

(«>i)v = - (i.k)i = hzh ^ (28.6) 


Similarly, we derive the presentations in the moving frame of the 

vectors CO 2 and < 03 . Now the vector (i)i is of magnitude ~ and is 

pi 

directed along the principal normal at O to the first coordinate 

curve (pi denoting the radius of curvature at O of this curve) (see 

(5.5)). Let the angle from the y-axis to this principal normal 

(which, being perpendicular to i, lies in the yz plane) be denoted by 

61 , 61 being measured positively around the x-axis. Similarly, denote 

by 62 and 63 the angles from the z and x axes to the principal normals 

to the second and third coordinate curves respectively, 62 and 63 being 

measured positively around the y and z axes respectively. We have, 

then, from (28.6), the results / 7 r\ 

I. L ^ 1 _ cos Pi 1 . L ^ 1 cos 1 2 / sin Pi 

dp hi Pi dy hi pi pi 

By permuting the suffixes ( 1 , 2 , 3) and the letters {a, j0, 7 ), we 

obtain the corresponding results for the other two coOr^nate curves. 

These enable us to write equations (28.5) in the form 

cos P2 sin P3 
^ ■“ 

P2 P3 

_ cos P 3 „ sin Pi 

Wy — Vy - Va - -— f 

P3 pi 


cos Pi 

0), = Va - - 

Pi 


V0 


sin P 2 
Pa 


(28.7) 
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The coordinate lines in a system of orthogonal curvilinear coordi¬ 
nates are lines of curvature on the coordinate surfaces, and the 

expression is, by Meusnier’s theorem, the curvature at 0 of 

Pi 

that normal section of the second coordinate surface which has the 
direction of the first coordinate line. We shall denote this curva¬ 
ture, which is one of the principal curvatures at O of the second 

coordinate surface, by — ; and, in general, we shall denote by pr» 
P2l 

the principal radius of curvature of the rth coordinate surface which 
corresponds to the direction of the sth coordinate line {r :^s). Then 
the equations (28.7) take the form 


= — 

^JbL 

P 32 

P23 

Vy 

OJy = - 

Vot 

Pl 3 

P 31 

II 

3 


P21 

P12 


(28.8) 


The convention as to the signs of the principal radii of curvature pr$ 
is that pr, is positive or negative according as the principal normal 
to the sth coordinate curve makes an acute or an obtuse angle with 
the rth coordinate curve. The values of the prt, in terms of /ii, h 2 f 
and hs follow on comparison of (28.8) and (28.5). 

We may apply a similar argument to the case of a moving frame 
whose origin O is constrained to lie on a given surface, the x and y 
axes being always directed along the lines of curvature of the sur¬ 
face. If Vy is zero, we obtain (see (28.7)) 


0)z = V^ 


cos 02 
P 2 


Wy = 


-Va 


sin Pi 

-, 

Pi 


0)z = VoL 


cos Pi 
Pi 


V(i 


sin 02 
P 2 


(28.9) 


Here pi and p 2 are the radii of curvature of the lines of curvature 

and £2L^, are the two principal curvatures of the surface 

Pi P2 

at O. Denoting the principal radii of curvature by R\ and R 2 respec¬ 
tively, we have 


O), 



COy = 


Vot _ tig cot Pi _ tan 02 / 2 g iq\ 

R 2 ' ^ ' 


It is more convenient here to use the angles 0i and <^>2 from the normal 
to the surface (that is, from the z-axis) to the principal normals to the 
lines of curvature (</>i and </)2 being measured positively around the 

X and y axes respectively). Then = Pi — 02 = P 2 , and we have 



98 


THEORETICAL MECHANICS 


The convention as to the signs of Ei and R 2 is that each of these is 
positive or negative according as the principal normal to the cor¬ 
responding line of curvature makes an acute or an obtuse angle with 
that direction along the normal to the surface which is chosen as 
the direction of the 2 :-axis of the moving frame. 

If we have a system of orthogonal curvilinear coordinates in a 
plane, and consider a moving frame whose x and p axes have the 
directions of the codrdinate lines through O, the 2 :-axis being, then, 
always normal to the plane, we have merely to put Vy = 0 , 61 = 0 

or TT, O 2 = ~* and we have, from (28.7), 

COx — 0, COy =0, COz — it it 

Pi p2 


In order to remove the ambiguity in signs, let us agree to measure 
Pi and p 2 positively when the corresponding normals to the plane 
curves have the directions of the second and first coordinate lines 
respectively, and negatively when they have the opposite directions. 

Then Pi = 0, ^2 = |-» and we have 

co, = 0. co„ = 0, w, = —(28.12) 
Pi P2 

The expressions for pi and p 2 in terms of hi and h 2 follow from a 
comparison with (28.5) after putting Vy = 0, hs = 1, and hi and hz 
functions of a and alone. We find 


Pi 


^ 1 


P2 


hih2 


Al. 

da h 2 


(28.13) 


29. The angular velocity of a frame one of whose axes is always 
tangent to the curve traced out by the moving origin. If the unit 
vector along the tangent at O to the curve C traced out by 
the moving origin O be denoted by ti, we have 
already seen (see (5.5)) that 

dti _ n 
ds p' 

where s is the arc distance along C from some 
convenient origin, p is the radius of curvature, 
and n is the unit vector along the principal normal at O to the 

curve C. The vector ^ may be called the curvature vector at 
ds 

O of the curve C. Denoting the velocity of O with respect to 
our fixed frame by v, we have v = s, and so 



ti = 



n. 


(29.1) 
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Let us now denote by b the unit vector along the binormal 
(that is, the line perpendicular to both the tangent and the 
principal normal and so related to them that the tangent, prin¬ 
cipal normal, and binormal form a right-handed frame). Then, 
from (b.ti) = 0, we derive, on differentiation with respect to 
the time, 

(b.ti) + (b.ti) = 0. 

The term (b.ti) = - (b.n), by (29.1), equals 0, since b is per- 
P 

pendicular to n ; and so (b.ti) = 0. Moreover, (b.b) = 0, since 
b is a unit vector; and thus we see that b is perpendicular to 
both ti and b. It must therefore have either the same direction 
as n or the opposite direction. We shall write 


b=:- 



T 


(29.2) 


and shall call r the radius of torsion of the curve C at the 
point O. According as b has the opposite or the same direction 
as n, T is positive or negative. Thus, when r is positive, the 
end point of b is turning positively around ti according to the 
right-hand-screw convention. If we consider the frame whose 
axes OXy OY, OZ have the directions of t, n, and b respectively, 
we have 

i = ti, j = n, k = b; 


and so 


w. = -(k.j)--(b.n) = ^^, |By(29.2)] 

T 


co„ = -(i.k) = -(ti.b) = -^(n.b) [By (29.1)] (29.3) 

= 0 , P 

= =(ti-n) = -- [By (29.1)] 

P 


We see, then, that the component, along the tangent, of the 
angular velocity of the moving frame is -• This explains why ~ 

T T 

is called the torsion of the curve. The component in the normal 

plane has the direction of the binormal and the magnitude -• 

P 

If we consider a frame whose a:-axis coincides with ti but 
whose |/-axis makes an angle d with the principal normal, the 
sense of positive measurement of 0 being around the tangent 
from the principal normal to the 2 /-axis, this new frame has an 



100 


THEORETICAL MECHANICS 


angular velocity, relative to the (ti, n, b) frame, of magnitude d 
directed along the tangent (see (26.7)). Hence, by the rule of 
composition of concurrent angular velocities (see § 27), we know 
that the new frame has, with respect to our fixed frame, an 
angular velocity whose components along the tangent, principal 
normal, and binormal, respectively, are 


0 , 

r p 


The components (cox, oj^) along the axes of the moving frame 
are, accordingly. 


a)x = -+^, 
r 

V sin 0 

CCy = -, 

P 

V cos d 

(j) -- 


(29.4) 


for the angle from the binormal to the 2 :-axis is 6. 

30. The acceleration vector. The time derivative, with respect 
to the fixed frame , of the absolute-velocity vector is known 

as the absolute-acceleration vector. Similarly, the time deriva¬ 
tive, with respect to the moving frame OXYZ, of the relative- 
velocity vector is known as the relative-acceleration vector. 
From equation (27.1), 

P = <i + ^+ [®-r]. 

we obtain, on differentiation with respect to the fixed frame, 

P = a + (f) + [«>.r] + [«.fl; 

\dt/ dt^^l dt\ 


but, by (26.6), 
and, similarly. 


(O 


do I r 1 do 


* 

dt 


+ [w.r]. 


(30.1) 


Hence the absolute-acceleration vector p is given by 

i* = a + f + 2[..|]+[|.,]+|..|..r)). (30.2) 
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The term — is the relative-acceleration vector; and the terms 
dt^ , 

obtained when ~ = 0, namely, 
dt 

>+[|.r]+[«,.(..rl], 

constitute the drag-acceleration vector, that is, the absolute 
acceleration of that point Mi of the moving frame which 
happens to be momentarily in coincidence with the moving 

point M. There is an additional term, expres¬ 

sion for the absolute-acceleration vector, so that this absolute 
acceleration is not, like the absolute-velocity vector, the sum 
of the relative and drag vectors. The additional term is known 
as the acceleration of Coriolis, and may be denoted by Ac. De¬ 
noting the absolute-acceleration, relative-acceleration, and drag- 
acceleration vectors by Aa, Ar, and ka respectively, we have 



Aa = Ar + Ad + Ac , 

(30.3) 

where 

A. = a+[^.r] + [«o.[«.r]l 

(30.4) 

and 


(30.5) 


The vector triple product in the expression (30.4) for the drag 
acceleration may be expanded, by (3.13), to (co.r)© — (co.o))!. 
Hence, if we draw through 0 the repre¬ 
sentative segment of the vector ca and 
drop on it the perpendicular MQ from 
M, we may, since 

'(co.r)(o = co^,OQ, 

((0.o>)r = 

OM = MQ, 


write = (<d.ci))MQ = w^MQ, 

This gives us Ad = a ' rj + o)^MQ. 



Fig. 17 


(30.6) 


In particular, when the origin O is at rest in the fixed frame and 
when the angular velocity is constant, we have 

Ad = 0)2 MQ. 


(30.6 a) 
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In this case the drag acceleration is directed from the point M 
toward the axis of rotation and is directly proportional to the 
distance of the point M from the axis of rotation. The drag 
acceleration is then said to be centripetal, and the name is 
carried over to the general case. Thus the vector sum A^ + Ac 
may be called the centripetal acceleration, so that we have 
the equation 

Absolute acceleration = relative acceleration 

+ centripetal acceleration. (30.7) 

It will be noticed that the acceleration of Coriolis is always per¬ 
pendicular to the angular-velocity vector and to the relative- 
velocity vector. 


EXAMPLE 

Determine the presentation of the absolute-acceleration vector in 
a frame which has a fixed origin, but whose axes are parallel to the 
coordinate lines through M of a system of space polar coordinates. 

Solution. Here r has the presentation (r, 0, 0), and co the presenta¬ 
tion (0 cos 6 , — 4> si^^ by (28.1); and we find, as the presentation 
of the absolute-acceleration vector, 

(r — rd^ — r sin^ 6 ^^, - — (r^^) — r sin 0 cos 6 0 ^, 

^ (30.8) 

r sin ^ 0 -h 2 r cos 6 d (i> + 2 sin 6 r 0 j. 

On making constant, so that the motion lies entirely in a meridian 
plane, we obtain the acceleration components along and perpendicu¬ 
lar to the radius vector in planar motion as 

^f-rh (30.9) 
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EXERCISES 


1 . The position of a point is given by the perpendiculars (f, 77) on 
two fixed lines containing an angle a. Prove that the component 

velocities in the directions ^ and tj are ^ ^ and 

respectively. 

2 . A particle describes the circle r = 2 a cos 6 , the component of 
acceleration toward the origin being always zero. Show that the 
transverse component varies as cosec'’ 0 , 

3 . A particle describes an ellipse so that its acceleration is always 
directed toward the center of the ellipse. Show that the magnitude 
of the acceleration is proportional to the distance of the particle 
from the center of the ellipse. 

4. A particle describes an equiangular spiral r = so that its 
acceleration is always directed toward the origin. Show that the 

magnitude of the acceleration is proportional to — * 

6 . Prove that any conic may be described by a particle with an 
acceleration always at right angles to the transverse axis and vary¬ 
ing inversely as the cube of the distance from it. 

6 . The radii vectors from two fixed points, separated by a distance c, 
to the position of a particle are ri and r 2 , and the velocities in these di¬ 
rections are Ui and W 2 . Prove that the accelerations in the same direc- 

^ U1U2 (ri^ — r 2 ^c^) _ J . I h U1U2 {r 2 ^ri^c^) 

tions are ui -h ^ - - and W 2 4* ^ — 7 ^-- 


ri^r2 


rir2* 


The motion is supposed to take place in one plane. 
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DYNAMICS 

31. Newton’s first fundamental law of dynamics. In order to 
discuss mathematically the motions of one or more material 
bodies, it is convenient to introduce the concept of a ''material 
particle,” by which is meant a geometric point endowed with 
the general properties of matter in so far as motion is concerned. 
In order to discuss the properties of solids, liquids, or gases the 
postulate is made that they may be considered as composed of 
material particles. By a series of experiments performed with 
small spherical bodies, observing such phenomena as their roll¬ 
ing motion on a horizontal table, with friction minimized as 
much as possible, or their motions when used as pendulums, 
Galileo and Newton were led to make the following postulate in 
regard to the motion of a small material particle: 

A particle left to itself will mamtain its velocity unchanged in 
direction and magnitude. 

This postulate is known variously as Newton's first law of 
dynamics and as Kepler's principle. It is a pure idealization 
from observed facts, since a particle can never be "left to itself,” 
that is, removed from the influence of surrounding matter. 
Furthermore, it presupposes a framework of reference and a 
method of assigning numbers to time intervals, since it uses 
the term "velocity.” The actual experiments were made with 
reference to a frame attached to the earth, and with a time 
scale based on the assumption that the apparent daily motion 
of the stars is a uniform one. The idealization, however, postu¬ 
lates merely the existence of a framework of reference and of a 
time scale for which the law holds. If we are led, for example, 
by use of the postulate, stated for a framework attached to the 
earth, to results which conflict with experience, we should not 
at once abandon the postulate but should try to find a new 
reference frame, and similarly (if necessary) a new time scale, for 
which the postulate leads to results in harmony with experience. 

104 
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The property of a particle by which it maintains, when left to 
itself, a constant vector velocity with respect to a given frame 
is called inertia ; and the framework of reference is called an 
inertial frame. The time scale by means of which velocity is 
defined is called a Newtonian time scale. It is found that when 
a frame attached to the fixed stars, and a time scale based on 
the assumed uniformity of the length of a sidereal day, are used 
as an inertial frame and a Newtonian time scale respectively, 
the results of dynamical theory are, save for a few isolated 
instances, in agreement with experience. 

32. Newton’s second fundamental law. When a particle pos¬ 
sesses an acceleration relative to an inertial frame, this accelera¬ 
tion is attributed to the influence of other particles, and a force 
is said to be acting on the particle. Illustrations from experience 
are the acceleration of a body falling toward the earth, the 
effect of a magnet upon a piece of iron, the impact of one bil¬ 
liard ball upon another. The simplest case to consider is that 
oi two particles only. Newton concluded from his observations, 
and those of others, that if, in this case, there is an acceleration 
of one particle, there is also an acceleration of the other, the 
two accelerations being directed along the line joining the two 
particles, but in opposite directions. (If the acceleration of each 
particle is directed toward the other, we speak of an attraction 
between the two particles; whereas if it is away from the other 
particle, we speak of a repulsion between the particles.) As to 
the numeric values of the two accelerations, Newton concluded 
that their ratio was a constant for any two given particles, 
regardless of the condition of motion of the particles or of the 
cause of their interaction, — impact, gravitational action, etc. 
He proposed, therefore, to assign a number to one particle 
and to define a corresponding number m 2 for the other by the 

equation m.A, - - (32.1) 

In this manner a number m may be determined for any particle 
in terms of the number assigned any standard particle. Con¬ 
sequently Newton postulated that there is a number character¬ 
istic of each particle (which number he called a measure of its 
mass) such that in the case of the interaction of two particles 
mjAi = — m 2 ki. (It should be noted that this postulate contains 
the corollary that if mo and ws are determined by experiments 
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dealing with the interaction of the second and third bodies with 
the standard body, then, by interaction between these two 

bodies themselves, the same ratio — would be obtained.) 

m3 

A further postulate, based upon observations, is that if there 
is simultaneous interaction between a particle of mass m and 
two other particles of masses mi and m 2 , such that, if there were 
separate interactions, the accelerations would be given by 

mA' = — miAi, mA^' = — m2A2, 

then, in the joint interaction, the acceleration of the particle of 
mass m is A = A' + a vector summation. The product mA 
deserves a name, and ''kinetic reaction’' has been proposed. 

The cause of the acceleration of the particle is associated 
with the presence of the other particles, and we say that there 
is a "force acting on " the particle. This is simply a description, 
not in any sense an explanation. Owing to a definite force — that 
is, to a definite cause — a particle of mass m experiences an 
acceleration A. The question arises, What acceleration A^ would 
a particle of mass m' experience if subjected to the same force? 
The postulate is made that m'A' = mA. This is in accord with 
experience. The simplest type of experiment to illustrate it is 
furnished by Atwood's machine, which consists of a delicately 
balanced pulley, with its axis horizontal, over whose grooved 
rim runs a cord suspending weights at its two ends. If these 
weights are equal, the system is in equilibrium. If, now, a 
small weight, called a rider, is added to one of the two balanced 
weights, the system will be given an acceleration. The cause 
of the acceleration is the weight of the rider. The mass experi¬ 
encing the acceleration is that of the two balanced weights and 
that of the rider, neglecting the effect of the rotating pulley. 
If a different set of balanced weights is used, and the same rider 
is added, the cause of the acceleration is the same as before, 
but the mass experiencing the acceleration is different. If the 
accelerations are measured for the two cases, the results are 
in accord with the postulate, namely, 

mA = m'A', 

where the total mass accelerated in the first case is m and in 
the second case m'. 
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The proper description of this property of a particle, or of a 
set of particles, by virtue of which an acceleration is produced 
in another particle, is to be found by measuring the mass of 
some one particle and its acceleration when subjected to this 
cause of acceleration, and multiplying the two. In other words, 
a vector which has the direction of the acceleration of the 
particle, and whose magnitude is the product of the magni¬ 
tude of this acceleration by the mass of the particle, describes 
the cause of the acceleration. This vector may be written F 
and named "'force.” From what was postulated above, if any 
particle of mass M is subjected to this force, the accelera¬ 
tion produced will be given by 

F = MA. (32.2) 

That is. 

The force acting on a particle equals in amount and direction 
its kinetic reaction. 

It is all-important to realize that this is an equation stating 
the equality of two vectors, and not merely a definition of one 
vector in terms of another. One of the vectors, F, depends on 
the interaction between the particle and the other particles of 
the system; the other, MA, depends on the properties of the 
particle itself. The statement in italics above is equivalent to 
Newton^s first two laws of dynamics. 

In view of the postulate made above as to the independence 
of the causes of acceleration, it follows that if a particle of mass 
M is subjected to two forces Fi and F 2 , the acceleration A 
assumed by the particle is given by the equation 

MA = Fi + F 2 ; (32.3) 

in other words, the forces are compounded by vector addition. 
A special case of this arises when, as the result of the action 
of two forces, the particle remains at rest or else continues to 
move with uniform velocity. Then Fi + F 2 == 0, or Fi = — F 2 . 
Thus the magnitude of a force may be determined by balancing 
it against a force whose magnitude is known. If a particle is 
allowed to hang freely suspended by a string, it is under the 
action of two forces: one is vertically down (for if the string 
is cut, the particle will fall vertically, with an acceleration); 
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the other is vertically up, owing to the tension of the string. 
Experience shows that the acceleration of a particle falling 
freely is a constant at any point of the earth’s surface, inde¬ 
pendent of the nature or mass of the particle. Let us call this 
acceleration g. Then the magnitude of the downward force act¬ 
ing on the particle is mgf, if m is the mass of the particle. This 
furnishes an easy method of comparing masses of different par¬ 
ticles and therefore of determining the mass of any particle in 
terms of that of a standard particle. Mass, when determined 
in this way, is often called gravitational mass. The most delicate 
experiments support the theory that mass factors determined 
by different types of forces (magnetic, electric, elastic, gravita¬ 
tional, etc.) are always the same, — a theory usually referred 
to as the theory of the identity of gravitational and inertial 
mass. It is a remarkable fact that gravitational mass seems to 
be independent of the physical state; for example, the gravita¬ 
tional mass of a certain quantity of liquid is unaltered by solidi¬ 
fication or vaporization of the liquid. 

33. The third fundamental law of d 3 mamics. It may be of in¬ 
terest to describe more fully Newton’s deduction of the concept 
of mass, because the experiments upon the impact of spheres 
led also to another principle in dynamics. Newton and others 
performed numerous experiments upon the impact of two 
spherical bodies of small size moving in the same horizontal 
line, measuring their velocities before and after impact. Let u\ 
and W 2 denote the components along the line of centers of the 
velocities of the two bodies before impact, and u\ and u '2 their 
components in the same direction after impact. Then it is found 

that the ratio is approximately constant for the same 

(Ui - U'l) 

pair of bodies and is, in fact, equal to the ratio — of the gravi- 

m2 

tational masses of the two bodies. The result of the experiments 
may be expressed by the equation 


miUi + m2U2 = miu\ + m2U^2- (33.1) 

The velocity of a particle of mass m being represented by v, the 
vector mv was called by Newton the '"quantity of motion” of 
the particle, and is now known as the momentum of the particle. 
We may therefore generalize the result (33.1) by the statement 
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that the total momentum of the two bodies is unaltered by the 
impact. If we write this result in the form 

Wivi + m 2 V 2 = constant, 

and differentiate it with respect to the time, we get 

miAi + m2A2 = 0, (33.2) 

or miAi == — m 2 A 2 , (33.3) 

where Ai and A 2 are the accelerations of the two particles whose 
masses are mi and m 2 respectively. Newton explained this result 
by assuming that during the impact of the two bodies each body 
exerted, at each instant, a force upon the other, and by postu¬ 
lating that these forces are always equal and opposite. He called 
the force exerted by one body on the other its action,'' and the 
force exerted by the second body on the first its "'reaction," 
stating his third fundamental law in the form 

Action and reaction are equal and opposite. 

The action F of the first body on the second is in general a 
variable function of the time throughout the duration of the im¬ 
pact, and we shall indicate this by writing it as F(0. Similarly, 
on denoting the reaction by R(0, Newton's third law states that 

F(0 + R(0 = 0 . 

Here F(^) = m 2 A 2 , by the second law; and we obtain, on inte¬ 
gration with respect to the time throughout the duration of 
the impact, rT' 

J F(t)dt = m2(v'2 V 2 ). (33.4) 

The force F(0 is said to be an impulsive force and its time inte¬ 
gral is called its impulse. Equation (33.4) tells us that when an 
impulsive force acts upon a particle, its impulse is equal to the 
change of momentum of the particle. Newton's experiments 
showed that the impulse of the action is equal and opposite to 
the impulse of the reaction, and this led him to postulate that 
action and reaction themselves are equal and opposite. Equa¬ 
tion ( 33 . 4 ) may be used to define the mean impulsive force, 
where this is the quotient of the change of momentum by the 
time during which the impulsive force acts. For example, the 
time required to bring a bullet to rest on entering a board is 
found by dividing the momentum of the bullet by the mean 
force of opposition of the board. 
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Newton generalized the application of the third law so that 
it was regarded as valid for any action between two bodies. 
Thus, if one particle exerts a force of attraction F upon a sec¬ 
ond, this second will exert a force R upon the first, and the 
vector sum of F and R is zero. In other words, if Ai and A 2 are 
the accelerations which each particle possesses by virtue of 
the presence of the other, the vectors WiAi and m 2 A 2 are equal 
and opposite. Thus, if we draw the representative segments of 
these vectors whose initial points are at the positions of the 
masses mi and m 2 respectively, the segments are equal, parallel, 
and oppositely directed. Experiments on the rotation of a rigid 
body led to the adoption of the additional postulate that they 
lie along the same straight line, the join of the two particles. 
If a rigid body is pivoted on a fixed axis, a change of angular 
velocity may be produced by a force acting on the body if the 
line of action of the force does not intersect the axis of rotation. 
A force parallel to the axis does not affect the rotation. It is 
found by experiment that if we regard forces as localized vectors 
whose axes are their lines of action, two forces have the same 
effect upon the rotation of a rigid body if their moments about 
the axis upon which the body is pivoted are the same. In order 
to account for the fact that the gravitational forces between 
the various particles of a rigid body do not make the body 
rotate about any axis, it is postulated that the gravitational 
action and reaction between two particles are equal and oppo¬ 
site, the action and reaction vectors being regarded as localized 
vectors. They must therefore have the join of the two particles 
as their common line of action. 

As it is essential that the student should have a clear idea as 
to the exact content of Newton's three fundamental laws, we 
propose to give here a brief restatement of the foregoing re¬ 
marks, indicating at the same time a postulational method of 
laying the foundations of the theory. 

1. We must have the idea of a particle — necessarily an 
undefined term. 

2. We consider the existence of this particle either '"by itself" 
or in the presence of other particles or collections of particles. 

3. If the particle has an acceleration relative to what we have 
called an inertial frame, this acceleration is attributed to the 
presence of other particles or collections of particles. 
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4. We postulate the independence of the effects of the pres¬ 
ence of different influencing particles; that is, A = Ai + As. 

5. Taking the simplest case, that of the impact of two par¬ 
ticles moving in the same straight line, we write 

m 2 _ v'l -- Vi 
mi V2 — v' 2 ' 

since experiment shows that this ratio is the same for two given 
particles, that is, is independent of their velocities. We postulate 
that a positive number m may be assigned without ambiguity 
to any one particle, for example, by assigning a positive number 
(say, unity) to any one standard body. We postulate also that 
these numbers are additive, and we call the number assigned 
in this way to each body the mass of that body. It follows from 
this definition that miVi + m 2 V 2 is unchanged by the impact. 

6. We postulate that when the impact of the two parti¬ 
cles is oblique, mivi + m 2 V 2 remains unchanged; whence 
miAi = -- m2A2. 

7. We next postulate that the two vectors Ai and A 2 are 
localized vectors through the points occupied by mi and m 2 
respectively. (The reasons for making this additional postulate 
have already been given.) 

8. There are many cases in physics where one body receives 
an acceleration due to the presence of another without any 
impact taking place; for example, the case of gravitation, the 
case where one or both of the bodies are electrically charged, 
etc. We postulate that, in general, miAi = — ?n 2 A 2 , the vectors 
being understood to be localized. 

9. The product miAi indicates the presence of the second 
particle or body. Is it the measure of the effect of this presence? 
That is, if different particles are subjected to the same cause 
of acceleration, will miAi = m 2 A 2 ? The postulate is made that 
this is the case. It is not easy to give a simple illustration, be¬ 
cause, in general, the cause of the acceleration is a mutual action 
between the two particles; that is, it depends numerically upon 
properties of both. But consider, as in Atwood^s machine, a 
definite rider added to one of a pair of balanced weights, and 
then again added to one of a different pair: in both these 
experiments the cause of the acceleration is the weight of the 
rider. The postulate means that (2 mi + M)Ai = (2 m 2 + M)A%. 
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The product mk is, then, a measure of the cause of the accelera¬ 
tion and is said to measure the ''force acting on’' the particle. 
This is written 

F = mA. 

It is important to realize that this is an equation and not a 
definition; it expresses the equality between a cause of accel¬ 
eration, to which numbers may be assigned by certain laws of 
physics (for example, the law of gravitation), and a product of 
the mass of a particle by its acceleration. In other words, F is 
a quantity whose value depends upon particles and properties 
apart from the particle whose mass is m and whose acceleration 
F 

is A = — > as well as upon properties of the particle itself. 
m 

Furthermore, F is to be thought of as a localized vector 
through the particle whose mass is m, or, if the cause of the 
acceleration is a second particle, the localized vector joins 
the two. 


Illustrations of some various types of forces which may act on a 
particle. 

^ .... « Gm\m2T „ Gmim2 

a. Gravitation. F =-or F =-; 


whence, since 

b. Electric force. 


F = WiAi, Ai 
e\e2i 


Gm2 


F = 




whence 


Ai = 


fiM.. 
m\tr^ 


c. Impact. The force varies rapidly, rising from zero to a maxi¬ 
mum, and again decreasing to zero. Its value at any instant during 
the impact is not generally known. Upon integrating with respect 
to the time during the impact, we get the impulse of the force, which 
is measured by the change in momentum of the particle. If, instead 
of taking the time integral of a force, we took its space integral, we 
should be led to the important idea of energy, as we shall shortly 
see. Energy is measured by the product of mass by the square of 
the velocity of the particle, and there existed for many years a his¬ 
toric dispute on the question as to whether the effect of an external 
agency acting upon a particle should be measured by the product of 
the mass of the particle by its velocity or by the product of its mass 
by the square of its velocity. The question is whether we shall con¬ 
sider, in addition to the concept of force, the time during which it 
acts or the distance through which the particle, on which the force 
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is acting, moves. The former point of view is the more useful for 
impulsive forces whose time of application is so short that the dis¬ 
placement of the particle on which the force is acting is negligible. 
For forces acting throughout a considerable interval of time the 
other viewpoint is more useful. 

34. Inertial reference frames and Newtonian time scales. If we 
have two reference frames, one of which is called the fixed or 
absolute frame, and the other the moving or relative frame, we 
have the relation 

Afl == Ar + Ati + Ac, 

connecting the absolute acceleration with the relative, drag, 
and Coriolis accelerations (see § 30). If the absolute frame is 
an inertial one, we have, for a particle left to itself, but in an 
arbitrary position and possessing an arbitrary velocity, Aa = 0 . 
In order that the relative frame should be also an inertial frame, 
it is necessary and sufficient, from the definition of an inertial 
frame, that Ar = 0 under the same assumption of arbitrary 
initial conditions. This gives A^ + Ac = 0 for all initial posi¬ 
tions and velocities. To take a specific case, if we assume the 
particle to be at the origin of the relative frame, and the rela¬ 
tive velocity to be zero, then Aa reduces to the acceleration of 
the origin of the moving frame, and A, becomes zero. Hence the 
origin of the moving frame must have zero acceleration with 
respect to an inertial frame if the moving frame is to be itself 
an inertial one. Again, the relative velocity v^ of the moving 
particle enters Ad + Ac only in the term Ac, which is 2[o). v^]. As 
Vr is varied. Ad is unaltered; and hence Ac must be unaltered, 
since the sum Aa + Ac is the zero vector, independently of the 
value of Vr. This shows that o) must be zero; and it then follows 
at once, from the expression for A^, (30.4), that Ad vanishes 
independently of the position of the moving particle. Hence, 
if the moving frame is to be an inertial one, it must have a 
motion of uniform velocity without rotation with respect to an 
inertial frame; and, conversely, any such frame is an inertial 
one. For such a moving frame Ad = 0 and Ac = 0 for any par¬ 
ticle, and we have 

Aa = A.. (34.1) 

Hence the measure of any force F is the same in both inertial 
frames. No dynamic experiment (that is, one which has to do 
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with the relation of forces to each other) can, therefore, dis¬ 
tinguish between the two inertial frames. Neither one of any 
two inertial frames is more significant than the other; and one 
may say, with equal propriety, that either of them is "'fixed,'' 
the other then having a uniform velocity of translation in a 
straight line. The question as to whether that one of the two 
frames which we call fixed is "really" fixed is a meaningless 
one as far as dynamic considerations go. A fixed frame is merely 
one for which Newton's laws of motion hold, — in other words, 
an inertial frame. This is known as the Galilean or Newtonian 
principle of relativity. According to this principle there is no 
one absolute frame, as far as dynamics is concerned, with respect 
to which motions may be described. There is, in fact, a triply 
infinite system of inertial frames, corresponding to the single 
arbitrary uniform velocity of translation, any one of which is 
as convenient as any other for the statement of d 3 niamic laws 
in as simple a form as possible. 

Let us now consider the time scale. We shall suppose that we 
have two time scales; and we shall use the symbols t and r to 
denote the measures of any inten^al of time in the two scales. 
Granting that the first scale is Newtonian, we ask what are the 
necessary and sufficient conditions for the second scale also to 
be Newtonian. If r is the position vector of a particle in any 
inertial frame, it is necessary that, when the particle is left to 

itself (that is, when — = 0), should also be zero, and this 

V dt^ / dr^ 

for arbitrary values of r and Now 

at 

^ (drdh dTd^T\ 

dt _ dt _j dh _ \dt df- dt dt^f 

dr^ (h dT^-'^ /dr^ 

dt \dt) 

so that we must have = 0 for arbitrary values of —• 

dt dt^ dt 

This gives ^ = 0, or t —at+ h, where a and h are numeric 

constants. In other words, the time scale r differs from the 
time scale t at most by a change in the time origin and in the 
size of the time unit. This may be expressed by the statement 
that there is essentially only one Newtonian time scale. 
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35. Non-inertial frames. Dynamic experiments are, of neces¬ 
sity, performed on the earth, and it is natural to use as a refer¬ 
ence frame one which is attached to the earth. Such a reference 
frame is not an inertial one, and it is therefore important to see 
how forces are measured in a non-inertial frame. If we multiply 
the equation a. = A,+A„ + A, 

by the mass m of the particle under discussion and solve for 

mAr, we find * * ^ * 

mkr ~ mka — mkd — mkc, 

or mkr = F — mkd — mAo (35.1) 

where F is the force acting on the particle. The vector mkr, 
which may be termed the relative kinetic reaction of the particle, 
no longer measures the force F exerted by the surrounding par¬ 
ticles upon the particle under consideration. If, however, we 
were unaware that the reference frame was a non-inertial one, 
we should regard mkr as measuring the force acting upon the 
particle; and so we should not be measuring the effect of the 
absolute force F, which would be observed in an inertial frame, 
but of F -f C, where 


C = — mkd — wAc. 


(35.2) 


It is usual to regard the relative kinetic reaction mkr as measur¬ 
ing what is called the relative force acting upon the particle. 
Denoting this by Fr, we have 

Fr = F + C. (35.3) 

It is important to notice that C, as defined by (35.2), depends 
merely on the mass, position, and relative velocity of the par¬ 
ticle, together with the motion of the non-inertial frame rela¬ 
tive to an inertial one. If these are all maintained the same, 
C is unaltered when F, and consequently Fr, are altered. Thus, 
if we analyze into two sets the particles which are exerting a 
force upon the particle under consideration, we may write 

F = Fi + Fg. 

(This is merely the postulate of the independent action of 
forces; see § 32.) We have also the two equations 

Fr, 1 = Fl + C, 

Fr, 2 = F2 + C, 

the vector C being the same in each case. These equations 
show us that Fr is not, in general, equal to the sum of Fr,i and 
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Fr, 2 ; that is, that relative forces are not, in general, additive. This 
should emphasize the difference between relative forces and iner¬ 
tial forces. In fact, the use of the term "'relative force'' is, from 
many points of view, unfortunate. By the word "force" we 
consciously or unconsciously understand a mutual property of 
a set of particles and a single particle, this property being usu¬ 
ally brought to our notice by the acceleration of the latter. 
What has been called, above, the relative force is not a prop¬ 
erty of the external acting set of particles alone but depends 
in a very essential way upon the reference frame and upon the 
motion of the proof particle with respect to the frame. 

The equation giving the resultant relative force due to two 
sets of particles acting simultaneously is 

F, = F + C = Fi + F 2 + C =-■ Fi + Fr, 2 = Fg + Fr. 1. (35.4) 
In other words, the resultant relative force is equal to the sum 
of the absolute force due to one set of particles and the relative 
force due to the other set. This will explain how we can measure 
absolute forces in a non-inertial frame, such as one attached 
to the earth. Thus, let us suppose that a particle is at rest in 
a non-inertial frame under the influence of a certain absolute 
force Fi. Since the relative force is zero, we have 
0 = Fl+C-Fr,,. 

Now let the particle be subjected to the influence of a second 
absolute force F 2 . We have, for the resultant force (relative), 
F,=:F2 + Fr.i =F2. (35.5) 

In words, the additional absolute force is measured by the rela¬ 
tive kinetic reaction of the particle. Of course, the original 
absolute force which was necessary to maintain the particle in 
a state of rest relative to the non-inertial frame must still be 
acting on the particle. It is this which serves to neutralize the 
term C in the expression for the relative force. 

As an example let us suppose, for the moment, that a refer¬ 
ence frame attached to the earth may be regarded, to a suf¬ 
ficient degree of approximation, as an inertial frame, and let 
us consider the case of an observer who is inside a box which is 
falling freely to the earth under the influence of gravity. Such 
an observer would not be able to observe the influence of 
gravity; for a particle "left to itself " inside the box would have 
no acceleration relative to a reference frame attached to the 
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box. Omitting gravity, the forces measured by him would, how¬ 
ever, be the same as the forces measured by an observer attached 
to the earth. 

The simplest example of a non-inertial frame, excepting the 
one which has an acceleration in a straight line relative to an 
inertial frame, is that which gave the name centrifugal forces 
to the apparent forces due to the fact that the reference frame 
is not an inertial one. Here the origin O of the moving frame is 
at rest in an inertial frame, and the angular-velocity vector a> 
is constant. We have, then, from (30.6) (see Fig. 17, p. 101), 

Ad^uWQ, Ao = 2(<o- 

If the particle is at rest relative to the moving frame, = 0, 
and the centrifugal force is given by 

C = — mKi ~ mo)'^QM. (35.7) 

Here Q is the foot of the perpendicular from the point M to the 
axis of rotation. If there is no absolute force acting on the par¬ 
ticle, it experiences, nevertheless, a relative force whose magni¬ 
tude is mrco-, where r is the distance of the particle from the axis 
of rotation, and whose direction is perpendicular to the axis of 
rotation and away from it in the plane of the particle and the 
axis of rotation. 
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EXERCISES 

1. A particle moves in a smooth circular tube of radius a which 
rotates about a fixed vertical diameter with uniform angular ve¬ 
locity CO. Prove that if 6 is the angular distance of the particle from 
the lowest point, and if initially it is at rest relative to the tube, with 

the value a for 6, where co cos ^ , then, at any subsequent time t, 

cot I = cot ~ cosh (o)t sin • 


ll- < 25 . 6 , 
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2 . A particle of unit mass describes an orbit under an attractive 
force of magnitude P directed toward the origin and a transverse 
force of magnitude T perpendicular to the radius vector. Prove that 

P d'UL 

the differential equation of the orbit is + it = 7 -^ ~ 7 — —* 

2 d/i2 2 T ^ ^ 

where it = - and -jx = ~t* 

r dd 

3. Show that when the orbit of a particle is an ellipse, and the 
acceleration is always directed toward the center, the magnitude of 
this acceleration is proportional to the radius vector to the particle, 
and the magnitude of the velocity is proportional to the length of 
the diameter conjugate to the diameter through the point. 

4. A particle moves in a plane so that its acceleration is always 
toward a given line and of magnitude proportional to its distance 
from it; show that its path is a sine curve. 

6 . If a particle move in a rectangular hyperbola so that its ac¬ 
celeration is always parallel to an asymptote, find the magnitude of 
this acceleration. 

6 . A crank OA turns in a plane with uniform angular velocity cu 
about 0 and a connecting rod AB pivoted at A communicates recti¬ 
linear motion in a fixed direction to a cross-head B. Find the velocity 
and acceleration of B at any instant; also find its velocity and 
acceleration relative to the crank-pin A. 

7. A particle subjected to a constant absolute force is constrained 
to move on a plane which turns with uniform angular velocity about 
a given line. Discuss the motion of the particle, treating in detail 
the case where the line about which the plane rotates is perpendicular 
to the constant force. 

8 . Show that if a particle be subject to a central acceleration of 
magnitude its path relative to axes rotating in the plane of 
motion with angular velocity co will be a circle described with con¬ 
stant angular velocity 2 a>. 



CHAPTER IV 


THE DYNAMICS OF A PARTICLE; HARMONIC 
VIBRATIONS 

36. Introduction. We shall discuss in this and the following 
chapters various problems dealing with the motion of a single 
material particle under the action of various forces. The 
reference frame may or may not be an inertial one. If it is 
not an inertial frame, the '"centrifugal forces,'" which owe their 
origin to the motion of the reference frame with respect to an 
inertial one, will be supposed to be included in the forces that 
are given as acting upon the particle. Hence we shall have to 
solve the second-order differential equation 

Mass X acceleration = force, 
or mkr = Fr, 

where the relative force Fr is the sum of the absolute force and 
the centrifugal forces acting upon the particle. We shall omit 
the subscript r, and shall understand, if no reference is made 
to the motion of the reference frame, that this frame is an 
inertial one. 

37. The motion of a particle in a straight line^ Let us suppose 
that a particle is acted upon by a force F whose magnitude is a 
function only of the distance r from a fixed point 0 to the posi¬ 
tion P of the particle, and whose direction is the same as or 

opposite to that of the vector OP. The particle is then said to 
be under the action of a central force, and the fixed point 0 is 

called the center of force. Denoting the vector OP by r, the 
equation of motion of the particle is 

mi = ^, ( 37 . 1 ) 

r 

where /(r) is the magnitude of the acting force if has the 
same direction as r, and the negative of its magnitude if it 
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has the direction opposite to r. It follows, from (37.1), that 

[i.T] = 0 . 

Hence, by (5.4), ^ [f .r] = 0; 

SO that [r*r] = c, (37.2) 

where c is a constant vector. Hence (c.r) = 0, so that OP lies 
in the plane through O perpendicular to c. We have, then, the 
result that a particle under the action of a central force traces out 
a plane curve. The plane in which the path lies passes through 0 
and through the initial position of the particle, and contains 
the initial direction of motion. 

Let us now suppose that the initial velocity has the same 
direction as, or the opposite direction to, that of r; that is, that 
[f.r] initially equals 0 and therefore must always be zero, so 
that f = kty where A: is a scalar quantity. The position of the 
particle at any time t being given by the power series 

r == (r)o + (^ “ ^o)(r)o + 2 ”” U))^(j)o + • • •, 


it follows that the particle moves along the straight line 
through O. Choosing a sense of direction along this straight 
line, we shall denote by x the displacement OP ; so that x is 
positive when P is on one side of O, and negative when it is 
on the other. The equation (37.1) now reduces to the scalar 


equation 


mx = /(x). 


(37.3) 


If f{x) is an odd function, the direction of the acting force will 
change as the particle passes through 0, whereas if f{x) is an 
even function, the direction of the force will not change on 
passage through 0. If we wish to deal with a force whose mag¬ 
nitude is an even function of x, but whose direction changes 
on passage of the particle through O, we shall have to discuss 
the two equations 

mx = ±/(x), 


one of which holds when the particle is on one side of 0, and 
the other when the particle is on the other side of 0. 

Upon multiplication of (37.3) by x, and integration with 
respect to we obtain the first integral. 
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This is known as the energy integral and is usually written in 
the form 

T+V==h, (37.4) 

where T — 2 = 2 is called the kinetic energy of the par¬ 

ticle (relative to the reference frame with respect to which the 

velocity v is measured), V = —J f{s)ds is called the potential 

energy of the particle (with respect to the same reference frame), 
and h is known as the energy constant. Since the lower limit 
in the integral defining V is not specified, V is undefined to the 
extent of an additive constant. It is to be observed that V 

has the property that — ^ = f(x). 

From (37.4) we may at once find t as a function of x. Thus 




dx 

/h - v' 


where Xo is the value of x at time t = to. An inversion of the 
integral in (37.5) gives us as a function of so that the 
position of the particle at all times is known, and the prob¬ 
lem of motion is solved (for a given lower limit in V and a 
given h). 

A particularly important case in applications of the theory 
is that in which f{x) = — n-x, n being a real constant, so that the 
equation of motion is mx — — n-x. Here the acting force is 
directed toward the center O and is directly proportional to the 
displacement of the particle from the center of force. Such a 
force is known as an elastic force. We have V = ^ n~x^y meas¬ 
ured from X = 0 (that is, the position for which f{x) — Oj; and 
(37.4) takes the form 

J mx^ + i ^^3:2 == hj 


so that is a positive constant. Writing it in the form f n'^a^y 

we have x- = — (a^ — x-), giving i = 0 when x = ± «• It fol- 
m 

lows that X is constrained to lie in the interval — c %x^a; 
and as x vanishes only at the end points, the particle describes 
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the entire interval. Denoting by to a value of t corresponding 
to X = 0, we have, from (37.5), 

dx 


n{t — fc) = V m 


Va^ — x^ 


Vm arc sin -; 

a 


so that 


a sin — ^o). 

vm 


(37.6) 


This t 3 npe of motion is said to be a simple harmonic motion, 
or vibration, of amplitude a. The motion is periodic, as x, x, and 
all the higher derivatives repeat their values after the interval 

of time T --This is known as the period of the vibra¬ 


tion, and its reciprocal pq 


- — — > which gives the number 

2 TT V m 

of vibrations per unit time, is known as the frequency of the 
simple harmonic motion. A convenient way to remember the 

formula for the period T is to note that — is the coefficient of 


X in the equation 


m 


n- 


X =-X 

m 

giving the acceleration. Hence 


T = 


2 TT 


Vcoefficient of — x in acceleration 


It is essential to note that T depends only on the constants 
of the system, m and and not on the initial conditions, 
amplitude, etc. 

We may rewrite (37.6) in the form 

X = a sin 2 Trvo{t — to) or a sin (2 irvot — 5), (37.6 a) 
where 5 = 2 ttMo ; 

and, on introducing 5' = 5 + this may also be written in 
the form ^ 

X — a cos (2 TPot — 5')* 

The argument 2 TPot — S' of the cosine is called the phase of 
the vibration. When the phase is zero, x has its maximum value 
a; and when < = 0, x = a cos 5', so that a difference in the value 
of 5' means that we begin counting time at a different position 
of the vibrating particle. 

It should be noticed that the law of force given by /(x) = — n^x 
is of wide applicability. When we have a force which is always 
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directed toward a fixed center O, and which is zero when the 
particle is at 0, the "'direct distance” law may be used, provided 
that the vibrations are of small amplitude, that is, that the 
values taken by x are small. For we may expand f{x) by means 
of a power series 

J{x) = CiX + c3x3 H-, 

there being no constant term since /(O) = 0. Moreover, ci is 
negative, since the force is directed toward O; and since, for 
small values of x, the first term is the dominant term, we 
may use, as a first approximation, the law of force given by 
f(x) = C}X = -- n^x, which has been discussed above. 


Exercise. Discuss the composition of two simple harmonic vi¬ 
brations of the same frequency in the same straight line. If the 
amplitudes of the separate vibrations are Ai and ^ 2 , and 
the phases 2 irvl — 5i and 2 wpt — 62 respectively, the am¬ 
plitude and phase of the resultant simple har¬ 
monic vibration are 

A = [Ai'^ -h A 2 ^ -f 2 A 1 A 2 cos (52 - 5])]^ 

, X . Ai sin 5i -f A 2 sin 52 
and 5 = arc tan 

A I cos Oi -|- A 2 COSd2 

Discuss the special cases 52 —5i = 0 
or TT. Fig. 18 



/ 


/\^2 T V 2 


38. Damped harmonic motion in a straight line. It frequently 
happens that, in addition to the elastic force — n-x acting on a 
particle, there is a force whose magnitude is directly propor¬ 
tional to the velocity of the particle and whose direction is 
opposite to the direction of motion. Denoting the magnitude 
of this force by i kx (the negative sign being used when x is 
negative, and k being positive), the differential equation for x, 
as a function of /, is 

mx = — n^x — kXy 

or mx + kx + n^x = 0. (38.1) 

This is a second-order differential equation with constant coeffi¬ 
cients. As equations of this t 3 rpe are of frequent occurrence, it 
will be useful to give a brief account of the method of solving 
them. Since (38.1) is a second-order differential equation, it 
possesses two, and only two, distinct solutions, the general solu¬ 
tion being a linear combination of these two with constant 
coefficients. Thus, if xi and X 2 denote any two solutions of 
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(38.1) whose ratio is not a constant, the general solution of 
(38.1) is 

^ X = CiXi + C2X2, 


where ci and C 2 are constants. It is obvious, however, from the 
very form of (38.1) that, if Xi is a solution, so also are Xi, Xi, • • •; 
and, in fact, any order derivative of Xi with respect to ^ is a 
solution. The solutions of (38.1) possess, therefore, the property 
that any derivative, from the second on, is a linear combination 
of the solution itself and its first derivative. The simplest func¬ 
tion possessing this property of repetition upon differentiation 
is X = where a is a constant. We might use this as a trial 
solution, to see if it is possible to satisfy the differential equation 
by assigning a proper value to a. This would be determined 
by substituting directly for x in the equation (38.1). It is 
better, however, to make a change of variable and to write 
X =. where ^ is a new dependent variable. Upon denoting 

the polynomial 0,7 , ^ 

^ ma- + ka + n- 


by/(a), we find that ^ must satisfy the equation 

7n^ -f- (2 ''iTKx k)^ (tucx.^ -f- ka = 0, (38.2) 

or 'ni^ + f'(oc)^+f(a)^ — 0. (38.2 a) 

It is obvious that ^ = constant satisfies this equation, provided 
that ma^ + ka + n- or /(a) = 0 ; that is, provided that a is a 
root of the characteristic equation 

inoL^ + fca + = 0, (38.3) 

and the solutions of (38.1) are and e^^\ where ai and a 2 
are two distinct roots of (38.3). If a is a double root of the 
characteristic equation (38.3), any linear function ^ = at + h 
(a and h being constants) also satisfies (38.2); for not only is 

k 

f(a) =0, but f'(a) is also zero. In this case a = —, and 
the solutions of (38.1) are and ^ 


The argument is perfectly general. If we have a homogeneous 
linear differential equation of the nth order with constant coefficients 

aox(”) -f aixc”“^) -f ... + a„_ix -f OnX = 0 , 
we have the characteristic equation 

aoo:" + H-h an-ia -f a„ = 0 . 

If a = p is a root of this equation of multiplicity r, we have the 
r distinct solutions of the linear homogeneous 
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differential equation. In this way, by considering the different roots 
of the characteristic equation, we can find n distinct solutions of the 
differential equation, and the most general solution is a linear com¬ 
bination of these with constant coefficients. 


The coefficients of the differential equation, and therefore of 
the characteristic equation, being assumed real, we know that 
if a root of the characteristic equation happens to be complex, 
its conjugate complex quantity is also a root of the character¬ 
istic equation. We obtain, then, in the general case, two distinct 
solutions of the type and Any linear combi¬ 
nation of these can be put in the form cos qt + B sin qt) 

or cos {qt — 5). It is this last form which it is usually most 
convenient to use. 

Returning to our equation mx + A:x -f n-x = 0, we have three 
distinct cases to consider, according as the roots of the char¬ 
acteristic equation ma- + /ra + n- = 0 are 

( 1 ) conjugate complex quantities, 1 _ , ./TTTTw 

( 2 } real and distinct, I a = —^--— • 

(3) real and equal. j ^ i 

(1) Here A:- < 4 mn-. Writing 2 ttPo = ^ > the 

most general solution of the differential equation is 
_^ 

X = Ce 2 cos (2 TTVot — 6 ). 

This is a harmonic motion with steadily decreasing amplitude. 
Theoretically it would take an infinite time for the amplitude 




kt 

Ce to die down to zero. The accompanying figures show the 

kt 

damping out of the amplitude and the displacement x. 

The positions of zero velocity are given by putting x = 0, 

so that ^ k ^ 

tan (2 TTPot 5) 4- -— = 0. 


4 irmpo 
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They occur, therefore, at intervals of time -4- • The correspond- 

2 Vo 

ing values of x are positive and negative alternately. Denoting 
their numeric values by ri, r 2 , • • *, we have 

T2 Tz Ti ’ 


or 


log ^ = log = • ■ • = 
r 2 r-s 


_k _ 

4 mvo 


(38.4) 


This common logarithmic ratio of successive maxima of the 
numeric value of x is known as the half logarithmic decrement. 
The logarithmic decrement itself is the logarithm of the ratio 
of two amplitudes at phases differing by 2 tt, or times differing 
by a complete period. The expression for the logarithmic dec- 
k 

rement is therefore ^—r-* This may be determined by experi- 
2 mvo 

ment, and from it follows the value of the damping factor A:, 

since the period ~ may be measured. The frequency vo of the 
Vo 

damped harmonic vibration is connected with the frequency vo 
of the undamped vibration {k = 0) by the relation 




1 (n^ k^ V o k'^ 

4 TT^ \m 4 m^/ 16 w-m'^ 



k‘^ 

4 mn^ 


)• (38.5) 


The effect, then, of the damping, or frictional, force — kx is 
twofold : 

(a) The amplitude is damped from the constant value C to 

kt 

Ce 2^. This effect is of the order of the first power of k. The 
amplitude is reduced from C to Ce~^ in the time t = 

k 

(b) The frequency is diminished from the value vo = — 

n / k^ ^ TrVm 

to Vo =- 7 = (1 — ) • For small values of k the damped 

2 7rVm\ 4mn2/ 

frequency vo is connected with the '"natural’' frequency by the 
relation 

Po= voil- \ 

\ 8 mn^f 


so that the effect of friction upon the frequency is of the second 
order in k. 
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(2) Here > A mn^. The two real roots of the character¬ 
istic equation are both negative, since m, k, and are all posi¬ 
tive. Denoting these roots by — a and — /8, the general solution 
of our differential equation is 

X = + Be~^\ 

where A and B are arbitrary constants. From this it follows that 

X = — Aae~^^ — B^e~^\ 

so that X vanishes when 0, and x itself vanishes 

when + ^ = 0. If A and B have the same sign, neither 

of these equations is satisfied for any value of t; whereas if A 
and B have opposite signs, each is satisfied by a single value 




of ty provided that — — > 1, a being supposed to be greater 
B 

than /3. The motion is not periodic, and is termed aperiodic. 
The accompanying figures graph the single term x — Ae'^^ and 
the expression x = 

If we write a = X + /x, i3 = X-/x, where X and ju are positive 
quantities, and if we measure t from the position x ~ 0, our 
solution takes the form x = Ce-^^ sinh /uL The maximum value 
of X then occurs at the time t given by 

tanh fit = 

A 

(3) Here = 4 mn^. The general solution is 

k.l 

x= iAl + B)e 2>« 
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and the motion is again aperiodic, 
signs, X vanishes just once (when 

rt ... \ 


1 ,2m u 

when t = -r 


B 

A 


If A and B have opposite 
^ = —and X vanishes 


In all three cases, (1), (2), and (3), the values of the constants 
of integration, for example, (C, 3) or (A, B), are to be deter¬ 
mined by the initial conditions of motion. In other words, they 
are determined from the values of x and x at time ^ = 0 . 

39. Simple harmonic motion in space; Lissajous’s figures. Let 
us consider the motion of a particle under the action of a cen¬ 
tral force v/hich is directed toward the center O and whose mag¬ 
nitude is directly proportional to the displacement from this 
center. We have already seen, in § 37, that the motion takes 
place in a plane through O determined by the initial position 
and velocity of the particle. Taking a pair of rectangular 
axes OX and OY in this plane, we have, on resolving the accel¬ 
eration and the force along these axes, the equations 


mx = ~ n-x, my = — n-y ; 
whence x = Ci cos (2 irvot — Si), 

y = C 2 cos(2 TTVot — 62 ), 

where vo = —and where (Ci, 5i) and (C 2 , § 2 ) are constants 

2 TT Vm 

of integration. These results are expressed by the statement 
that the motion is that due to the composition of two simple 
harmonic motions along two perpendicular lines, the frequencies 
of the two vibrations being the same, but the amplitudes and 
phases being in general different. 

In order to determine the path of the particle, we eliminate t 
from the two equations above. Writing 

y=zC 2 cos [2 TTVot — di + (di — 52)1 

= ^ X cos (5i ~ 52 ) -- C2^1 - ^ sin (5i - 82 ), 

and using the abbreviation € = 5i — 82 for the difference in phase 
of the two vibrations, we find 


(Ciy — C 2 X cos e)- = C 2 ^(Ci^ — x-) sin^ 6, 
or C 2 ^x^ 2 C 1 C 2 cos €xy-\-Ci^y^ = sin^ e. (39.1) 

The path is therefore a conic, and since the second-degree terms 
in its equation have imaginary factors, it is an ellipse, the 
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asymptotes being imaginary. (The type of conic furnished by a 
given second-degree equation is determined by the character of 
the equation for large values of x and y. For such values the 
second-degree terms dominate the situation. If they are broken 
into a product of two linear factors, these give us, when equated 
separately to zero, lines parallel to the asymptotes of the conic. 
Hence, if the two linear factors are real and distinct, the conic 
is a h3q)erbola; if they are imaginary, the conic is an ellipse; 
and finally, if they are not distinct, the conic is a parabola.) If, 
however, e = 0 (or tt), the ellipse degenerates into part of one 
of the lines 

C 2 X - Ci2/ = 0 (or C 2 X -t- Ciy = 0), 

and the motion is again a simple harmonic rectilinear motion. 

It is a simple exercise to show that when the amplitudes are equal, 
— that is, Cl = C2 = C (say), — the axes of ( 39 . 1 ) are inclined at 
an angle of 45 degrees to the axes of reference, and that the lengths 

of the axes are the numeric values of 2 C cos | and 2 C sin 

In the general case the center of the ellipse (39.1) coin¬ 
cides with the center of attraction 0, and the axes of the 
ellipse are inclined to the axes of reference, along which the 
component simple harmonic vibrations take place, at the angle 

^arc tan ^ When € = ±'?» the axes of the ellipse 

coincide with the axes of reference, and its equation takes the 
simple form „ ^ 

^ + ^ = 1. (39.2) 

We have a circular vibration when Ci = C2, that is, when the 
two simple harmonic vibrations along two perpendicular lines 
have the same amplitudes, their phases differing by a right 
angle. There are two types of such circular harmonic motions, 

corresponding to e - and ^ ~ ^ respectively. 

Let us combine two circular vibrations, one of each type, 

fx = C cos (2 TVot - (5i)| , fx = C cos (2 wvot — ^2) ^ 

\y z=z c sin (2 TTVot — 61) j \y = C sin (2 wpot — 82 )!' 

the amplitudes and frequencies being the same for each, but 
the phases being in general different. The first of the two cir« 
cular vibrations is of the counterclockwise type (when viewed 



130 


THEORETICAL MECHANICS 


from a point on the positive half of the 2:-axis), whereas the 
second is of the clockwise type. We find 

X = 2 C cos — cos ^2 TTVot — 
and 2 / = 2 C sin ~ -■ cos ^2 irvoi — — ^ 


whence ^ = tan 

X 

vibration 


t t 

—~y and we have a simple harmonic 
r = 2 C cos ^2 TTVot — 


along this straight line, which makes an angle —- with 

the a:-axis. ^ 

When the frequencies of the two component simple harmonic 
vibrations are different, the path of the particle is not, in gen¬ 
eral, an ellipse. Thus let us consider the two simple harmonic 
motions 


x= Cl cos (2 Trv\t — 6i), y = C 2 cos (2 Trv 2 t — 82 ), 


where we shall suppose the two frequencies commensurable. 
We may therefore write vi = ap, V 2 = ag, where p and q are 
two integers which are mutually prime, that is, which have no 

common factor. The period of the first vibration being ~ = —t 

v\ ap 

and that of the second being — = —, we see that after ~ units 

V 2 aq a 

of time the first vibration has completed p swings, and the 
second q swings. Hence the curve traced out by the particle is 

a closed one, and the motion in it is periodic, the period being 

a 

Such a curve is known as a Lissajous figure, and its explicit 
equation follows from 


arc cos ^ = 2 Ttvit — 81 = 2 irapt — 61, 

Cl 

arc cos ^ = 2 TV2t — 52 = 2 Traqt — 62, 

C2 

and is q arc cos ~ — p arc cos ^ = p82 — q8i. ( 39 . 3 ) 
Cl C2 

To each pair of integers p and q, which are determined by the 
ratio Vi: V2, we have a single Lissajous curve, the amplitudes 
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and phases of the component simple harmonic vibrations being 
supposed to be kept unaltered (the frequencies alone being 
changed, and these in such a manner that their ratio is unal¬ 
tered). Furthermore, a change in the right-hand side of (39.3) 
by any multiple of 2 tt does not affect the coordinates x and y 
on the left, and so leads to the same Lissajous curve. For 
example, a change in 62 amounting to an integral multiple of 
2 TT 

—, 5i being unaltered, gives the same Lissajous curve. 

V 

It is important to notice that when the two frequencies vi and 
V 2 are nearly equal, we may regard the corresponding Lissajous 
curve as to all intents and purposes a continuously changing 
ellipse. Thus, if P 2 — vi + rf, we have 

x = Cl cos (2 TTPit — 3i), y~C 2 cos [2 irpit — (^2 — 2 7rr;0]; 
and if we supix)se 77 to be small in comparison with ^2 — 2 irr^t 
may be regarded as practically constant during the time — of a 

Pi 

single vibration, so that the part of the Lissajous curve traced out 
during such a vibration is practically an ellipse. Since the axes 

of the ellipse make an angle )- arc tan (gl . - ^2 + 

2 Cl*- —C 2 ^ 

with the axes of coordinates, we see that the axes of the ellipse 

make a complete revolution in the period ± so that the fre- 

V 

quency of rotation of the axes isdbv = (p 2 pi)- If Ci > C 2 , 

the rotation is clockwise, since then the arc tan is decreasing 
and positive (at the instant 5i — 62 + 2 7 rr]t = 0 ); whereas if 
Cl < C 2 , the rotation is counterclockwise. In the intermediate 
case. Cl = C 2 , no rotation takes place, and the axes of the 
ellipse always bisect the angles between the axes of coordinates. 
The continuously changing phase difference 61 — (62 — 2 irrjt) 
causes a continuously changing shape of the ellipse. After a 

period ± i the original shape is regained. 

V 

In a similar manner we may deal with the case of two har¬ 
monic vibrations 

X = Cl cos (2 TTPit — 61 ), 1/ = C2 cos (2 TrP2t ~ 62), 

where pi = ap, P2=^ocq+r}, and p and q are integers which have no 
common factor. Writing p = C 2 cos [2 Traqt — (62 - 2 -n qt) J, we 
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may regard 52 — 2 TTy)t as practically constant during the appar¬ 
ent period i of the Lissajous curve (r; being supposed to be small 
a 

in comparison with qa). The equation of the Lissajous curve 

being q arc cos ~ — p arc cos ^ = p52 — qbi—2 Trpqt, we recover 
Cl C 2 ^ 

the original curve after a lapse of time ± — Hence the fre- 

Pl 

quency of the Lissajous curve, ± prj, is ± ipv 2 — qi^i); p and q 
are determined by the form of the revolving curve, and the 
frequency of the return of the figure may readily be determined 
by experiment. Hence, if vi is known, v-z may be determined 
in this way. The sign to be used may readily be found by 
slightly changing vi and observing whether the frequency of 
the revolving curve is thereby increased or decreased. The curve 
is not a closed one, although it may appear to the eye to be 
closed. 

40. The forced vibrations of a simple harmonic oscillator. We 
shall now treat the problem of the rectilinear motion of a particle 
where, in addition to the elastic restoring force, and possibly the 
frictional, or damping, force, there is a force F(0 which does not 
depend on the position or state of motion of the particle and 
which acts on the particle in a direction along its line of motion. 
The equation governing the motion is of the form 

mx + fci + nH = /(O, 

where the numeric value of J(t) is the magnitude of F(0. In 
order to find the general solution of this nonhomogeneous, linear, 
differential equation of the second order, we have merely to 
find some one particular solution and to add to it the general 
solution of the homogeneous equation 

mx + kx nH = 0, 

which we have already treated. In proceeding to find the neces¬ 
sary particular solution, we first notice that if f{t) be split up 
into two parts, fi{t) and fzit), so that f{t) = fx{t) + fzit), and if 
xi and X 2 be particular solutions of the equations 

mx + kx nH = /i {t) and mx + kx + nH = fzit) 
respectively, then xi + X 2 is a particular solution of the equation 
mx + kx + nH =/i(0 +/2(0 =/(0, 
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which we have to solve. Since any function f(t), of the type 
likely to occur in practice, may be, for any time interval in 
which we are interested, expanded in a Fourier series of sines 
and cosines of multiples of t, we first proceed to discuss the 
problem of determining a particular solution of the equation 

vix + kx + n-x = A cos 2 ttpI (40.1) 

corresponding to the case wiiere the external applied force is 
simply harmonic, its amplitude being denoted by A and its 
frequency by p. It will be convenient to consider in conjunc¬ 
tion with (40.1) the auxiliary equation 


m'x + kx + n-x — A sin 2 irvt, (40.2) 

which corresponds to an external applied simple harmonic force 
of the same amplitude and frequency as before, but with a 
phase less by a right angle. If u is any solution of (40.1), and v 
any solution of (40.2), then the complex function w = u + iv is 
a solution of the equation 

7 nx -f H + 7 i^x = Ae^ (40.3) 

Conversely, if w is any solution of (40.3), its real part u is a 
solution of (40.1), and its imaginary part v is a solution of (40.2). 
Since (40.3) is easier to deal with than either (40.1) or (40.2), it 
is convenient first to show how to find a particular solution of 
(40.3). To do this, we introduce the new dependent variable z 
by means of the equation w — ze- and we find, upon sub¬ 
stitution in (40.3), that 2 : satisfies the equation 

rn'z -b (4 mpm + k)z + (— 4 Tr'^p'^m + 2 iripk + n^)z — A, 

On denoting the characteristic polynomial ma--\-ka-\-n- by/(a), 
we have rn(r, x 

L . Lfl l n ’i + /'(2 Trip)z + /(2 7rip)z = A. (40.4) 


It follows that if 2 tip is not a zero of the characteristic poly¬ 
nomial /(a), we may choose for z the constant value 


^2 _ 4 Tj-2yYip2 ^ 2 iripk 


(40.5) 


and the solution of (40.3) is If, on the other hand, 

2 Trip is a zero of the characteristic polynomial, we may take 
for z the linear function of t, 

Z= _ ^ _ 

A: + 4 Tim 


(40.5 o) 
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Since k and m are real, there is no possibility for the denominator 
of this ratio to vanish. 

In general, if we have a nonhomogeneous linear differential 
equation of any order with constant coefficients, and with right- 
hand side Ae‘^ a particular solution is 

Trip)' 

where 2 iriv is a zero of multiplicity p of the characteristic 
polynomial /(a). 

Let us consider first the case where 2 iriv is not a zero of the 
characteristic polynomial ma^ + ka + This will always be 
the situation unless k — O. Since the modulus of z, as given 

by (40,5), is where 
R 

R ~ — 4 TT-mp'^Y^ + 4 ir'^k-p'^y^, 

and since its argument is — 6, where 


tan 5 = 


_2 irkp 

n- — 4 ir'^mp^^ 


the real part of w; = ze- is 

cos (2 TTVt — 5). (40.6) 

R 


This is the required particular solution of (40.1). It represents 
a simple harmonic vibration of the same frequency as the ap¬ 
plied force, and is known as the forced vibration. The essential 
thing to notice about the forced vibration is that it is undamped, 
and that its frequency depends on that of the applied force 
alone and not at all upon the nature of the vibrating particle. 
When there is a frictional, or damping, force, and < 4 mn-, 
the free vibrations, which are given by the solutions of the 
homogeneous equation mx-Y kx + nH = 0, are rapidly damped 
out, while the forced vibration persists as a pure harmonic. 
The seismograph, an apparatus for registering earthquakes, 
depends upon this fact. Here the frequency of the disturbing 
force is required, so that the damping factor is made large in 
order to remove immediately the transient free vibrations. 

It may at first sight be surprising that the frequency of the 
forced vibration should be independent of the vibrator and that 
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its amplitude should be undamped. The following analysis may 
tend to explain how this happens. The forced vibration being 

^ __ A cos (2 TPt — 5) _ 

[{v? - 4 7r-mi^2)2 ^ 4 

where tan 5 = „ ^ —-> it readily follows that 

A cos 2 — 4 Tr-mp^)x + kx. 

The part n^x of the applied force A cos 2 irvl goes to neutralize 
the elastic restoring force, and the part kx to neutralize the 
damping force. There remains the part — 4 Tr^mp'^x to yield a 
simple harmonic vibration of frequency p. 

a. The phenomenon of resonance. The amplitude of the forced 
vibration being ^ 

[{n^ — 4 TT^-mp'y^ + 4 Tr‘^k-p^\^ 


let us seek what frequency of the applied force is required in 
order that the amplitude may be a maximum for a given vi¬ 
brator. Putting, for the moment, 4 tt'^p^ = we see that the 
amplitude is a maximum when the quadratic expression in 
y :=zz (n^ ^ + k-^ = — 2 mn^)^ + 


is a minimum. If we plot y against ^ on an ordinary Cartesian 
diagram, the graph is a parabola with its axis parallel to the 
2 /-axis and with its vertex at the point 


t —Hl — 

^ m 2 m-' 


?/o = 



nf_ 

m 


—)• 
4 m^/ 


This value of y furnishes the minimum ordinate of the parabola. 
Since ^ is, by its definition, restricted to positive values, it 

follows that, if — ^ the minimum ordinate of the parabola, 
m 2 m- 

in the range to which we are restricted, occurs for ^ = 0 (that 

is, p = 0), the corresponding maximum amplitude being A;- As 

the frequency p increases, the amplitude of the forced vibra- 

A 

tion steadily decreases, being always less than —. Introducing 

the free undamped frequency po i namely, pq = —)» the 

\ ^ 2xVm/ 

condition — ^ takes the form pq^ ^ There is no 

m 2 m- 8 ir^m- 

resonance effect in this case. 
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If, on the other hand, > 




the amplitude of the 


8 „2 V2 

forced vibration reaches its maximum when f =-- —that 


This frequency v is not only less than but is also slightly less 
than the free damped frequency Vo which is given by the 
equation (38.5), 


— o o 

Vo^ = Vo- ~ 


16 TT^'m- 



p y 
4 mn '/ 


The maximum amplitude, corresponding to the critical fre¬ 
quency V given by (40.7), is 


A 



A 

2 wkVo 


(40.8) 


and is large if k is small. The applied force is then said to be 
in resonance with the vibrator. 



Fig. 23 



If "'sharp'' resonance is desired, that is, if the amplitude of 
the forced vibration is to be negligible save for a small range 
of frequency near the resonance frequency given by (40.7), the 

parabola ^ ^ - 2 wn^)^ + n\ 

or V-yo = in~(^ - 


must be such that y is large compared with yo for fairly small 
values of (^ —&). This shows that yo must be small; or, in 
other words, the difference 4 mn- — k- must approach zero. The 
different cases are illustrated in the figures above. 
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We have seen that the phase of the forced vibration is 

2 irkv kv 


(2 TTvt — 5), where tan 6 = 


2 Trm{vQ^ — v^) 


We 


see that when v — vq^ h — and, according as v is greater or 
less than vo, 5 is greater or less than ~ The accompanying 


figure gives an idea of the variation of tan 5 with the frequency. 
We have already noted that the condition that there should be 
no resonance at all is k^^ 2 mn^. This condition is desirable 
in certain forms of seismographs. 

It is, however, required in these 
instruments that the free vibra¬ 
tions be transient, so that we 
must have < 4 mn^. The range 
of adjustment 

2 mn^ ^k^ < i mn^ 

is, accordingly, not very large. 

The question of resonance may 
be looked at from another point 
of view. Thus, we may regard the 
frequency of the applied force as 
given, and ask for the vibrator which will yield a forced vibra¬ 
tion of maximum amplitude. Assuming that k is the same for 
all vibrators, it is seen at once that — 4 must be 

a minimum; and this minimum value is zero, since a square 
cannot be negative. We have, then, 



71^ — 4 = 0 or vo^ = 

The amplitude of this maximum forced vibration is - 

2 irkv 

6. The energy of the forced vibration. The kinetic energy of the 
forced vibration is given by 


7^ 1 == 2A^T^y^ sinM2 irut-S) ^ 

2 [{n^ ~ 4 TT^mv^Y + 4 


(40.9) 


The average value of this over a complete period is found by 
integrating it with respect to t between the limits t and t + ^ and 
dividing the result by We find for this average value the 
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result 




, o 4 <> ON . . 4 rT-T - o - Considered as a function of 

(^2 _ 4 Tj>iyfipZy _[_ 4 Ti‘2]^Ip2 

this has a maximum value when its reciprocal has a minimum 


value, that is, when -- + 16 is a minimum. This occurs 

2 

when = -- - — or Thus, although the amplitude of 

^ ^ / ^2 
the forced vibration is a maximum when = z^o (1 —^ 

\ 2 mn^/ 

the mean kinetic energy of the forced vibration is a maximum 


when V = vq, 

c. The forced vibrations of an undamped harmonic oscillator. 
Most of the results for the undamped vibrator follow from 
those for the damped vibrator by merely putting A: = 0. The 
characteristic polynomial being ma'^ + n^ = 0^ 2 iriv is not a 
zero of it unless p = uq. If i/ ^ z/q, we find 6 = 0 or tt, so that 
the forced vibration has the same phase as (or else a phase 
differing by two right angles from) that of the exciting force. 
The forced vibration is given by 


X = ^ 2 TTPt _ A cos 2 TTPt 

— 4 TT-mv^ 4 Tr‘^m{vo- — v-) 

The amplitude of the vibration is the positive value of 


A 

4 7r"7w(z'o^ — 


and it increases rapidly as v approaches vq. When v = z^o, the 
formula for the forced vibration is, however, different. Since 
2 Trip is now a zero of the characteristic polynomial, x is the real 

A fp2 irivt 

part of ^ 7 —^—; that is, 

4 TTipm 


4 TTpm 


cos 




At sin 2 TTvt 
4 Ttpm 


(40.10) 


The phase of the forced vibration is accordingly behind that 
of the exciting force by a right angle, and the amplitude in¬ 
creases directly with the time. The whole argument ceases, 
of course, to have any application once the amplitude reaches 
the limit imposed by the h 3 ^othesis that the oscillations 
are small. 
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EXERCISES 

1. A pdrticle of mass m is attached to the middle point of an elastic 
thread of natural length a and modulus X, which is stretched between 
two fixed points. Prove that if no forces act on the particle other 
than the tensions in the parts of the thread, it can oscillate in the 

line of the thread with a simple harmonic motion of period t 

2. A particle moves in a smooth tube in the form of a catenary, 
being attracted to the directrix with a force proportional to the dis¬ 
tance from the directrix. Prove that the period of the oscillation is 
independent of the amplitude. 

3. A particle moves along the axis of x, starting from rest at 
x = a. For an interval ti from the beginning of motion the accelera¬ 
tion is — ixx. For a subsequent interval t2 the acceleration is /xx, 
and at the end of this interval the particle is at the origin. Prove 
that tan tanh = 1. 

4. A particle moves in a straight line, tending to a fixed point in 

the line, under a force which, at distance r, is equal to ^ ; and 

^ y.2 

the particle starts from rest at distance a + (a^ — Prove that it 

1 /a^\^ 

will come to rest at distance a — (a^ — in time irl—jf and that 
it will oscillate between these points. 

5. A shaft is imagined to be passed through the center of the 
earth. Discuss the motion of a body dropped into this shaft from 
the surface of the earth. The acceleration of the particle due to the 
attraction of the earth may be assumed to be proportional to the 
distance of the particle from the center of the earth. 

6. What velocity is it necessary to give to a body, projected ver¬ 
tically upward from the surface of the earth, so that the body may 
never return ? 
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7. Discuss the motion of a particle in a straight line under the 
action of a force always directed toward a fixed point on the line and 
proportional in magnitude to the distance from this point, and, in 
addition, of a constant frictional force whose direction is always 
opposite to the direction of motion. 

8. A heavy particle P is suspended at rest from a point A by an 
elastic string whose initial and unstretched length is a. The point A, 
at the time t = 0, begins to oscillate up and down, so that its down¬ 
ward displacement at the time t is c sin X/. Prove that the length of 
the string at time t is 

a -f (1 - cos nt) - sin nt -f sin Xf, 

(n^ - X^) (n^ - X‘) 


where being the mass of the particle and E being Young's 

E 

modulus for the string. 


9. A particle is attracted to several centers of force in a straight 
line, the magnitude of each force being proportional to the distance 
from the corresponding center. Show that the motion of the particle 
is simply harmonic. 


10. Prove that in simple harmonic motion if the initial dis- 
place ment be xo and the initial velocity uo the amplitude will be 

.-1 J !±, 

nxo 




and the initial phase — tan“ 


11. A horizontal shelf is moved up and down with a simple har¬ 
monic motion of period T seconds. What is the greatest amplitude 
admissible so that a weight placed on the shelf may not be jerked off ? 



CHAPTER V 


PROBLEMS OF NONRECTILINEAR MOTION 
OF A PARTICLE 


41. The energy integral. The fundamental equation governing 

the motion of a particle is _ ^ 

mA = F, (41.1) 


where A = if is the acceleration of the particle of mass m relative 
to a given reference frame, and F is the relative force acting on 
the particle, that is, the sum of the absolute and centrifugal 
forces if the reference frame is a noninertial one. Upon mul- 
tipl3dng (41.1) scalarly by v = f and integrating with respect 
to ty we find ^ 

(f.f) = / (F.f)d^ + constant, 

A 


m 

2 


or (F.f)d^ + constant. 

rt 

If the integral / (F.f)d/ on the right-hand side of these equa- 


tions is positive, it is known as the work done by the force F 
on the mass particle in its motion during the interval to to t; 
if negative, it is known as the work done against the force. If 
Vo denotes the value of v when t = toy we have 
i _ 1 ^^^2 


= work done on particle by forces acting upon it. 


The quantity \ mv^ is called the kinetic energy of the particle 
relative to the reference frame in use and is usually denoted 
by T, We have, then, the result 

Increase in kinetic energy 
= work done by force system. (41.2) 


The integrand (F.f) of the work integral is known as the power, 
or activity, or rate of doing work of the force F. We may, then, 
state (41.2) in the differential form 

Time rate of change of kinetic energy 
= power of applied force (41.3) 

141 
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When the power (F.f) is the time derivative of a function of 
X, y, z, and t, the result (41.2) gives the energy integral. Writing 


(F.r) = — F, we have 

T+V = h, 


(41.4) 


where is a constant known as the energy constant. V is known 
as the potential energy of the particle in the field of force F, 
and is undefined to the extent of an additive constant. The 
reason for giving the name "potential energy" to the function V 
is that it is convenient to have a name for the various terms in 
the first integral (41.4) of the second-order differential equation 
(41.1). When there is no force acting on the particle, the first 
integral is T = ft; and T has long been called the kinetic energy 
of the particle. If F is not such that (F.f) == — F, but is such 
that F = Fi + F 2 , where (Fi.f) = — our equation (41.4) would 
have to be replaced by 

|(T+F) = (F 2 .r). (41.5) 


This says, after integration with respect to that the increase 
in T + F is equal to the work done on the particle by F 2 , or 
that the decrease in T + V is equal to the work expended by 
the particle against F 2 . When F 2 is a frictional force, this energy 
appears as heat; and an extension of mechanical theory by 
which heat phenomena are regarded as mechanical in nature 
enables us to obtain again an energy integral. The idea of 
energy is therefore an evolutionary one. 

It is important to notice that the work integral 


(F.T)dt 


= - f^Vdt= Vo 


SO that the work done on the particle is equal to the negative 
change in potential energy of the particle in the field. A par¬ 
ticularly important case occurs when F is a function of (x, y, z) 
only, and not explicitly of t. Then the value of the work 
integral depends merely on the initial and final positions of the 
particle and not at all on the path traversed by the particle 
between the positions. The force system is then said to be 
conservative. Thus a conservative field of force may be char¬ 
acterized by the fact that the work done by it on a particle 
which traverses any arbitrary closed path is zero. If, in addition, 
we make the assumption that F is a function of (x, y, z) alone, 



NONRECTILINEAR MOTION OF A PARTICLE 143 


and not explicitly of t or the velocity components (x, y, z) of 
the particle, we have, since the work integral 

C{F,dt) = Vo-V 
JPo 

is independent of the path connecting Po and P (that is, is the 
integral of an exact diTerential), 

F = ~ grad F. [See § 13, a] 

It should be observed, however, that while this is sufficient for 
the existence of an energy integral, it is not a necessary condi¬ 
tion if we allow F to depend on the velocity of the particle. 
Thus F might contain terms, such as those known as the 
Coriolis centrifugal-force terms, which are always perpendicular 
to f. These do not contribute anything to the work integral. 

42. The angular-momentum integral. If the field of force F is 
such that, for every position of the mass particle m, the localized 
vector F is coplanar with a fixed straight line, we may at once 
obtain an integral of the fundamental equation (41.1). For, 
upon multiplying this equation vectorially by r, we obtain 

m[r.f] = [r.F], 

or ^ [r.mf] = [r.F]. (42.1) 

We may now regard mi and F as localized vectors whose axes 
pass through the position of the mass particle m. The vector mi 
is known as the linear momentum of the particle. The vector 
products [r.mf] and [r.F] are, then, the vector moments about 
the origin of the linear-momentum vector and the force vector 
respectively, and the equation (42.1) may be stated as follows: 

The time rate of change of angular momentum about any fixed 
point is equal to the moment of the applied force about this point, 
(The term "angular momentum'" is here used to mean the 
vector moment of linear momentum.) 

When F is coplanar with a fixed line, we take our fixed point 
on this line so that [r.F] is perpendicular to the given fixed 

j 

line. Hence the resolved part of the vector ^ [r.mt] along the 
fixed line is zero. We may write this in the form 
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where Ai is the unit vector in either direction along the fixed 
straight line. Since Ai is constant, this is equivalent to 

^ (Ai.r.mr) == 0 
at 

or (Ai.r.mr) = C, 


where C is a constant. This is the first integral mentioned. The 
result just obtained may be stated as follows : 

When the applied force F is always coplanar with a fixed straight 
line, the resolved part of the angular momentum of the particle about 
any point of the line along his straight line is constant. 


If F always passes through a fixed point, this result holds for 
every line through this point, and we have the following result: 

When the localized vector F always has its axis passing through 
a fixed point, the angular momentum of the particle about this 
fixed point is constant. 


This result is an immediate consequence of (42.1); for if the 
fixed point is taken as our origin, then, by hypothesis, [r.F] = 0, 
so that [r.mf] = C, a constant vector. 

43. Motion of a particle on a curve or surface or in space. 
Lagrange’s equations, a. Motion on a curve. If a particle m is 
moving, under the action of a force F, on a curve whose equation 
is of the form 


r = r(q). 


(43.1) 


where q is any convenient parameter or independent variable, 
it will be useful to equate the resolved parts of the two equal 
vectors mi and F along the tangent to this curve. In forming 
this equation we may neglect any terms in F which are per¬ 
pendicular to the tangent, that is, any terms in F whose activity, 
or rate of doing work on the particle, is zero. Thus, if the curve 
is a material one along which the particle is forced to move, there 
will be in general, in addition to the known external applied 
force, a force which is exerted by the curve on the particle, and 
which is known as the force of reaction of the curve. It is fre¬ 
quently possible to assume, at any rate as a first approximation, 
that the force of reaction is everywhere normal to the curve. 
Hence this reaction need not be considered in forming the equa¬ 
tion we propose to deduce. In this case the motion is said to 
be frictionless, and the curve is called smooth. 



NONRECTILINEAR MOTION OF A PARTICLE 145 


If ds denotes the arc distance, measured from any convenient 
origin, along the curve (43.1), we have, say, 

^ = magnitude of ^ = Va, 
dq dq 


2 /dz\-, 
dqj ' 


so that ds—y/Adq, 

where A = 

and we may write 

VAt, 

dq 

where t is the unit vector along the tangent drawn in the 
direction of motion (see § 13, a). 

The resolved part of F along the tangent is, therefore. 




and we shall write this in the form where 

Va 

q = /f • + 

\ dq/ dq dq dq 

Xf y, Z being the components of F. 

The resolved part of mr along the tangent is, similarly. 


(43.2) 


1 1 r|(mf 

VaV dq/ 




dq 


dt\dq 


But 


dr . 
r = — • q, 
dq 


and hence ~=z^ 
cq dq 


1 dr _d-r • _ d dr. 
dq dq^'^ dt dq’ 


so that we may write, for the resolved part of mr along the 
tangent, the expression 

where T = 5 m(r.r) = | mv^ is the kinetic energy of the particle. 
Hence we have the result 


dt dq 


dT 


dq 


= Q. 


;43.4) 
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The resolved part of the acceleration vector r along the 
tangent is found (by considering the motion of a particle of 
unit mass) to be 


1 (d dTi 8Ti\ 

^q )’ 


where 



(43.5) 


It should be observed that the term ~ = (mT ^ is equal to 

dq \ dqj 


the product of Va by the resolved part of the linear-momentum 
vector along the tangent. The resolved part of the velocity 
vector along the tangent or, in fact, the magnitude of the 
velocity vector is found (by considering again a particle of unit 
mass) to be 

-4=^, where Ti = i 2)2^ (43.6) 

Va Sq 2 


Note. The curve (43.1) is a fixed curve in the reference frame in use. 
If we wish to consider a particle moving on a curve which is itself in motion, 
the equation (43.1) must be replaced by one of the type 

r = r(g,0. (43.1a) 


The time t now occurs explicitly in the equation of the curve. At any instant 
t we have ds = Va dq and = Va t, where A = + (f^) ^ 

the square of the magnitude of at the instant in question. The same re- 

dq 

suits as above follow. The only modification in the argument is that 


whence 

and 


i 


-•4 + -; 

dq ^ ct 


dq dq 

— = cl r- ^ 

dq dq^ dq dt dt dq 


It is important to notice that the forces which may now be neglected in 
forming Q are those whose scalar products into ^ are zero, that is, those which 

are normal to the curve at the instant t in question. Since f = ~^ -f the 

dq dt 

activity of these forces is not now zero, in general, since its value is their scalar 
product into ^. The integrand of the work integral is ^ F. df, 

and it is usual to call the first term of this integrand, that is, ^F. 
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the virtual work of the force F acting on the particle. We may say, then, 
that the forces which may be neglected in forming the equation (43.2) are 
those whose virtual work is zero. 


b. Motion on a surface. The argument here is precisely similar 
to the foregoing discussion and may be given briefly. To take 
care of the situation where the surface is moving, we write its 
equation in the form 

r = r(gi, g2,0 (43.7) 


where q\ and qo are any two convenient parameters or independ¬ 
ent variables. On putting, in turn, q 2 = constant and qi = con¬ 
stant, we obtain, for any value of t, two sets of curves on the 
surface, each set being found by varying the constant value 
assigned to the corresponding parameter q. These curves are 
known as the parametric curves of the surface. At any instant 
we have, at any point of the surface, two unit vectors tangent 
to the two parametric curves through the point. They are 
given by the formulas 


where 

and 



Upon resolving F and nir along the tangent to the parametric 
curve q 2 = constant, we obtain, exactly as before, the equation 


where 


Qi 


dt dqi dqi 




(43.8) 


and T = § mv^ is the kinetic energy of the moving particle. 
Similarly, on resolving along the tangent to the parametric line 
qi = constant, we obtain 


dt dq2 dq2 



(43.9) 


where 
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o o O 

Since f = + 77 ^ • 92 + ^» we obtain for T the expression 

cqi oq2 ct 

2 T = m{Aiqi^ + 2 Bqiq2 + ^ 2 ^ 2 ^ + 2 + 2 Gq2 + H), 

where Ai and A 2 have the values given above, and 


B=(p- 


F^l— 



dq2/ 

\dt 

dqx) 


— V 


-V 

\dt 

dq^) 

\dt 

dt) 


When the surface is fixed, F, G, and H are all zero, and we have 
for T the simpler form 

2T = m{Aiqi^ + 2 Bq^q2 + A2q2^). 

It will be observed that 

B = VAiA 2 (ti.t 2 ) == y/A 1 A 2 cos a, 

where a is the angle between the two parametric lines through 
the point in question. The resolved parts of the acceleration 
vector along the two parametric lines are, respectively, 

1 and 4=('||Zl-|Iiy 

VXiXdt dqi dqi) dq2 dq2/ 


where Ti is the kinetic energy of a particle of unit mass. 

It will be observed that any forces which are normal to the 
surface at the instant t may be neglected in forming the expres¬ 
sions Qi and Q 2 . The activity of any force F acting on the 
particle is /ox / a \ / a \ 


dq2. 

The integrand of the work integral is 
dq\ 




The first two terms of this expression constitute what is known 
as the virtual work of the force F; and we may neglect, in form¬ 
ing the equations (43.8) and (43.9), any forces whose virtual 
work is zero for all values of dqi and ^( 72 , or, in other words, for 
an arbitrary virtual displacement, A virtual displacement defines 
a vector in the plane tangent to the surface for a given value 
of t, whereas the actual displacement of the particle defines the 
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direction of motion and, for a moving surface, is not, in general, 
identical with any virtual displacement. Thus, if we write 

dr ~ dq\ + dqo + ^ d/, 
dq\ dqo dt 

the first two terms constitute a virtual displacement, which 
we may denote by 5r; and we have 

+ (43.10) 

Ot 

For a fixed surface ~ = 0 , and the actual displacement dr coin- 
ot 

cides with a virtual displacement hr. 

If the force of reaction or constraint exerted by a material 
surface upon the particle moving on it is such that its virtual 
work is zero, the surface is said to be smooth, and the motion 
is said to be frictionless. The reaction in this case, at any 
instant, is normal to the surface at that instant. In discussing 
the motion of a particle upon a smooth surface the force of 
reaction may be neglected in forming the equations (43.8) 
and (43.9). 

c. Motion in space in terms of curvilinear coordinates. Here 
the theory is the same as in the two foregoing cases, and it will 
not be necessary to do more than indicate the argument. We 
have a system of curvilinear coordinates {qi, q^y qs)y so that 


whence 

giving 

where 



with similar expressions for Ao and A 3 , and 




r)r dr 


dq2 dqs 


dx dx ^ ^ ^ 

dqi dq's dq2 dq?, dqo dq,^ 


with similar expressions for Bz and R 3 . Denoting by ti, t 2 , ts, 
respectively, the three unit vectors tangent at any point to the 
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three coordinate lines (g 2 and constants etc.) through that 
point, we have 


so that 


(^qi dq2 oq^ 

Bi = \/A2^^^(t2. ts) = cos otf 


where a is the angle between the second and third coordinate 
lin^,~ and so on. Upon resolving both the vectors m and F 
along the three coordinate lines in turn, we find 


where 


Qi 


dt dqi dqi 

dt dq2 dq2 

dt dqz dqz 


(43.11) 



Thus the integrand of the work integral is Qidqi + Q 2 dq 2 + Qzdq^. 
For this reason the expressions Q are known as generalized forces. 
The resolved part of the linear-momentum vector of the particle 
along the first coordinate line is 

1 dT 
dT 

and the expressions pr — — (r = 1, 2, 3) 

oqr 

are referred to as generalized momenta. One must be careful not 
to be misled by these names, as these generalized forces and 
momenta do not have the correct dimensions unless the cor¬ 
responding coordinate has the dimensions of a length so that 
the corresponding Ar is a pure number. 

The resolved part of the acceleration vector along the first 
coordinate line is 

1 /d dTi dTi\ 

where 

Ti = 2 + A 2 q 2 ^ + Azq^^ 2 Biqzqs + 2 -82^3^1+ 2 B39192} 
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is the kinetic energy of a particle of unit mass. The resolved 
part of the velocity vector in the same direction is 

1 r)Ti _ 

VTi * 


If we wish to analyze the acceleration vector into three component 
vectors of magnitudes (p, r), respectively, along the three coordi¬ 

nate lines, we find, on resolving along the first coordinate line, for 
example, - 1 /ddT, 

VJT \dt dqi 


p -h ^ COS 7 -f r cos ^ ■■ 


dqj 


where (a, /3, 7 ) are the three angles made by the three coordinate 
directions through a point. We have, then, to determine (p, q, r), 
three equations of the type 


-f 


B3 

VA2 


Q + 


B 2 

VaI 


r 


d dTx dTi 
dt dqi dqi 


When the curvilinear coordinates are orthogonal, (Bi, B 2 , B 3 ) are 
all zero, and the acceleration components coincide with the resolved 
parts of the acceleration vector along the coordinate directions. The 
simplicity thus introduced by the use of orthogonal coordinates is 
so great that they are used almost exclusively in the discussion of 
problems in mathematical physics. 


EXAMPLES 

1 . Plane polar coordinates (p, <i>), (See § 7, a.) Here Ai = 1, A 2 = p®, 
= 0, Ti = |(p2 + p^<^‘^). The resolved parts of the velocity vector 

along the coordinate lines are, accordingly, p and p 0 respectively. 
The resolved parts of the acceleration vector are, respectively, 

jo - and ^ (p 2 ^). 

2. Cylindrical coordinates. These differ from the preceding merely 
in having a third coordinate z, along which the resolved parts of the 
velocity and acceleration vectors are i and z respectively. 

3. Space polar coordinates (r, 0). Here Ai = l,A 2 = r 2 ,A 3 = r 2 sin^ 6, 

= B 2 = Bs = 0, Ti = § (r^ -f r^d^ + sin^ 6 0 ^). The resolved parts 

of the velocity vector along the three coordinate directions are 
(f, r^, r sin 6 0 ) respectively, and the resolved parts of the accelera¬ 
tion vector are, respectively, 

— r sin^ 6 (f>^f — ^ (r^S) — r sin 0 cos 6 0 *, 

[S»(30.8)l 
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44. The cycloidal pendulum. We shall now deal with the prob¬ 
lem of a particle of mass m moving on a smooth plane curve 
under the action of a constant external applied force mg of 
magnitude mg and in the plane of the curve. This constant 
force will usually be the weight of the particle, and we shall 
therefore call the constant direction of the force the downward 
vertical, the opposite direction being named the upward vertical. 
Denoting by \f/ the angle made by the tangent to the curve with 
the horizontal, we have, on resolving mA and F along the tangent, 
the equation 

ms = mg cos + — mg sin \p. (44.1) 

(See (5.6). The equation (44.1) is the special case of (43.4) 
which occurs when the parameter q is the arc distance s along 
the curve so that A = 1.) 

Let us now seek the form of curve for which the motion is a 
simple harmonic motion whose equation is ms = — n-s. Com¬ 
paring this with (44.1), we see that we must have ^ ^ sin^. 

In order to obtain the parametric equations of this curve, we 
introduce a Cartesian reference frame whose x-axis is horizontal 
and whose ^/-axis is the upward vertical. Then 



dx = ds cosi/^ == ^ cos,-\(/d\I/y 

so that 

X = (2 ^ + sin 2\J/) + constant, 

4 

and 

= ck sin ^ sin yp cos yp dyp. 

or 

= +constant. 

4 


Choosing the origin on the curve at a point where ^ = 0, we find 

(2^ + sin 2^), 

"" (44.2) 

The curve is therefore a cycloid, which might be traced out by a 

point on the circumference of a circle of radius = a, rolling 

4 
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on, and below, a horizontal line, so that the arches of the cycloid 
are concave upward. The frequency of the simple harmonic 


vibration is 


n _ _1_ 
2 TT Vm 4 TT 



(44.3) 


Since the evolute of a cycloid is a similar cycloid, this simple 
harmonic motion may be realized by suspending a small mass 
by means of a flexible but inextensible string from a fixed point 
at which two cycloidal ''cheeks'' meet. The fixed point is a 
cusp of the cycloid of which the two cheeks form a part, and 
the common tangent is vertical. As the string wraps and un¬ 
wraps itself on the cycloidal cheeks the suspended mass moves 
in a cycloid (which is an involute of the cycloid of which the 
two cheeks form a part). 

It will be observed that the frequency of the vibrations is 
independent of their amplitude. We have here, then, an appa¬ 
ratus which is periodicj that is, which furnishes us with a suc¬ 
cession of equal intervals of time and therefore enables us to 
measure time, or, in other words, to give a number to any time 
interval. This apparatus is known as the cycloidal pendulum. 

45. The simple pendulum. Here the particle moves in a circle 
under the action of a constant force mg in the plane of the circle. 
If the circle is a material one, we shall suppose it smooth, so 
that its reaction on the moving particle is always along the 
radius. If, on the other hand, the moving particle is attached 
to the fixed point by means of an inextensible string, the tension 
exerted by the string will also be along the radius, so that, in 
either case, the activity of the reaction (or tension) is every¬ 
where zero. We may, therefore, in setting up the energy inte¬ 
gral, consider merely the constant external applied force mg. 
Taking the 2 :-axis of our reference frame parallel to the constant 
force and in the same direction, we see at once that the applied 
force is the negative gradient of the function y = — mgz. Thus 
we have the energy integral 

^ mv- — mgz = constant, 
or ^2 gz + constant. 

Choosing the origin of our reference frame at the center of 
the circle, so that-^ 2 ; = I is the lowest point of the circle, and 
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denoting the velocity at this lowest point by vo, we have 

v^ = Vo^-2gil-z), (45.1) 

Introducing the angle 0 made by the radius to the moving 
particle with the 2 :-axis, we have z = I cos 0, = l'^0‘^ ; and our 

equation (45.1) becomes 

^-42sin2|. (46.2) 


There are three distinct cases to be considered according as 

vd^ I 4 fir(. 

Case I. > 4 gL Here 0 is never zero, and the particle 
moves steadily round the circle in the same direction. Assum¬ 
ing the motio n to be counter clockwise, we have 6 positive and 

equal to y^^l — k- sin-|^» where = 1- Introducing 

the half-angle </> = |^ this gives 

t = — + constant. 

voj Vl — sin^^ 

Measuring t from the instant the particle is at the lowest point 
of the circle, we have 

t = ^Fi<p, k), 

Vo 


where F(0, k) is the integral 





^ dil^ 

Vl — sin^i^ 


(45.3) 


This integral is known as Legendre's normal elliptic integral of 
the first kind ; and its values may be found, for various values 
of 0 and k <lj in any table of elliptic integrals. Legendre's 
own tables give the values of F(<p, k) for every degree in 0 and 
a = arc sin k to nine and ten decimal places (ten decimal places 
for a between 0° and 45°, and nine decimal places for a between 

45° and 90°). The values of A = F{^f k^ are given in the same 

tables to twelve decimal places for every degree in a. 

The time taken to reach the highest point of the circle is —K, 

where X = fcj is the complete elliptic integral of the first 
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kind. A good approximation to the value of K for a given value 
of k may be found, without recourse to the tables, as follows: 


K= C 
Jo 


=J (^ + 1 ^ ^‘ '!' + 


•)# 




For reasonably small values of k the first few terms of this power 
series in k- suffice to give K to a high degree of approximation. 

It follows at once, from the definition (45.3) of F(</), k), that 
the time taken by the particle to go from the highest point of 
the circle to the lowest is the same as the time taken to ascend 
from the lowest point to the highest. We have, in fact, 

TT 

64 p d\l/ ^ d\l/ 

Jtt Vi ~ A:-sin^ 0 Jr Vl —/c^'sin-;^ Jo Vl — fc^'sin^^ 


2 

where 


^ = TT — 0, 


ilK 


The time of a complete revolution is, accordingly, 
same argument shows that if ^ < 0 < tt, 


The 


where 


F(0, k) = 2K^ fc), 

0 = TT — 0. 


Hence, in determining the time taken to reach any point on 
the circle, it is unnecessary to use values of the argument 0 

which are greater than ~ Moreover, since sin -0 has the period 
TT, we have 

F( 7 r + 0, = F(0, k) + F(7r, k) = F(0, k)+2 K. 

4 IK 

Hence the motion is periodic, and the period is T =-- 

Case II. vo^ = 4 gl Here 

tz=z— r^ „ ^ .r = — r^sec 0 d 0 = — log (sec 0 + tan 0 ). 

^oJo Vl — sin2 0 voJq vq 
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The particle will reach any point short of the highest point 
^ ^ of the circle, but it will never reach this highest point. 

The velocity is given by the formula (45.2) as 
Vo Vl — sin ^0 = Vo cos </>, 

and this becomes infinitesimally small as the particle approaches 
the highest point. We may express 0 as a function of t as follows: 

From sec 0 + tan 0 = 

we obtain, on taking the reciprocal of each side, 

sec 0 — tan 4> — e ^ ^; 

whence sec 0 = cosh (45.5) 

Case III. vo^<A gL Here the velocity of the particle vanishes 
before the particle reaches the highest point of the circle, and it 
will execute vibratory motions about the lowest point of the 

circle. Writing ~~ = < 1, we have, from (45.2), 

so that 6 vanishes when 0 = ± a, where sin ^ i ^ 
Introducing the auxiliary angle 0 defined by ^ 

. e 

sin- 

sin 0 =-> 

sin I 

we have 6^ = (1 — sin^(f>), 

V 

or 0 = ib 2 A: cos 0 . 

When 0 = ± a ^that is, when 0 = ± 0 changes sign, passing 

through the value zero; and we may therefore remove the 
ambiguity in sign by agreeing that 0 increases steadily. We 
have, then, 
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From the equation defining <t> we derive cos ^0 == 2 k cos 0 0. 

_ _^ ^ 

Upon substituting Vl — A:^ sin2 0 for cos we may eliminate 
6 and obtaining the equation 


whence t — 


— sin2 0; 

' - = LF(^,k), (45.6) 

Vl —A:^sin'^0 yl9 


where we again agree to measure t from the lowest point of the 
circle, for which d and 0 are both zero. 

The time from the lowest point reached by the particle to 


the highest point 6 = a, or 0 




As 6 diminishes again from a to 0, 0 increases from - to tt, and 

2 

the time of descent from the highest point ^ = a to the lowest 
point 0 = 0 is again ' K, As 0 increases from tt to 2 tt, 


6 takes negative values; and since sin2 0 has the period x, the 
times taken to the highest point 0 = — a, and from this back 


to the lowest point 0 = 0, are each equal to 
is therefore periodic, and the period is 


4 - 




K. The motion 


(45.7) 


This type of periodic motion differs from that of the cycloidal 
pendulum in that here the period depends on the amplitude a 
of the vibrations. If this amplitude is small, we may neglect, 
to a first approximation, the square and higher powers of 

A: = sin We see then, from (45.4), that K — ~, and the period 
2 2 
of the small vibrations of a circular pendulum is 


T = 2 7r^. (45.8) 

To get an idea of the closeness of the approximation of (45.8) 
to (45.7), let us consider the values 5°, 10°, and 30° of a. The 

corresponding values of A: = sin ~ are .0436, .0872, and .2589 
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respectively. The relative errors made by neglecting the squares 
and higher powers of k are therefore approximately .06, .19, 
and 1.68 per cent. 

The nature of the motion has now been completely deter¬ 
mined. If we wish to determine the reaction R of the supporting 
circle (or the tension of the supporting string), we resolve the 

equal vectors mi and F along the normal to the circle. The 

1^2 

component of the acceleration along the normal being — (see 
(5.6)), where p is the radius I of the circle, we have ^ 

mg cos 6, or g cos 6. 

I m 

On using (45.2), we find 

^ + 3 flr cos 0 - 2 ff. (45.9) 

m L 


If R cannot be negative, as is the case when the particle is 
merely supported by the circle or suspended by a string, the 
particle will leave the circle when i?, as calculated by the 
formula (45.9), becomes negative on passing through the value 
zero. If the angle 6 at which the particle leaves the circle be 
denoted by /3, we have „ 

9 

gi 


cos /3 = 


(45.10) 


If 4 < 5 gl, the particle will leave the circle before reach¬ 

ing the highest point of the circle, which point it would reach 
if R could become negative. If < 4 gl, we have to com¬ 
pare the angle /3 given by (45.10) with the angle a which 

makes 0 = 0, and which is given by cos a = 1 — We have 

cos 0 — cos a = — -• When Vo^ ^ 2 gl, this is negative or 

b gl o 

zero, so that indicating that the particle does not leave 

the circle. The least value of R occurs when 6 = a, and is given 
by the formula 


When, on the other hand, > 2 gl, the particle leaves the circle 
at the angle ^ given by (45.10), and it is seen at once that this 
angle is an obtuse one, its cosine being negative. The connection 
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between the angle /3 for which R = 0 and the maximum angle a 
of the oscillatory motion is given by the simple formula 

cos = I cos a. 


46. The spherical pendulum. Here we have the problem of a 
particle constrained to move on a frictionless material sphere 
under a constant force mg ; or the particle may be suspended 
from a fixed point O by means of an inextensible string, as in 
the case of the simple pendulum problem. The motion will no 
longer, in general, take place entirely in a vertical plane. Since 
both the constant applied force and the reaction of the sphere 
(or the tension of the supporting string) are coplanar with the 
vertical through the center of the sphere, we have an angular- 
momentum integral in addition to the energy integral. Taking 
the downward vertical through 0 as our 2 :-axis, the resolved 
part along this axis of the angular-momentum vector [r.?nr] is 
m{xy - yx), so that, on introducing the cylindrical coordinates 
(p, 4>, z)y we have 

p^0 = constant. (46.1) 


This might have been obtained from the general results of § 43 by 
using (p, 0) as the parameters and 92 on the sphere. Then 

T = ^ .- p2 + p^(j>A • Since both the applied force and the 

2 1 p / 

reaction of the sphere are perpendicular to the vector Q 2 = 0, 


and the second Lagrangian equation (43.9) becomes 


d<f> 




or p^<t> = constant. 


The coordinate 0 is an example of what is known as an ignorable 
coordinate, that is, a coordinate which does not occur explicitly in 
the expression for the kinetic energy T. The corresponding Lagrangian 

d/dT\_dT^^ 
dt\dq) dq 


reduces to 

SO that when Q is a constant or, more generally, a function of t 
(the coordinate q not occurring in it), we have the integral 

^ + constant. 

vq ^ 

Since we are in possession of two integrals (namely, the energy 
integral and the angular-momentum integral) of the two 



160 


THEORETICAL MECHANICS 


Lagrangian equations (43.8) and (43.9) for the two unknowns 
p and 0, it is unnecessary to consider these second-order dif¬ 
ferential equations further. We have merely to deal with the 
two first-order differential equations 

= 2 gz + h, (46.2) 

p20 = c, (46.3) 

where h is an energy constant and c is an angular-momentum 
constant. We use the relations p‘^ z- = P, = p- + p^<t>^ + z^ 
to eliminate p and <j>, together with their derivatives, from the 
equations (46.2) and (46.3), thus obtaining a first-order dif¬ 
ferential equation for the variable a: as a function of L From 

2:2 + p 2 = 12 ^0 obtain pp + zz = 0 , so that p^ = ^4“ = 

p^ P — z^ 

Hence, on putting 0 = we have v- — —r» Then 

(46.2) gives 

Pz^ = (P - Z-) (2 gz + k) — = Mz), (46.4) 

where /3 ( 2 :) denotes the cubic polynomial on the right-hand side. 

It will be recalled that when dealing with the problem of 
simple harmonic motion in a straight line (see § 37), we had to 
integrate a similar equation. 


mxP = - x^) = /^(x). 


This involved the evaluation of the integral 


(is 

J ~ S“ 


t which 


we immediately wrote down as arc sin - + constant. If we had 

a 

not already been familiar with the properties of the inverse 
sine function, these properties could have been derived from a 

_1 C ds Ti. _ ] /orr /y\ 


study of the integral 


It appeared in (37.6) that 


it was simpler to regard the upper limit x as a function of the 

^ ds ii__ 1 ,|__T__ p _ _ _ 


integral 


than to regard the integral as a function 


of its upper limit. This change in the point of view is called 
the inversion of the integral. In planning a discussion of the 

integral f . we should first make the substitution 

x — al^,s = aa, and should then consider the equivalent integral 
V = r^ - which we should call the standard form of the 

J VT^ 

previous integral, since it is independent of the particular value 
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assigned'to the constant a. Accordingly, we should be interested 
in the behavior of the upper limit ^ as a function of the inte¬ 
gral V. Writing ^=sin v, it would appear that ^ is a simply periodic 
function of v, the period being 2 tt. In this way the trigonometric 
functions would appear, and all their properties could be de¬ 
duced without any reference to geometry. For example, it is 
apparent, from the fact that $ satisfies the differential equation 



= 1 — that ^ = sin ?; cannot be greater than unity in 


absolute value, since the variables v and ^ are both real. 

The procedure indicated here is exactly what must be done 
in dealing with the equation (46.4). The only difference is that 
the polynomial /a ( 2 ) of the third degree replaces the previous 
polynomial f 2 {z) of the second degree. The first thing to do is 
to reduce the equation to a standard form. Denoting the new 
dependent variable by p and the new independent variable by 
u, the standard form, due to Weierstrass, is 

{^J=ip^-92p-g3, (46.5) 


where g 2 and ga are combinations of the constants I, g, ft, and c 
which occur in (46.4). It will be noticed that the second term 
is missing from the cubic in (46.5) and that the coefficient of 
the cube is 4. In order to remove the square from the cubic in 

(46.4), we have to write 2 ; = ap — where a is an arbitrary 

constant, and we also write t = u + where 13 is an unde¬ 
termined constant. We find, on substituting these values in 


(46.4), that 


i2a2(^)^= - 2 ffaV + • • •• 


_ 9/2 

On comparing this with (46.5), we have a --We find, 

then, that the substitutions, ^ 




t = u+ 0, (0 a.n undetermined constant) 


(46.6) 


reduce the equation (46.4) to the standard form (46.5). 

Before proceeding to a discussion of the function p(u) defined 
by (46.5), an important property of the motion may be deduced 
at once from the equation (46.4). First of all we observe that 
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the cubic pol 3 rnomial fsiz) has three real zeros, no matter what 
numeric values may be assigned to the constants I, g, h, and c. 

_ L 

For if c be zero, f-s{z) has the zeros db h — ; whereas if c 0, 

/a(—00) is positive and / 3 (±i) is negative. Hence fs(z) has a 
zero between — I and — 00. Moreover, if Zo is the initial value 
of z, / 3 (zo), which is identically equal to is either posi¬ 
tive or zero, so that /^(z) has a zero in each of the intervals 
— l<z’§_ Zo, and Zo g z < 1. Denoting the three real zeros of 
/ 3 (z), when arranged in ascending order of magnitude, by Zi, Z 2 , 
and Z 3 respectively, we have 

— 00 < 2:1 < — Z < Z2 ^ Zo ^ Z3 < 

We may rewrite (46.4) in the form 

Pz^ = 2g(z— Zi)(z — Z 2 )(z 3 — z). 

Since this product cannot be negative, and since z — zi is neces¬ 
sarily positive (z being constrained, by the nature of the prob¬ 
lem, to lie in the interval — Z ^ z ^ Z), the remaining factors 
z — Z 2 and Z 3 — z cannot have opposite signs. Hence z must lie 
in the interval Z 2 ^ z ^ Z 3 , and we see that the entire motion 
of the 'particle takes place between the two horizontal circles z = Z 2 
and z = Zs on the sphere, 

a. The conical pendulum. We are now prepared to answer the 
question: What must be the relation between the constants h 
and c of integration if the particle is to move in a horizontal 
circle? The two zeros Z 2 and Z 3 of /sCz) must coincide; con¬ 
versely, we know that if /sCz) has two coincident zeros, they 
must be Z2 and Z3, since zi < — Z and — Z < Z2 < Z3 < Z. The 
condition that f^{z) should have a double zero z = Z 2 may be 
found by eliminating Z2 between 

hizz) = (2 gz2 + h){P - Z2^) ~ = 0 

and its derivative 

/3(Z2) = 2 - Z22) - 2 Z2(2 gz2 + A) = 0. 

For a given value of Z 2 , we find A = -2- (Z 2 — 3 2 : 22 ). Upon sub¬ 
stituting this in h{z 2 ) = 0 , we find 

C2 = iL (Z2 _ 

Z 2 


(46.7) 
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This equation shows that Z 2 must be positive, so that the particle 
will move in a horizontal circle only when this horizontal circle is 
below the center of the sphere. 

In order to determine the initial horizontal velocity which 
will make the particle describe a horizontal circle, we substi¬ 
tute the value of h, just found, in (46.2); and we get 


Z2 

or, in terms of the angle 6, 



(46.8) 


Since the velocity is constant, the motion is periodic, the period 

being T = ^ - = 2 tt motion of the particle 

in a horizontal circle is called the conical pendulum motion, and 
for small values of 6 the period is sensibly the same as that of 
the small oscillations of a simple pendulum of length L 

Returning now to a consideration of (46.5), let us denote by 
ei, e 2 f and ez the zeros of 4 — g 2 P — gs which correspond to 

the zeros Zi, Z 2 , and Z 3 , respectively, of fsiz). We have, then. 


. 2/2 h ^ 2/2 h 

2^1 =-€1 — —y Z2 — -e2 — —» 

g Sg g eg 




2/2 


€3 — 


h 


As Zi, Z 2 , Z 3 are arranged in ascending order of magnitude, ei, € 2 , 
ez are arranged in descending order of magnitude and are such 
that their sum is zero. As we have already considered the 
conical pendulum, for which Z 2 = Z 3 , we may suppose Zi < Z 2 < Z 3 ; 
whence ei> € 2 > ez. The function p{u) defined by the dif¬ 
ferential equation 

= 4(p - ei) (p - 02 ) (p - ez) (46.5 a) 


has several important and characteristic properties which are 
brought clearly to light only when we allow the independent 
variable u to assume complex values in addition to real values. 
The most important of these properties is one which recalls the 
analogy between the p-function and the trigonometric sine func¬ 
tion ; namely, the property that p(u) is periodic in u but has 
two distinct periods, one of which is real and the other a pure 
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imaginary. These two periods are denoted by 2cvi and 2a?3 
respectively, so that 

p(u + 2o)i) — p(u) — p(u + 2 C03) 

or, more generally, p(u + 2 mcoi + 2 moa) = p(u), where m and 
n are any integers. It is convenient to construct the period 

rectangle whose corners are at the 
points (u=0,u — 2cx)i, u=2 coi+2coa, 
u — 2 C 03 ) in the plane of the com¬ 
plex variable u. The dotted sides 
of the rectangle not being supposed 
to belong to it, the function p(u) 
takes every value, real or complex, 
exactly twice in the rectangle. Moreover, p(u) has, when 
developed as a power series in u, the expansion 

p(\i) ~\ + C 2 U- + • • •, ( 46 . 9 ) 

where C2, C3, etc. are certain functions of (72 and gs- Hence p(u) 
is an even function of u. Denoting, then, the derived period 
2 coi -f 2 aj3 by 2 C02, we have 

p(o )2 + w) = p(— C02 + u) [Since 2 002 is a period] 

= p(o )2 — li). [Since p{u) is an even function] 

This shows that the two points in the period rectangle at which 
p{u) takes equal values are symmetrically situated with respect 
to the middle point u = C02 of the rectangle. Again p{u) takes 
real values along the sides and middle lines of the period rec¬ 
tangle; and since it takes each real value twice along these 
lines, it cannot be real at any point of the period rectangle 
which does not lie on these lines. If we consider the quarter- 
period rectangle (0, coi, C02, C03), p(u) takes every real value just 
once on its boundary. As u goes from zero to coi, p{u) decreases 
from + 00 to Cl. As w goes on from wi to C02, then to a>3, and 
back to zero, p(u) decreases steadily from €1 to 62, then to C3, 
and finally to — 00. We have already seen that, in our problem 
of the spherical pendulum, p{u) is constrained to lie in the 
interval €3 ^ 62. Hence u must lie on that middle line of the 
period rectangle which is the join of C03 and 2coi + Since 
w = i + /3, where t is necessarily real and jS is an undetermined 


_ 


U~2u)^ 


p=e^ 


P-e, 


Fig. 26 
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constant, we see that jS must be the pure imaginary half-period 
0 ) 3 . This gives the final result 

z = -^-^p(< + W3) (46.10) 

for the depth of the moving particle below the center of the 
sphere. This expression, while theoretically complete, is not in 
a satisfactory form for the purposes of calculation. It follows, 
from (46.9), that the value of p{u) depends on three arguments, 
Uy g 2 y and ; so that if one were to construct a table of its 
values, one would require a triple-entry table. This difficulty 
may, however, be avoided by inverting (46.10) and expressing 
t by means of Legendre’s normal elliptic integral of the first 
kind, F(0, k) (see (45.3)). This is best done with the aid of the 
Jacobian elementary elliptic functions sn, cn, and dn, w hich ma y 
be defined in tenns of p(u) as follows. Writing v--= Vei — es.t, 

we put I - 

sn y =-y /- 7 ~ , V = Vci — e- 3 .t. (46.11) 

\p(/) - €3 

As t varies from 0 to coi, sn v varies from 0 to 1; and as t varies 
from 0)1 to 2 coi, sn v retraces its values from 1 to 0. Then, as t 
continues to increase from 2 coi to 3 wi, sn i; varies from 0 to — 1; 
and, finally, as t increases from 3coi to 4a;], sn?; retraces its 
values from — 1 to 0. As t keeps on increasing, sn v again goes 
through the cycle 0, 1, 0, — 1 , so that it is a periodic function 
with the period 4 a;i Vci — e-s. Since sn?; is not greater than 
unity in absolute value, we may put 

snv = sin </>, (46.12) 

where 0 is real. Upon writing cos (^ = cn ?;, we have 


VP(<) - e-i 

Denoting the similar expression .. by dn v, it readily 

\pit) -es 

follows that dn'^ v = l — sn^ v, where 


jfc = 



< 1 , 


and is known as the modulus of the elliptic functions. 



166 


THEORETICAL MECHANICS 


If we differentiate (46.12), we find sn t; = cos0 and, 

dv dv 

using (46.11), this is seen to be equivalent to 

~ 1 dp , dd> 

- f — COS0 

2 [p(t) - dt dv 

But ^ = ± 2 Vb(t) - e,\lp(t) - € 2 ][p(t) - es]; [By (46.6 a)] 


and a consideration of (46.9) shows that we must use the nega¬ 


tive sign. We have, then. 



cn 27 dn 27 = cos 0 ^ ~ sn 27, 

dv dv 


or 

d± 

dn2; Vl —A:^sin^0 


Hence 

V = p——#-= f( 4>, k), 

Jo Vl — 

(46.13) 


where the lower limit is determined by the fact that when r — 0, 
^ = 0, and sn 27 = 0, so that sin 0 = 0, and we may take 0 = 0. 
We see, then, that 0 is the amplitude of the elliptic integral 
F((f>, k) which gives Vy and it is for this reason known as the 
amplitude of the elliptic functions. 

By using the elliptic-function formula 


[p{t + - e:i\\p{t) — 63] = (ci - 63)(^2 - cs), 


we may replace the p-function which occurs in (46.11) by the 
depth z which is connected with the p-function by the equation 
(46.10). Thus 

r ei - 63 ^ jp(t + m) ^ [zj- z 

p{t) — ez \ 62 — 63 yZ3 — Z 2 


sn27 




The depth z of the particle on the sphere is, then, connected 
with the time by the formulas 


0 = arc sin 


in,/^ 

\IZ3 - 


— Z 

— f 

Z2 


t = 


Vci — 63 


_ F{cl>, k) 




jfc = 




(46.14) 
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The time is counted from the position of the particle for which 
0 = 0 , that is, from the lowest point 2 ; = 2:3 reached by the 
particle. The time taken to reach the higher circle 2 ; = 2:2 is 
given, on putting as 


2 : 1 ) 

and the time taken to fall back to the lower circle is again equal 
to this. The vertical motion of the particle on the sphere is 
periodic, the period being 

T = - ■ (46.15) 

Vfif(23 - Zl) 

47. The small oscillations of a spherical pendulum about a coni¬ 
cal pendulum motion. In the conical pendulum motion we have 

Z 2 = zz — l cos 00 , say, and as 2:1 + 2:2 + 2:3 = in general, we 

^ ^ or_ n Tx/r_ t. (J /;•> o 


find = 

23 

case, so that 


2/cos00. Moreover, — in this 

2^2 


z,=-i(cos 0 o + -V) and , 3 - 

2 \ cos 00 / 2 cos 00 

If, now, we suppose the particle to be slightly disturbed from 
its steady conical pendulum motion, so that 2:3 — 2:2 is infini¬ 
tesimal, we may neglect all but the first term in the series (45.4) 

and put K = ^. We find that the particle executes a simple 

periodic vertical vibration about its previous steady conical 
motion, the period being given by (46.15) as 

T- _ 1 _-9-7r /-.... f47i) 

I m + 3c6sm ~ ^9 l + 3cos^’0o ^ 

\ 4 P cos 0^ 

This nutation involves a periodic vibration about the constant 
angular velocity 0 of the steady conical pendulum motion. For 
the angular-momentum integral p^4> = c, on expanding 0 as a 
power series in (0 — 0o), gives 


,/(l + 3cos^0o) 


Psin^d Psin^do 


[1 — 2 cot 0o(0 0o) H— *]‘ 
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— (cos 2 TTPi — 1)1, approximately 

TP J 


(cos 2 TPt — 1). 


Writing 0 — 0o = A sin 2 tpI, where 

l^JL to l+3cos^go 
T 2 TT \ Z cos 00 
is the frequency of the nutation, we have 

0 = ^ f 11 + — - (cos 2 TTJ/Z — 1) I, approximately 

Z- sm-uoL 2 TTj' J 

= +. (COS 2 TP/f - 1). (47.2) 

Vl,+ 3cos2 0o 

We measure 0 from t = 0 and avail ourselves of (46.7) to give 

c = Z^' sin-do-x -—for the conical pendulum motion. 

\Z COS0O 

The formula (47.2) gives the precessional motion of a spheri¬ 
cal pendulum which is executing small vibrations about a steady 
conical pendulum motion. The discussion of the precessional 
motion of a spherical pendulum in general is somewhat com¬ 
plicated, as it involves elliptic integrals of the third kind, that 

is,""of the type . . > where n is a 

Jo (l + nsin2 0)Vl-P sim^0 

constant. For the details of the discussion the reader who is 
interested is referred to any treatise on elliptic functions. 

48. Determination of the reaction of the sphere. Since the di¬ 
rection cosines of the inward normal to the sphere at any point 

(x, y, z) are (~ y' three equations 


where n is a 


— Ry 


mz —mg — 


In order to eliminate the acceleration components, we differ¬ 
entiate the equation + y- + z^ = twice with respect to the 

time. Thus we get . , • , • 

xx + yy + zz = 0, 

and xx + yy + zz -\-x^ + y^ + z^ = 0, 

or XX + yy + zz = — v^. 

The elimination of (x, y, z) gives 

R = m (48.1) 

This reduces, by use of the energy integral (46.2), to 

I 


(48.1 o) 
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The particle will leave the supporting sphere at the height 

_ L _ t 

2 : = — if it reaches this height, that is, if — is in the interval 
09 Sg 

Z 2 <^< Z 3 . This will happen if h<Sgl and if/a / —] is 
og \Sgl/ 


positive 


EXAMPLES 


1. The two bounding circles for the spherical pendulum are at 

depths 2:2 = “ V* depth at any time t after the 

particle passes through a point of lowest depth, and determine the 
reaction R of the sphere. 

Solution. We first find the value of the constant h which occurs 
in the energy integral = 2 gzh. At each of the bounding circles 
2 = 0, so that = p2<^2 _ (p __ 2:2)02^ and p^(i> = c, so that, at the 

circle Z2, V2 = p2<i>2 = — = Similarly, at the lower bounding 

5 ^ P2 4 ^ 

circle, ra = ^; and we have the two equations 


Eliminating c, we have A = — Hence 21 -f 2:2 + 23, being equal 


19/ 977 

to — has the value J whence 2i = ~ -77— • 
2 g 35 35 


From this we find 


at once k ■ 


4 


23 " 22 


/23 - 

23 — 2 
23 - 22 ' 


2i ” ( 46 . 14 ) gives 

sin^(t> = sn^r = sn^ yj] 


Q 


12 P 


(23 - 2 i) • t. 


Upon substituting the values of (21, Z2f 23) obtained above, we find 


Moreover, 



2. The particle being projected initially in a horizontal direction, 
determine whether it will rise or fall; and if it rises, determine the 
greatest height to which it will rise. 

Solution. Denote the initial depth below the center by 20, and the 
initial horizontal velocity by V so that = 2 gzo + h. Now 20 is a 
zero of the cubic polynomial/a(2) — (2 gz h)(P — z^) ~ of ( 46 . 4 ), 
so that the other two zeros are found, on dividing fs(z) hyz — Zo and 
using = 2 gzo + h, to satisfy the quadratic equation 

2 gz^ + V^z -f ZoV^ -2gP = 0. 



170 


THEORETICAL MECHANICS 


The greater of the two roots of this quadratic gives the second bound¬ 
ing circle, and the particle will rise or fall according as Zo is greater 

or loss than this root (-+ Vv* - 8 |,aV + 16 

4 g 

particle rises or falls according as 

^ g{P - ^o^). 

The particle will always fall if zq is zero or negative, that is, if 
the initial position of the particle is not below the center of the 

sphere. If Zq is positive, the inequality determines 

^0 

the velocities necessary to make the particle rise. If the particle 
rises and does not leave the sphere, the greatest height reached is 
V. + VV-8,r.V + 16 ,--|. , „ 

4 g 

sphere before reaching the upper bounding circle, the greatest height 

reached is z = -= 

o g 3 3 g 
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ommend a single book on mathematics for a student of theoretical physics, 
we should choose this text. 


EXERCISES 

1. A particle is projected horizontally along the interior surface 
of a fixed smooth hemisphere, the axis of which is vertical and 
whose vertex is downward. Given the point of projection, determine 
the velocity required in order that the particle may ascend exactly 
to the rim of the hemisphere. 

2. Prove that a seconds pendulum, when taken to the top of a 
mountain h miles high, will lose nearly 21.6 h beats in a day. 
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3. The point of suspension of a simple pendulum has a horizontal 
motion expressed by x = a cos mt. Find the effect upon the motion 

of the pendulum when ?n“ = ^» approximately. 


4. A train is running smoothly along a curve at the rate of 60 miles 
an hour, and a pendulum which would ordinarily oscillate seconds is 
observed to oscillate 121 times in 2 minutes. Show that the radius 
of the curve in which the train is running is very nearly j mile. 


6. The bob of a pendulum which is hung close to the face of a 
cliff is attracted to the cliff with a horizontal force of magnitude / per 

ttI^ 


unit mass. Show that the time of a beat is 
the length of the pendulum. + Pr 


where I is 


6. Find the greatest angle through which a person can oscillate 
in a swing whose ropes can support a tension equal to twice the 
person’s weight. 

7 . Prove that if a seconds pendulum makes a complete finite 
oscillation in 4 seconds the angle a of a quarter-swing is about 160 °. 


8. A pendulum oscillates in a medium of which the resistance 
per unit of mass is kv'^. Prove that when powers of the arc above 
the first are neglected, the period is the same as in the absence of 
resistance, but that the time of descent exceeds that of ascent by 



where a is the angular amplitude of the descent and I is 


the length of the pendulum. 


9 . A particle moves on a smooth cycloid, whose axis is vertical 
and whose vertex is downward, under gravity and under a resist¬ 
ance varying as the velocity. Prove that the time of falling from 
any point to the vertex is independent of the starting point. 


10. A particle is projected horizontally from the lowest point of a 
smooth elliptic arc, whose major axis 2 a is vertical, and moves under 
gravity along the concave side. Prove that it will leave the curve 
if the velocity of projection lies between (2 ga)^ and [ga {5 — 


11. A smooth horizontal circular wire rotates uniformly about a 
point in its plane. Prove that the motion of a bead in the wire will 
be the same as that of the bob of a simple pendulum. 


12. One end of an elastic string, natural length a, modulus X, is 
tied to a fixed point on a smooth horizontal table, and the other end 
is tied to a particle of mass m which rests on the table. If the mass 
is pulled to a distance 2 a from the other end of the string and is 
then let go, show that it will return to its original position at regular 

intervals 2(7r + 2) • 
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13 . A particle begins to move from a distance a toward a fixed 
center which repels according to the law iir. If its initial velocity 
is show that it will continually approach the fixed center but 
will never reach it. 

14 . A particle of mass m moves on the inner surface of a cone of 
revolution, whose semivertical angle is a, under the action of a re¬ 
pulsive force ^ from the axis. The angular momentum of the 

particle about the axis is mix^ tan a. Prove that its path is an arc 
of a hyperbola whose eccentricity is sec a. 

16 , Discuss the motion of a heavy particle on a smooth paraboloid 
of revolution placed with its axis vertical and its vertex downward. 
Show that the pressure at any point is inversely proportional to the 
radius of curvature of the parabola. 



CHAPTER VI 


CENTRAL FORCES; NEWTON’S LAW OF UNIVERSAL 
GRAVITATION 

49. Motion under a central force. We have already seen in § 37 
that the path traced out by a particle moving under the action 
of a central force is a plane curve. Introducing polar coordi¬ 
nates (r, 6) in the plane of this curve, the origin being at the 
center 0, we have, on denoting the magnitude of the central 
force by m/(r), the following two equations, expressing the 
accelerations along and perpendicular to r (see (30.9)), 

r-r02=:_/(r), (49.1) 

1 £ (rW) = 0. (49.2) 

T at 

The magnitude of the central force is assumed to be independent 
of 6, The central force is taken as acting toward the center 0. 
If it acts away from O, we have merely to change the sign 
before /(r). 

If A denotes the area swept out by the radius vector to the 
moving particle, measured from any convenient initial radius 
vector, the equation (49.2) is equivalent to 

^(2 =0, or ^ = constant. 

dt\ dt! dt 

We have, then, the result that in motion under a central force 
the radius vector sweeps out areas at a constant rate. This 
result is a special case of the angular-momentum-integral 

theorem stated at the end of § 42. For = 2 ^ is the mag- 

at 

nitude of the angular momentum of a particle of unit mass 
about the point O through which the force vector always acts, 
and is therefore a constant. 

We may use the angular-momentum integral r^d = C to re¬ 
move the time variable from (49.1), thus obtaining a differential 
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equation connecting r and 0 , that is, the differential equation 
of the path. Thus 


^ n _ C _ 

dd r-dd* 


and 


r 


C /C o d^ 

f^ddKf^de) dd'^ 


where u- — 
r 


C2 


Moreover, rd- = — = C-u \ so that (49.1) becomes 


d^u 

dd^ 


+ u = 



(49.3) 


where / is the magnitude, per unit of mass, of the applied force 
toward the center. 

The simplest case, and also that of greatest importance, is 
that where the right-hand side of (49.3) is constant. We have, 
then, / = ku-y so that the applied central force is inversely 
proportional to the square of the distance from the fixed 
center O. Our equation (49.3) becomes 


of which the general solution is 

M - ^ ^ cos (0 - 5), (49.4) 


where A and 5 are constants of integration. This is the polar 
equation of a conic of which the origin 0 is a focus and for 
which the line through O, 0 = 5, is an axis of symmetry. In 
fact, the polar equation of a conic, with the origin at a focus 

and with the polar axis an axis of symmetry, is r = --^ 

1 -h e cos 0 

where I is the semichord through the focus perpendicular to 

the axis, and e is the eccentricity. Comparing this with (49.4), 
n2 AC^ 

we have i = —» e=^—rr’y ^ we may rewrite (49.4) in 
the form 

M = ^ (1 + C cos 6), ' (49.4 a) 

where the axis of the conic through the focus has been taken 
as the polar axis 0 = 0. 

If the conic traced out by the particle happens to be an ellipse, 
the time T taken to make a complete circuit is readily found. 
dA 1 

Since 2 — = C, we have A = - Ct, where A is the area swept 
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out by the radius vector measured from the radius vector cor¬ 
responding to i = 0. If a is t he sem imajor axis of the ellipse, 
the area of the ellipse = Vl — and I = a(l — e ^); so that 


2 7ra^ Vl •— _ 2 iraH^ _ ^ ira^ 

C C ‘ 


(49.5) 



In deriving this formula the accompan 5 dng figure may prove 
useful. The question as to whether 
the conic is an ellipse, parabola, or 
hyperbola — that is, whether e is 
less than, equal to, or greater than 
unity — may be answered by con¬ 
sidering the energy integral. Thus 52 = aHl- e^) l=a(l- e^) = ~ 
we have, on multipl 3 dng (49.1) by 27 ^ 

f and integrating with respect to 

after elimination of 6 by means of the angular-momentum inte¬ 
gral r^6 = Cf the energy integral 

f^ ^ — 2 J' f{s)ds + constant. (49.6) 

1 k 

Writing r = - and /(r) = ~ = this becomes 
u 




. 4- = 2ku + constant. 


The expression on the left-hand side of this equation is the 
square of the velocity of the particle, and so the constant on 
the right-hand side is the square of the velocity when w = 0, 
that is, when r = 00 . Denoting it, therefore, by we have 

^ = 2ku + vj. (49.7) 

It readily follows, from (49.4 a) and (49.7), that 

C = (49.8) 

Hence the conic is an ellipse, parabola, or hyperbola according 
as vj^ is negative, zero, or positive, that is, according as the 
square of the velocity at any point is less than, equal to, or 

9 3L 

greater than —. If fe is negative, so that the central force is 
a repulsive one, the path is always a hyperbola. The meaning 
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of < 0 is that in this case the conic is an ellipse and the 
particle never goes off to oo. The expression is simply an 
2 k 

abbreviation for -The potential energy, relative to oo, 


IS 


— mk 


EXAMPLE 


What is the form of the path when there is superimposed on the 
inverse-square central force a central force directed toward the same 
center and inversely proportional to the cube of the distance? 

Solution. Denoting the magnitude of the additional force by 
our equation (49.3) becomes 


d^u , k , €U 


or 


dd^ 


- € 

and its general integral is 




(1) M = ^ 2 ^ + ecos-vjl - ^ - 5)] when e<C^, 

k 


(2) u = A + Bd + 


2C2 


when e = 


(3) 


u = ^ ' ^ ' q 2 \^' I . (0 — 5) j when e > 


du 


These are, in general, not closed curves. In order that u and ~ may 

dw 

repeat their values, we must limit ourselves to case (1), where e < ; 

6 must then increase by or 2 tt |^1 + ‘ ' 




If — is small, and if the curve which would be described under the 

action of the inverse-square force alone is an ellipse, we may regard 
the curve (1) as closely approximated by a slowly revolving ellipse. 
During each revolution of the particle in its elliptical orbit the 
major axis of the ellipse advances (in the direction in which the par¬ 
ticle moves) by an amount equal to of a complete turn. If the 

inverse-cube force is repulsive, we make e negative, and note that 
the major axis moves in the opposite sense to that of the particle. 


50. Kepler’s laws of planetary motion and Newton’s law of uni¬ 
versal gravitation. The following three laws governing the mo¬ 
tion of a planet about the sun were stated by Johannes Kepler 
(1571-1630). 
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1 . Each planet moves, relative to the sun, in an ellipse 
having one of its foci at the sun. 

2. The areas swept out in equal times by the radius vector to 
the planet from the sun are equal. 

3. Calling the time taken by a planet to describe its elliptical 
path around the sun its period, the cubes of the major axes of 
the various planetary ellipses are directly proportional to the 
squares of the corresponding periods. 

The first two of these laws were published (in 1609) in 
Kepler's work on the motions of Mars, and the third (in 1619) 
in his ''De Harmonice Mundi." That Kepler’s three laws are 
equivalent to a single simple law was discovered by Newton. 
Introducing a system of polar co(3rdinates (r, 0) as in § 49, 
Kepler’s second law states thatr^^ = C, indicating that the force 
exerted by the sun on the planet is central, the center being at 
the sun. The first law states that 


u = 


1 + ^ cos 6 
I 


or 


i 


Comparing this with (49.3), we see that the central force is 
directed toward the sun and is inversely proportional to r^. 

Denoting the magnitude of this central force by Kepler's 

third law, as is seen at once from (49.5), states that k is the same 
for all the planets. Conversely, as we have already seen in § 49, 

krtx 

the assumption that there is an attractive central force — 

toward the sun acting on each planet, k being the same for all 

the planets, leads to Kepler’s laws (on the assumption that the 

\ 2 

square of the velocity of each planet is always less than — j. 

In this reduction of Kepler’s three empirical laws to a single 
equivalent statement about the force acting on each planet, the 
assumption was made that the sun was fixed, that is, that a 
reference frame whose origin is at the sun and whose axes have 
fixed directions relative to the fixed stars is an inertial frame. 
Newton was later led to make his remarkable generalization 
known as the ''law of universal gravitation,” according to 
which any two m'aterial particles exert, each upon the other, 
an absolute force which is directed toward the influencing par¬ 
ticle and whose magnitude is inversely proportional to the 
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square of the distance between the particles. Thus the mag¬ 
nitude of the force on a particle mi, due to the action of a second 

particle m 2 , is and the magnitude of the force on m 2 due 

to the action of mi is - where Xi and X 2 are constants and 
r- 

where r is the distance between the particles. (That the force 
exerted by each particle is proportional to its mass follows from 
the principle of the independent action of absolute forces.) 
Newton's third fundamental law, stating the equality of action 
and reaction, gives X 2 mi = X]m 2 , or Xi = ixmu X 2 = where 
/X is a constant which is the same for the two particles. The 
magnitude of the absolute force on m 2 due to the influence of 

mi may, then, be put in the form Newton assumed that 

/X is a universal constant; that is, that its value is the same, 
no matter where the particles mi and m 2 are situated, and no 
matter what is their chemical constitution or their physical 
state. In addition, it is assumed to be independent of the 
velocities of the particles and of any intervening matter. It 
is known as the gravitational constant; and when the centi¬ 
meter, gram, and second are employed as the units of length, 
mass, and time respectively, it has the value 6.66 X 10~®. The 

first accurate measurements were 
made in 1798, by Henry Cavendish 
(1731-1810). 

The sun and the planets are such 
large distributions of matter that it 
is important to see how they can, 
Fig. 28 without sensible error, be regarded 

as particles. Let us first consider the 
attraction of any spherical distribution of matter upon an external 
particle, supposing that the density p of the matter in the sphere 
is a function of the distance r from the center. It is apparent, from 
considerations of symmetry, that the resultant attraction is directed 
toward the center of the sphere; and its amount is seen to be 




{R^ = r2 + c2 — 2 cr cos 6) 


where m is the mass of the attracted particle, and (r, 6, </>) are space 
polar coordinates whose origin is at the center of the sphere and 
whose polar axis passes through the particle. Here c is the distance 
from the center of the sphere to the particle. Upon integration with 
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respect to </>, we get 2 tijliu 



and we make use 


of the relation — 2 cr cos 6 to change from the variable 

$ of integration to the variable R. Since r is constant in the integra¬ 
tion with respect to d, we have RdR = cr sin 6 dO ; and, on writing 


cost/': 


4- R^ - r2 


2 cR 


OUT integral becomes 




+ ■ 


R^ 


■) 


dR, 


where a is the radius of the sphere. This integral = 4 irpr^ dr = 

> where M is the mass of the sphere. Hence a sphere whose mass 


is distributed in such a way that the density is a function of the dis¬ 
tance from the center alone, attracts an external particle as if the 
entire mass were concentrated at the center of the sphere. From the 
principle of independent action of absolute forces we infer that such 
a spherical distribution of mass attracts any distribution of matter 
external to it as if the total mass of the sphere were concentrated 
at its center. If the second distribution of matter is also spherical, 
with its density a function of the distance from the center alone, a 
second application of this result shows that the attraction between two 
such spherical distributions of matter is the same as that between parti¬ 
cles of equivalent masses located at their centers. If, then, we regard 
the sun and the planets as effectively spherical in shape, with their 
densities varying merely with the distance from their centers, we may 
treat them as particles of equivalent masses located at their centers. 


Let us denote by M the mass of the sun, and by m the mass 
of a planet. The origin O of our reference frame, supposed to 
be located at the center of mass of the sun, has now an acceler¬ 


ation, with respect to an inertial frame, of amount ^ directed 
toward the planet. The relative force on the planet is accord¬ 
ingly (see (35.1)). Identifying this with our expres- 




r- 


km 


Sion —of §49, we have + 


(50.1) 


Kepler's third law, which is equivalent to saying that k is the 
same for all the planets, must therefore be regarded as merely 
an approximation to Newton's improved statement that the 
cubes of the major axes are proportional to M + m times the 

squares of the corresponding periods. The ratio ^ is, however, so 

small for the various planets that the approximation furnished 
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by Kepler's third law is extremely good. The new statement of 
the third law may be put in the form 


^ _ At(M + 

~ 4 TT^ 


(50.2) 


61. Approximate evaluation of the absolute acceleration of the 
earth’s center. The eccentricities of the planetary orbits are 
so small that these orbits may be regarded as approximately 
circular (the eccentricity of the earth's orbit is .0168, and that 
of Mercury, for which the eccentricity is greatest, is .2056). 
The semimajor axis a of the orbit is, then, known as the mean 
distance from the sun. For the earth this mean distance is 
92.9 X 10^’ miles; it may be calculated from a knowledge of 
the sun's parallax, that is, the angle subtended at the center 
of the sun by two points on the earth whose distance apart is 
equal to the radius of the earth, or by determining the mean 
velocity of the earth from the aberration of the stars and the 
known velocity of light.* The period of the earth in its orbit is 
approximately 366.25 sidereal days. It follows, from (50.2), that 

M(8f + E) = 4.7xl0^ (51.1) 

where S is the mass of the sun, E is the mass of the earth, and 
the units of length and time adopted are the foot and the second. 
We may deal similarly with the motion of the moon around the 
earth, the mean distance a being 238,840 miles, and the period 
being 27.32 days approximately. We find 

fi(E + M) = 1.42 X 1016, (51.2) 

where M is the mass of the moon, and the units of length and 
time are again the foot and the second. Upon dividing (51.1) 
by (51.2), we have 

1+1 >#^>3.8x105, 

E E+ M 

C 

SO that is greater than 3.3 X lO^. We may accordingly 
neglect the mass of the earth in comparison with that of the 
sun. If we wish to calculate the magnitude ^ of the inertial 
acceleration of the earth due to the attraction of the sun, we may 

♦ See F. R. Moulton's "Introduction to Astronomy" (The Macmillan Company, 
1919). 
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identify this with ^ where a = 92.9 X 10^ X 5280feet. 

We find in this way, from (51.1), that the magnitude of this 
acceleration is approximately 

.019 feet per second per second. (51.3) 

The earth is also attracted by the moon and the other planets, 
but by far the most predominant terms in its inertial accelera¬ 
tion are those due to the attraction of the sun and the moon. 
Given a knowledge of the relative mass of the moon and the 
earth, the inertial acceleration of the earth due to the attraction 
of the moon may be calculated from (51.2), the result prov¬ 
ing to be about six thousandths of that due to the attraction 
of the sun. (The determination of the relative mass of the 
moon and the earth involves, however, a discussion of the dis¬ 
turbing action of the sun on the elliptical motion of the moon 
around the earth.) We see that when the origin of our refer¬ 
ence frame is at the center of the earth, the part of the apparent 
force on any particle which is due to the acceleration of the 
origin with respect to an inertial frame is very small, since 
this acceleration is less than .02 feet per second per second. 
We shall consider this negligible, or, in other words, we shall 
suppose the center of the earth to be fixed in an inertial refer¬ 
ence frame. 

It may be well to point out here that even though the accelera¬ 
tion of the earth's center due to the attraction of the moon is 
less than six thousandths of the acceleration due to the attrac¬ 
tion of the sun, the attraction of the moon is the more important 
when we are considering such questions as the formation of 
tides etc. When we are dealing with the effect of the attraction 
of the sun or the moon upon objects on the earth's surface, what 
comes into play is the difference between the acceleration of 
such an object due to this attraction and the acceleration of the 
earth's center. If r denotes the distance from the center of the 
earth to the sun (or moon), and a is the radius of the earth, this 

difference is of the order of magnitude C 2 

if - is small. In this expression ~ denotes the magnitude of the 

r 

acceleration of the earth's center due to the attraction of the 
sun (or moon). Since the distance from the earth to the sun is 
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about four hundred times the distance to the moon, the tide- 
producing effect of the moon proves, by this rough calculation, 
to be about two and a half times that of the sun. 
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EXERCISES 


1. Prove that the greatest radial velocity of a particle describing 
2 TTClCd 

an ellipse about a focus is- ^^—»where 2 a is the major axis, 

e the eccentricity, and T the periodic time. 


2 . When a hyperbola is described as a central orbit about a focus, 
prove that the rate at which areas are described about the center is 
inversely proportional to the distance from the focus. 

3. If the acceleration of a particle is directed to a point F and 
varies inversely as the square of the distance, prove that there are 
two directions in which it can be projected from a point P so as to 
pass through a point Q, and that the velocity of arrival at Q is the 
same for both. Prove also that the angle between one of the direc¬ 
tions of projection and PQ is the same as the angle between the other 
and PF. 


4. Prove that the focal radius and vectorial angle of a particle 
describing an ellipse of small eccentricity e, at time t after passing 
the end of the major axis nearer to the focus, are given approxi¬ 
mately by the equations 

f = a(l — e cos ^ ^ cos 2 nt)^ 

$ nt2 e sin nt + ^ sin 2 rd^ 


o _ 

where 2 a is the major axis and is the periodic time. Prove also 

n 

that if is neglected, the angular velocity about the other focus 
is constant. 
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6 . A comet describes a parabola. Show that its velocity per¬ 
pendicular to the axis of its orbit varies inversely as the radius 
vector from the sun. 

6 . A comet of mass m, describing a parabola about the sun, 
collides with an equal mass m at rest, and the masses move on 
together. Show that their center of gravity will describe a circle 
about the sun as a center. 

7. The earth’s orbit being regarded as a circle, prove that a 
comet, describing a parabolic orbit in the same plane, cannot remain 

2 

within the circumference of the earth’s orbit longer than -— of a year. 

O TT 

8 . The constituents of a double star describe circles about each 
other in time T. If they were deprived of velocity and allowed to 

T 

drop into each other, prove that they would meet after a time-- 

4(2)i 

9. A particle moves in a conic, so that the resolved part of the 
velocity perpendicular to the focal distance is constant. Show that 
the force tends to the center of the conic. 

10. Discuss in some detail the motion of a particle under a central 
force attracting according to the inverse-cube law. 

11 . If the law of force is F = where w = - » and the orbit 

T 

is nearly circular, prove that a first approximation to the path is 

= c[1 + M cos (p0 + a)], where= 1 -- ^ 77 ^* 

/(c) 

12 . A particle describes a circle about a center of force situated in 
its plane. Find the law of force and the motion. 



CHAPTER VII 


THE DYNAMICS OF A SYSTEM OF MATERIAL PARTICLES 

52. The external and internal forces of the system. We shall 
consider a system of n material particles each of which has, at 
any time ^ = fo, a known position and velocity relative to any 
convenient reference frame. Under the gravitational influence 
of the remaining particles of the system, and the influence of 
any external absolute forces which may be applied, each par¬ 
ticle of the system will possess an acceleration A^^^ relative to 
the reference frame in use, so that there will be a relative force 

Fr^^^ = (A:= 1, 2, • • •, n) 

acting on the kth particle, whose mass we denote by mk> We 
may analyze Fr^^^ into two parts (see (35.3)) : 

1. The absolute force Fa,x^^\ due to the remaining particles of 
the system. This we shall call the internal force acting on the 
Jkth particle. 

2. The relative force Fr,/^\ which the A:th particle would 
experience under the action of the external forces if it were 
screened from the gravitational attraction of the remaining 
particles of the system. This we shall call the external relative 
force on the kth particle. 

Newton's law of action and reaction postulates that the sys¬ 
tem of localized vectors ¥a/^^{k = 1, 2, • • *, ri) is a zero system; 
that is, that it has a zero resultant R and a zero moment G 
about any point. The equations 

^ .(A) + (^: = 1, 2, . . ., n) (52.1) 

then tell us that the system of localized vectors 

F/^> (fc = l,2, •..,n) 

is equivalent to the system of localized vectors Since 

= niktky where ik is the vector from the origin O of our 
reference frame to the kth particle, the system Fr^*^ is the time 
derivative of the system of localized vectors with respect 

184 
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to the reference frame in use. This system may be called the 
momentum system. Its resultant 

R = (52.2) 

is the total relative linear momentum of the system of n par¬ 
ticles, and its vector moment G about the origin 

k^n 

[r*.mifi] (52.3) 

Jk-1 

is the total relative angular momentum of the system of n 
particles about the origin. We have, then, the following funda¬ 
mental result: 

The time derivative of the momentum system of localized vectors 
is equivalent to the external-applied-relative-force system of localized 
vectors. 

If we denote the center of mass of the n particles by G, the 
vector OG = tq is defined by the equation 

k^n k=n 

Mtg — rrikTk, where M = '^mk. (52.4) 

Jk - 1 ik - 1 

The resultant of the momentum system of localized vectors is 
thus R = Mfc. Hence we have 

j 

^ (Mtg) = the resultant vector of the extemal-applied-force 
system. 

In other words, the center of mass of the system of n particles 
moves as if the total mass of the system were concentrated 
there and all the external applied forces acted through it. It is 
this result which makes so useful the results of particle dynamics. 
A material particle is a fiction, but the center of mass of a sys¬ 
tem which can be imagined as built up of a number of material 
particles moves as if it were a material particle itself. 

If we happen to be using a non-inertial reference frame which 
has no rotation with respect to an inertial frame, the part of 
the relative external force on the kth particle which is due to 
the acceleration of the reference frame with respect to an iner¬ 
tial frame is — mkA, where A is the acceleration of any point of 
the framework relative to the inertial frame. This localized- 
vector system consists of parallel vectors and is equivalent to a 
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single localized vector through the center of mass of the system 
of particles (see § 20). Hence if we take moments about the 
center of mass, we may neglect the centrifugal forces due to 
the non-inertial character of the frame. In other words, 

The time rate of change of the angular momentum of the system 
about its center of mass is equal to the moment of the external 
applied absolute forces about this center. 

Thus we may say that the motion of the system of particles 
about its center of mass is the same as if the center of mass were 
fixed in an inertial frame. Of course, this result holds only for 
a non-inertial frame without rotation. 

From the results just obtained we see that it is convenient to 
divide the discussion of the motion of a system of material 
particles into two parts: (1) the motion of the center of mass 
(a problem in particle dynamics); (2) the motion of the system 
relative to its center of mass. 

A particularly simple, yet important, case occurs when there 
are no external applied forces. We are then dealing with a 
system of material particles moving under the influence of the 
internal forces of the system alone. The center of mass will 
remain at rest in an inertial frame, and the angular momentum 
of the system about its center of mass will not vary with the 
time. Regarding the solar system as an example of such a 
djmamic system left to itself, we have Laplace's invariable plane, 
that is, a plane through the center of mass of the system (prac¬ 
tically the center of the sun) perpendicular to the representative 
segment of the angular momentum G of the solar system about 
its center of mass. 

The various bodies of the solar system are here regarded as par¬ 
ticles. If they are regarded as spheres whose strata of equal density 
are concentric spheres, the force on each body due to the attrac¬ 
tion of the others passes through its center. Hence its angular 
momentum about its center is constant. If we take this angular 
momentum into account, we obtain a second invariable plane known 
as the dynamic invariable plane. (Laplace's invariable plane is 
known as the astronomical invariable plane.) In each case we are 
calculating the total angular momentum of the system about its 
center of mass. In the case of the astronomical invariable plane the 
angular momentum due to the rotation of each planet is neglected 
in the calculation. 
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53. The energy of a material dynamic system. If we multiply 
the equation ^ ^ ^ 

scalarly by iky and sum the resulting equation over the n par¬ 
ticles of the system, we obtain 

^ = S [(F,./*-‘.f,) + (F„./*'.f,)J, (53.1) 

k 1 


where T — \ ^ky^k{ik-ik) = i 'ZknikVk^ is the relative kinetic energy 
of the system. On the right-hand side of (53.1) we have the 
powery or activityy of the external relative forces and the internal 
absolute forces. We may state our equation in words as follows: 


The time rate of increase of the kinetic energy of the system is 
equal to the rate at which the external relative forces and the in¬ 
ternal absolute forces do work 07i the system. 


The internal force Fa, on the A:th particle is the sum of the 
absolute forces due to the other particles of the system. We 
know, from Newton’s law of action and reaction, that the force 
on the kih. particle due to thejth particle acts along their join 
and is equal and opposite to the force on the yth particle due 
to the A:th particle. We may, accordingly, write the force on 

the A:th particle due to the jih particle in the form 


where fkj=fjk and where r^y is the distance between the two 
particles. Hence the rate at which the internal forces do work on 
the system is „ „ 





(i =7^ k) 


Since fkj = /,*, this may be written in the form 


y /,, . (y > A:) (53.2) 

w n-y 

l<,j 
1 

Using the relation (r*: — ry)^ = rkr^ 
we obtain (r^t — Tj)(fk — iy) = ny hj, 

so that the activity of the internal forces is 


V 

k,j 

1 


(;>*) 


(53.3) 
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If all the distances are constant, the system of n particles 
is said to form a rigid dynamic system; and, from (53.3), we 
have the result that the power of the absolute internal forces of a 
rigid dynamic system is zero. 

We shall now make the assumption that each of the quan¬ 
tities fkj is a function of the corresponding distance rkj alone. 
Upon introducing the function Vi of the mutual distances rkj, 
as defined by 



y. = “S r ^ 

k,j 

we have 

11 

fkjt 

so that 

Vi^-Xhihr 

U>k) 


fc.i 

1 

In other words, the rate at which the internal forces do work 
on the system is — Vi; and — Vi may be regarded as measuring 
the work done on the system by the internal forces, measured 
from the configuration at any convenient initial time i = fo. 
Our equation (53.1) may now be rewritten in the form 

|(7’+y,) = i;(Fr..<*’.fa (53.4) 

dl i^i 

where Vi is called the internal potential energy of the system. 
This gives us the so-called energy principle : 

The rate of increase of the sum of the kinetic and the potential 
energy of the system is equal to the rate at which the external relative 
forces do work on the system. 

An especially important case arises when the external-force 
system is a gradient system. By this is meant that there exists 
a scalar function Ve of the vectors n, ro, * • *, Tn such that 


that is. 




Fr..^'^> = -grad;tye; 

y dV, 

oXk dyk 


where Yr,e^^\ are the components, in the ref¬ 

erence frame in use, of the relative-force vector Fr, In this 
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case we have ^ = — Ve, which shows that the rate 

k = 1 

at which the external relative forces do work on the system is 
— Ve; so that our result (53.4) takes the form 

^ (T + y. + y.) = 0, (53.4 o) 

or T + Vi + y. = constant. (53.5) 

Calling Ve the external potential energy of the system, the sum 
V = Vi + Ve is called the total potential energy of the system; 
and the equation 

T + V — constant (53.5 a) 

says that the total energy of the system, both kinetic and poten¬ 
tial, is constant. This result is known as the energy integral 
of the equations of motion of the system. The external forces 
are said to be conservative, the energy integral being referred 
to as the principle of the conservation of energy. Systems pos- 
sesfciing an energy integral may be said to be frictionless. IWc- 
tional forces do not have a potential, since the work done in 
a path between two points depends upon the path. In such a 
case, equation (53.4) would read as follows: 

The rate of decrease in energy of the system is equal to the rate 
at tvhich work is done against the external relative forces. 

This theorem has important applications in thermodynamics. 
54. The kinetic energy and angular momentum of a rigid dy¬ 
namic system. When we are dealing with a rigid dynamic sys¬ 
tem, it is convenient to introduce as a moving reference frame 
one which is attached to the system. The relative velocity of 
any particle of the system being then zero, the velocity of 
the A:th particle is, by (27.2), 

va: = vo+ [w.rA], (54.1) 

where vo is the velocity of the origin O, and <o is the angular 
velocity, relative to the frame with respect to which we wish 
to calculate the kinetic energy and the angular momentum of 
the system, of the frame which is attached to the rigid system. 
It follows from (54.1), on using (3.11) and (3.19), that 

Vk^ = vo^ + (2 a).[rA;.vo]) + o)^rk^ — (rfc.a))^. 
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Denoting the vector OG, where G is the center of mass, by tg, 
we have for the absolute kinetic energy T the expression 


Jt==l n 

+1 X - (r*-®)-J- (54.2) 

n 

where M = ^mk is the total mass of the system. If we denote 

fc-i 

by dk the distance of the particle ruk from the representative 
segment through 0 of the rotation vector co, we have 

^^ (n .o))-. 

dk^ = Tk-^ — - —, 

Cx)- 

and we may write 

T = I MVo2 + M(a).[r^;.vo]) + ^ Io)'\ (54.3) 

n 

where I = '^mkdk^ is known as the moment of inertia of the 
1 

system of n particles about the axis through 0 of the rotation 
vector 0 ). 

The angular momentum of the system of n particles about 
the origin O is 

and this is, by (54.1), 

G — M [iG .Vo] + ^ m* [r*2(o — (r*.») r*.]. (54.4) 


t[rt.WA,v*j, 


This expression may be readily remembered in the symbolic form 

(54.5) 


P dT 


that is, 




dT 


G,= 


dT 


' = —, 

do)x dcoy dojz 

which follows upon comparison of (54.2) and (54.4). It is appar¬ 
ent that a considerable simplification is introduced if we take 
the origin of the frame, attached to the rigid system of particles, 
at G, the mean center of the system. Using V to denote the 
magnitude of the velocity of the center of mass, we have, for the 
absolute kinetic energy T and the absolute angular-momentum 
vector G about the center of mass, 

T = I My2 -j-1 70,2, 

^ dT 


(54.3 a) 
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In using this last symbolic equation it must not be forgotten 
that / is a function of «, since if the direction of the vector a> 
changes, I takes a new value. 

55. The moment of inertia of a dynamic system. The moment 
of inertia I = of the system of n particles about any 

line through O is given by 

/ = l^krriklrk^ — (rjt. v)2], 

where v is the unit vector whose representative segment lies 
along the line through O about which the moment is being 
taken. Let us change our origin to a new point O' and cal¬ 
culate the moment of inertia about a parallel line through O'. 
We have = r' + r^, whe re a nd are the nonlocalized vec¬ 
tors which have 00' and O'Pa-, respectively, as representative 
segments. From this it follows that 

/ = /' + Mfr'2 - (F. v)-^] + r^.F - (r'.v)y). (55.1) 

When the new origin O' is the center of mass G of the system, 
= 0, and (55.1) takes the form 

/ = /' + M[r'2 - (r'.v)“^]. (55.2) 

This is known as the parallel-axis theorem. It states that the 
moment of inertia about any straight line may be found by 
adding to the moment of inertia about a parallel straight line 
through the center of mass the product of the total mass by 
the square of the distance between the two parallel lines. 

Let us now keep the origin 0 fixed and consider the moment 
of inertia / = — (r^ .v)^) as a function of the unit 

vector V. To do this we write it out in the form 

/ = + Bvy^ + CZ/.2 - 2 Fvyv, - 2 Gv,v^ ~ 2 Hv^Vy, 

where A = llknikiyk^ + Zk^)y etc., F = ^krrtkVkZky etc. 

Here A, H, and C are the moments of inertia about the coordi¬ 
nate axes, that is, the values of I when v has the presentations 
(1, 0, 0), (0, 1, "0), and (0, 0, 1) respectively. F, G, and H are 
known as the products of inertia about the three coordinate 
planes. Since / is a scalar quantity, it follows, from §§ 8 and 9, 
that (A, By C, — F, — G, — H) are the six distinct components, in 
the coordinate frame in use, of a symmetric tensor of the second 
rank. Furthermore, since /, from its very definition, cannot 
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be negative, the representative quadric surfaces of this tensor 
are ellipsoids. The particular representative quadric 


Ax^ + By'^ + Cz^ — 2 Fyz — 2 Gzx — 2 Hxy = 1 (55.3) 


is known as the momental ellipsoid of the system at the point O. 
It has the property that the radius vector r along v has the 

length The axes of the momental ellipsoid are known as 


the principal axes of the system at the point 0. 

The formulas for the kinetic energy and the angular momen¬ 
tum of the system about O, in terms of the components of the 
moment-of-inertia tensor, follow from the fact that 


I(jS^ — AcOx^ “h BcOy^ -f- — 2 — 2 GcCzCfix — 2 

Taking our origin at the center of mass G, we have 

r = I + Bco/ 

+ CcOz^ — 2 Fo)yO)z — 2 GcOzCOx — 2 Hco^coy), 

Gx = ^— = Ao)x — Hojy — CcOg, 

00i)x 

G„ = = - Hwx + Buy - Foo„ (55.4) 

C(j)y 

Gtz = — = — Go)x — Fcx)y -f- Co)z» 

00)z 


If the dynamic system has a fixed point, we may put the origin 
there. We then have 

= ^{Aoox^ “f" Bojy^ -|- Co)z^ — 2 FwyOJz — 2 GwzCOx — 2 Hc^x^y), 

[See (54.3)] 

From this we derive the same expressions as in (55.4) for the 

2 T 

components of G. The resolved part of G along <0 is — or /co 

CO 

in either case. Expressed in words, the angular momentum 
about an axis of a rigid system, whose motion is one of pure 
rotation about this axis, is 7co, where I is the moment of inertia 
of the system about the same axis. The same result holds, even 
when the motion is not one of pure rotation about an axis, 
provided the axis, about which the angular momentum is being 
calculated, passes through the center of mass of the system. 
Thus the center of mass plays the rdle of a fixed point, as far as 
this theorem goes. 
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When the reference frame is not specialized in any way, the 
corresponding results are 

T=\ Mt>o‘‘=+M(o).[rG.Vo]) + \ 

+ Co)z^ — 2 Fcoyco^—2 GcOj^x —2 Hcoa^y ), 

Gx = M(/3f - yv) + Acox - Hwy - Geo., 

Gy = M(y^ — Off) — HcjOx + Bo}y — Fco., (55.4 o) 

Gz = M (exTj — — Go)x — FcO|/ + Cco., 

where (ay /3, 7 ) are the coordinates of the center of mass and 
where (f, rj, f) are the components of the velocity of the origin. 

66 . Principal axes of inertia; spherical and circular points. It fol¬ 
lows, from the equations of definition 

A — ^^kyrikiVk^ -f Zk‘^)y etc., F = 'ZkmkVkZk, etc., 

that if we introduce a parallel reference frame whose origin O' has 
codrdinates (a, 6, c) in the old frame, the new moments and products 
of inertia are 

A' = A — 2 M(hp + C 7 ) 4- M(62 + c^), etc. 

( 00 . 1 ) 

F' - F - M{by + c0) + MbCy etc., 

(a, /?, 7 ) being the coordinates of the center of mass of the system. 
If the original origin is at the center of mass, (a, (3, 7 ) = (0, 0, 0), 
and we have 

A' = A 4- M(62 4 - c2), etc., F' = F 4- MbCy etc. (56.2) 

Let us now seek the condition that a straight line be a principal axis 
at one of its points. Taking the line as the 2 :-axi 8 of our reference 
frame, it is a principal axis at (0, 0, c); and we find, on equating F' 
and G' to zero in (56.1), that 

F - MeP = 0, G- Mca = 0, or ^ = Me. 

p a 

If a line is a principal axis at more than one of its points, the value 
of Cy as found here, must be indeterminate, and the line is a prin¬ 
cipal axis at all its points. In this exceptional case we have a = 0, 
/3 = 0, F = 0, G = 0, so that the line passes through the center of 
mass of the system and is one of the principal axes at the center of 
mass. Hence every line not passing through the center of mass is a 
principal axis at some point; but there are, in general, only three 
lines — namely, the three principal axes at the center of mass — 
which are principal axes at all their points. Lines through the center 
of mass which are not principal axes at the center of mass are not 
principal axes at any point. 

It follows conversely, from (56.2), that if a line through the center 
of mass is a principal axis at one of its points, it must be one of the 
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principal axes of inertia at the center of mass. Let us see if a dynamic 
system in general has any spherical points, that is, points for which 
the momental ellipsoid is a sphere. Any line through a spherical 
point is a principal axis of inertia at the spherical point. In particu¬ 
lar, the join of the center of mass to the spherical point is a principal 
axis at this point. Hence the spherical point must lie on one of the 
principal axes at the center of mass. Taking the principal axis on 
which it lies as the 2 :-axis, the origin being at the center of mass, 
and equating the A\ B\ and C' of (56.2), we find 

C = A -i- Me- = B H- 


Hence A = B; and if this condition is satisfied, there are two 
spherical points on the principal axis of inertia of greatest moment 
at the center of mass, their common distance from the center of 

mass being> ^^- » 

When the n material particles of the system all lie in the same 
plane, the moment of inertia about any line in the plane through 
a point O is equal to the inverse square of the radius vector of the 
momental ellipse at O. This is the section of the momental ellip¬ 
soid at 0 by the plane of the particles. At each point of the plane 
there are two principal axes of inertia in the plane, the third prin¬ 
cipal axis of inertia being the perpendicular at O to the plane of 
the particles. The equation of the momental ellipse, when referred 
to the principal axes, is Ax^ + By’^ = 1. When we take a system of 
parallel axes through (a, 6), the new moments and products of inertia 
are connected with the old ones by the equations 

A' = A - 2 M6/3 -f M62, B' = B - 2 Maa + Ma^, 

H'= H - M{ha -f a/?) + Ma6, 

where (o:, are the coordinates of the center of mass. When the 
origin is at the center of mass, the formulas are 

A' = A + M 52 , B' = B 4- H' = H + Mah, (56.4) 


Each line in the plane which does not pass through the center of 
mass is a principal axis at one of its points. For on taking it as the 

TJ 

x-axis, we have, on writing H' = 0, 6 = 0, in (56.3), a = If a 

line through the center of mass is a principal axis at one of its points, 
it is a principal axis at all its points, and so it must be one of the 
two principal axes at the center of mass. From this we see that a 
circular point, that is, a point whose momental ellipse is a circle, 
must lie on one of the two principal axes through the center of mass. 
Taking it as the x-axis and equating A' and B' in (56.4), we have 
A = B 4 Ma^. Hence there are two circular points situated on the 
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principal axis of greater moment through the center of mass at a 


common distance 



from the center of mass. Since the mo¬ 


ment of inertia about any line in the plane of the particles through 
either circular point is equal to the moment about their join (that is, 
since it is equal to ^), the moments of inertia about the two lines 
joining any point in the plane of the particles to the circular points 
are each equal to A. Hence the principal axes at any point bisect 
the angles between the two lines joining that point to the two cir¬ 
cular points. In other words, they are the tangent and normal to 
the ellipse through the point which has the two circular points as 
foci. For this reason the two circular points are known also as foci 
of inertia. It follows at once, on using the parallel-axis theorem, that 
if d\ and d 2 denote the distances, from the circular points, of any 
straight line in the plane of the particles, the moment of inertia 
about the straight line is A ± Mdid-z. The positive sign is used when 
the two circular points are on the same side of the straight line, and 
the negative sign when the two circular points are on opposite sides 
of the line.* The straight lines in the plane of the particle about 
which the moment of inertia has a given value I > A are accordingly 
tangent to an ellipse which has the circular points as foci and whose 

minor axis h is given by — did^^ —» The equation of the 
ellipse is ^ 



Similarly, the straight lines in the plane of the particles about which 
the moment of inertia has a constant value I < A are tangent to 
the hyperbola 

(56.6) 


B 


M* 


(/ is necessarily ^ B, since of all lines in the plane of the particles 
the principal axis of lesser moment through the center of mass is 
the line about which the moment of inertia is least.) 


57 . Extension of the concept of a dynamic system. We have 
so far regarded our d 5 Tiamic system as made up of a finite 
number n of particles. It is easy to extend this so as to include 
the case of a continuous distribution of matter. Thus we may 
regard a volume distribution as the limit of a great number of 


♦ If p denotes the distance of the straight line from the center of mass, and dt 
its distance from the nearer of the two foci, the moment of inertia about a parallel 
line through the center of mass is A — M(p T di)*. The moment aboiit the line is 
A — M(p =F di)» + Afp2. This gives the result stated, since da ± di = 2 p. 
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small particles closely packed together. Denoting by Am the 
mass of a small element Ai; of the volume, the density p of the 
volume distribution of matter is defined by the equation 


U Am 
— 

Ai»-»oAr 


The total mass M of the body is then given by M = J pdv, the 
triple integral being extended over the volume distribution of 
matter. If r is the vector OP from the origin O to the point P 

of the body where the density is p, the vector OG from 0 to the 
center of mass is given by the equation 



Similarly, the moments and products of inertia of the body 
about the coordinate axes and planes are given by 


A=^J*{y^ + z^)dm = Jp{y^ + z^)dv, etc., 
F zzzj'yzdm = J*pyzdv, etc. 


If we have a surface distribution of matter, we proceed in 
exactly the same way, introducing the concept of a superficial 

density a defined by o' = Lt where Am is the mass of the 

as-*oAS 

element of area AS, If we have a linear distribution of matter, 
we introduce the idea of a linear density X defined by the 

equation X = Lt where Am is the mass of the element of 
As 

arc As of the curve along which the matter is distributed. 


EXERCISES 


1. Show that the moment of inertia of a uniform straight rod of 
length 2 a about a straight line perpendicular to it through its center 
Ma^ 

3 


of mass is ■ 


2. Show that the moment of inertia of a uniform rectangle of 
sides 2 a and 2 b about a line perpendicular to it through its center 
M(a^ 4 - b^) 

3 


IS 
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3. Show that the moment of inertia of a uniform elliptical area 
whose major and minor axes are 2 a and 2 6 , respectively, about its 

. . Mh^ u 4 - - 4 . - • • Ma^ 

major axis is —r— ; about its minor axis is — 7 — • 

4 4 

4. Show that the moment of inertia of a uniform ellipsoid whose 

semiaxes are a, 6, c about the first axis is . From this, or 

5 

independently, show that the moment of inertia of a uniform sphere 

2 Ma^ 

of radius a about a diameter is — -— 

5 

These results may all be collected into a form of statement 
known as Routh's rule: 

Moment of inertia about an axis of symmetry 

_ M (sum of squares of perpendicular semiaxes) 
3, 4, or 5 

(The denominator is to be 3, 4, or 5 according as the body is 
rectangular, elliptical, or ellipsoidal.) 

58. Euler’s equations; dynamic significance of the principal axes 
of inertia. Since the time derivative of the angular-momentum 
vector G is equal to the moment of the external applied forces 
(§ 52), we have, on using (26.5), the three equations 

^ - u.Gy = L, 

at 

^ + co,G^ - WxG, = M, (58.1) 

at 

^ + WxG, - WyG, = N, 

where (L, M, N) are the components of the moment of the 
external applied forces about O. If the origin of our reference 
frame (which moves with the body) is either at rest in the frame 
with respect to which (L, M, N) are calculated, or is located at 
the center of mass of the system, we may write 

Gx = A(jOx — Ho)y — GCO 2 , etc. 

Otherwise we have, in the expression for G, the additional vector 
M[rG.vo] (see (55.4 a)). If we take the principal axes of inertia 
at the feed point (or center of mass) as forming our moving 
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reference frame, we have Gx — Awx, etc., and our equations 
(58.1) take the form 

A^-{B- C)co/o. = L, 
at 

B ^ _ (C - A)ui^x = M, (58.2) 

at 

C - (A - = N. 

at 


In this form they are known as Euler's equations. Let us now 
suppose that we have a body, containing a fixed point, turn¬ 
ing about an axis fixed in it. Choosing this axis as the 2 :-axis, 
we have cox = 0, coj, = 0, co^ = w, so that Gx = — Co), Gy — — Fo), 
G, = Cw; and equations (58.1) give 


G ^ = L, 

at 



- Gw2 = M, 

C^ = N. 
dt 


(58.3) 


It is therefore necessary, in general, to apply moments, by 
means of bearings etc., to make a body rotate about an axis 
fixed in it. In order to see what conditions are necessary in 
order that a body may rotate freely about an axis fixed in it, 
we put L = 0, M = 0, N == 0, in (58.3); and we find 

% = 0, F = 0, G = 0. 

at 

In other words, the body must be rotating with constant angular 
velocity, and the fixed axis in the body about which it is rotating 
must be a principal axis of inertia. Conversely, if a body with 
a fixed point is set rotating about a principal axis through the 
point, it will continue to rotate about this principal axis with 
uniform angular velocity unless a moment is applied about the 
fixed point. For this reason the principal axes of inertia at a 
point are often referred to as permanent or free axes of rotation, 
(As has been remarked above, the center of mass here plays 
the r61e of a fixed point.) Equations (58.3) give the moment 
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(L, My N) of the applied-force system about 0. The resultant 
R of this system is given (see § 52) by 


mifa = R, 

where m is the mass of the body. The magnitude of R is 
therefore ynraco-. To avoid dangerous thrusts on the bearings 
of a rapidly spinning body the axis of rotation should pass 
through the center of mass. 
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EXERCISES 

1 . Show that the foci of inertia for a uniform elliptic lamina lie 
on the minor axis at distances from the center each equal to ^ ae, 

2 . Discuss the motion of a particle on a surface of rotation when 
the potential energy is a function of the distance from the axis of 
rotation alone. Apply in particular to the case of the motion of a 
particle on a right circular cone. 

3. A particle of mass m is placed in a smooth linear tube which can 

rotate in a vertical plane about its middle point. The system starts 
from rest when the tube is horizontal. If 6 is the angle the tube makes 
with the vertical when its angular velocity is a maximum and equal 
to o)y prove that 4(mr‘^ -h — 8 cos 6 + mg^ sin^ ^ = 0, 

where Mk'^ is the moment of inertia of the tube about its center, 
and r is the distance of the particle from the center of the tube. 

4. A uniform rod moves with its ends on a smooth circular wire 
fixed in a vertical plane. Prove that if it subtends an angle of 
120 degrees at the center, the length of the simple equivalent pendu¬ 
lum is equal to the radius of the circle. 

5. A circular cylinder which has a radius a, and whose moment 
of inertia about its axis is Mk'^^ rolls inside a fixed horizontal cylinder 
of radius 6. Prove that the plane through the axes moves like a 

(x^ I ^ 

simple pendulum of length (6 — a) -^—. 
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6. The line of hinges of a door makes an angle a with the vertical, 
and the door swings about its position of equilibrium. Show that the 
motion is the same as that of a simple pendulum. Find the length 
of this pendulum. 

7. Two bicyclists, riding exactly similar machines and starting 
with equal velocities at the top, coast down a hill. Neglecting the 
forces of friction and the resistance of the air, show that the heavier 
rider will reach the bottom first. 

8. A straight piece of uniform wire is stood vertically on end and 
allowed to fall over. With what velocity does it strike the ground ? 

9. Find the moment of inertia of a circular disk (1) about an 
axis through its center perpendicular to its plane and (2) about a 
diameter. 

10. Deduce the position of the two principal axes of inertia in the 
plane of a rectangular plate having their origin at one of its corners. 

11, Find the moment of inertia of a square lamina about a diagonal. 

12. Two masses, M and w, suspended from a wheel and axle of 
radii a, 6, do not balance. Show that the acceleration of M is 

where 7 is the moment of inertia of the machine 

Ma^ -f mb^ + I 
about its axis. 

13, Find the moment of inertia of a right circular cone about its 
altitude and about a diameter of its base. 



CHAPTER VIII 


IMPULSIVE FORCES 

59. Impulse. Upon integration of the fundamental equation 
mi = Fr, which governs the motion of a single material par¬ 
ticle, with respect to the time we obtain 

m(f — fo) = r Fr dt. (59.1) 

Jto 

The vector on the right is known as the impulse of the force Fr 
on the particle during the time interval to L Denoting this 
impulse by 1(0, we may rewrite (59.1) in the form 

w(f — fo) = 1(0, (59.1 a) 

f.o that the change of (linear) momentum of the particle in the 
time interval to ^ is equal to the impulse of the force Fr acting 
on the particle during that interval. The impulse 1(0 will ap¬ 
proach zero as the time interval t — to = At tends to zero, unless 
the force Fr—>-oo as We shall suppose that as 

Fr-->-oo in the order of magnitude so that the impulse 

1(0 tends to a definite limiting value I as ^ to. The force Fr 
is then called an impulsive force, and the limit I of 1(0 as ^ ^ 

is known as the impulse of the impulsive force Fr acting at the 
instant t — to. An impulsive force causes a sudden change in 
the velocity of the particle, but there is no abrupt change in 
position. For since fo is a constant, we have, on integrating 
(59.1 a) with respect to f, the equation 

m(r — To) — mio{t — to) — I I(t)dt, 

to 

As t->~ to, this gives r — ro ->• 0, since 1(0 is supposed to remain 
finite ast—yto. 

The general dynamic theorems having reference to impulsive 
forces acting at an instant t = to on a system of material par¬ 
ticles may be obtained from the corresponding theorems on 
continuous forces by integrating them with respect to the time 
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t from to to t and then letting t to. The positions of the 
various particles of the system may be regarded as fixed in the 
time integration, and continuous forces may be neglected since, 
by the definition of impulse, the impulse of a continuous force 
at any instant i = fo is zero. The impulse moment about the 
origin of an impulsive force Fz is 

Lt f\T.Fr]dt or [r.I], (59.2) 

t -* ^0 «-//o 

since r may be regarded as constant in the time integration. 
On integrating the theorem that the time derivative of the mo¬ 
mentum system of localized vectors is equivalent to the external- 
applied-relative-force system, we find that, at any instant t = to, 
the change in the momentum localized-vector system is equivalent 
to the exiernal-relative-impidse localized-vector systeyn. Equating 
the resultant vector R of the two localized-vector systems, we 
see that the change in velocity of the center of mass is the same 
as if the total mass of the system were concentrated there and 
all the impulses acted through the center of mass. Equating 
the two moment vectors G of the localized-vector systems, we 
see that the change in the angular momentum of the system about 
the origin is equal to the moment of all the applied impulses about 
the origin. 

If we have a rigid body turning about a fixed point, and we 
choose as reference frame the principal axes of inertia at the 
fixed point, the change in angular momentum of the body about 
the origin is the vector whose components are A(co'x — 

— coj/), C(a;', — a?^), where (cOx, a;.), (co x, co'j,, o)'^) are the 
components of the rotation vector before and after the applica¬ 
tion of the impulse, respectively. If (A, M, N) are the compo¬ 
nents of the moment of the impulse, we have 

A(co'x ~ cOx) = A, H(co'^ - o^y) = M, Cfco'. - co,) = N. (59.3) 

If the body is initially at rest, we have 

Aco'x = A, HojV = M, Co;', = N. (59.3 a) 

These equations show that the body will commence turning 
about that radius vector of the momental ellipsoid 


Ax2 + By^ + ^ 1 
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which joins the fixed point to the point of contact with the 
ellipsoid of a tangent plane perpendicular to the impulse 
moment (A, M, N). As an example, let us consider the case of 
a body which at a given instant t — to is turning about a fixed 
point O with angular velocity o). At the instant t = to a second 
point O' of the body is suddenly fixed. This implies the appli¬ 
cation of an impulsive force at O' and of an impulsive reaction 

at O. Hence the impulse moment about 00' is zero. Conse¬ 
quently the angular momentum of the body about 00' is the 
same before and after the fixtu re. If co' is the magnitude of 

the angular velocity about 00' after the fixture, the angular 

momentum about 00' after the fixture is (AP + Bm^ -f Cn“)co', 
where (^, m, n) are the direction cosines of 00' referred to the 
prin cipal axes at 0 (see § 55). (The moment of inertia about 

00' is AP + Bm- -f Cn-.) The angular momentum about 00' 
just before the fixture is Aw^l + Booym + Cco.n, and so co' is 
given by 

, _ AcO:rl + Bcoyin 4 - Ccozn 
^ Al- + Bni- + Cn‘^ 

The body will be reduced suddenly to rest if 00' is perpendicular 
to the initial angular-momentum vector (Aco^, Booy, CcoJ. 


EXAMPLES 


1. A number of uniform rods of masses Mi, M 2 , • • •, M„ are 
smoothly jointed to each other in succession and laid in a straight 
line on a smooth table. If the end of the rod of mass Mn is free and 
the other end is suddenly moved with velocity V in a direction per¬ 
pendicular to the line of the rods, then the initial velocities of the 
joints 12, 23, • • *, and of the free end are Vi, 72, • * *, Vn, where 

Mi(y + 2 Vi) 4 - M2(2 7i + V 2 ) = M 2 {Vi + 2 72) + M3(2 72 + 73 ) 

= ...=7„_i + 2 7n = 0. 


Solution, Denoting the lengths of the rods by (2 b, 2 / 2 , • • •, 2 In), 

7i - 7 72-7i 7n - 7n-l 
2 I 2 ' 


their initial angular velocities are 


2li 


respectively. The initial velocities of the centers of mass are 


2 I 

i-i In 

7-h 7i 


respectively. Since the joints are smooth, 

^ z 

the impulsive action and reaction at any joint are each perpendicular 
to the line of rods; and if we denote the magnitude of the impulse 
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applied at the end of the first rod by and that of the impulse at 
the first joint by ± Ru and so on, we have 


Mi(V + Vi) 


Rif 


M 2 {Vi -f V 2 ) 
2 


Ri — R2f 


MniVn-l -f Vn) =: 

2 

Similarly, on taking moments about the center of mass of each rod, 
we obtain the equations 

i 

I ~ 

etc. 

We have, then, the two pairs of equations 

B-Ki = ^(V+F.), R+ Ri=^(V-Vi), 

and Ri- R 2 = ^ (Ki + V 2 ), Ri + R 2 = ^ (Fi - V 2 ), 

from each of which Ri may be obtained. Upon equating the values 
of Ri found in this way, we have 

Mi(U + 2 Vi) -f M2(2 Vi + V 2 ) = 0. 

The other equations are found in the same way. (The last equation 
is found immediately by equating the two expressions for 

2. A homogeneous rod of mass M and length 2 a moves on a 
horizontal plane, one end being constrained to move without fric¬ 
tion in a fixed straight line. The rod is initially perpendicular to 
the line and is struck at the free end by a blow I parallel to the line. 
Show that after a time t the perpendicular distance of the middle 
point of the rod from the line is given by the equation 

a 

Solution. The impulsive reaction of the fixed straight line is per¬ 
pendicular to the line, since the latter is smooth. Hence the initial 

velocity of the center of mass is ^ in a direction parallel to the line, 

and the initial angular velocity do is given by ^ Ma^do = — /a or 
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The rod now begins to move subject merely to the reac- 
Ma 

tion of the smooth straight line. The coordinates of the center of 
mass being {x a cos 6, a sin 6)y we have 


M + a cos 6) = 0, 


M ~ {a sin 6) — R, 


On taking moments about the center of mass, J Ma^ 6 = — Ra cos 6. 

From these equations we obtain x-- a sin 6 6 — constant = —» its 

M 

d2 n 

initial value. Upon elimination of R, we have -Tn; (sin 6) = - - or 

_ ^ dP S cos 6 

cos^ ^ ^ — sin ^ cos 6 If we multiply this equation by 0, it 

o 

. / l\ 3/2 

integrates to 6^ [ cos^ 0 + - = constant = — - » its initial value. 

N 6 / 

(This result might also have been obtained directly from the energy 
integral T = constant.) Since 2 / = a sin dy we have 6 = — 2^ -- 

. / 1 \ 3 ^ ^ 

Combining this with 6^(^cos^6 + i) = and writing s for sin^. 


we obtain the result stated. 


EXERCISES 

1. A uniform rod at rest is struck at one end by an impulse at 
right angles to its length. Prove that if the rod is free, it begins to 
turn about a point which is one third of its length distant from the 
other end, and that the kinetic energy generated is greater, in the 
ratio 4:3, than it would be if the other end were fixed. 

2. An elliptic disk is rotating in its plane about one end P of a 
diameter PP' when P' is suddenly fixed. Find the impulse at P and 
the angular velocity about P. Prove that if the eccentricity exceeds 
(f)^, the diameter PP' may be so chosen that the disk is reduced 
to rest. 

3. A particle of mass m is attached by inextensible threads to 
particles of masses m' and m". The particles are placed on a smooth 
table, with the threads in two perpendicular lines, and the particle m 
is struck by a blow in the direction of the bisector of the angle be¬ 
tween the threads so that both threads are jerked. Prove that the 
initial velocities of m' and m" are in the ratio m -P m" :m + m', 

4. Two equal rigid rods AP, BC, of negligible masses, carry equal 
particles attached at A, C, and the middle points of the rods. The 
rods being freely hinged at B and laid out straight, the end A is 
struck with an impulse at right angles to the rods. Prove that the 
velocities of the particles are in the ratios 9:2 : 2:1. 
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5. A target consists of a square plate of metal of edge a and mass M, 
hinged about its highest edge, which is horizontal. When at rest it 
is struck, at a point of depth h below the line of hinges, by an inelastic 
bullet of small mass m moving with velocity v. Find the subsequent 
motion of the target. 

6. A rigid body is capable of turning freely about a fixed axis. 
Show that an impulse must act perpendicularly to the plane contain¬ 
ing the axis of rotation and the center of mass of the body, and that 
the axis of rotation must be a principal axis of inertia at some point 
of its length, in order that there may be no impulsive pressure on the 
axis when the body is struck by a blow. 

7. A circular lamina rests on a smooth horizontal table.’’ Show 
that if, when struck, it begins to turn around a point on its circum¬ 
ference, the line of action of the blow divides the perpendicular 
diameter in the ratio 3:1. 

r 8. A shot whose mass is m penetrates a thickness s of a fixed plate 
of mass M. Prove that if M is free to move, the thickness penetrated 
s 


9. Four equal particles are connected by three equal strings A fJ, 
BC, CD, and lie on a horizontal plane with the strings taut in the 
form of half a regular hexagon. An impulse is applied at A in the 
direction DA. Prove that the initial tension of BC is one fourteenth 
of the impulse. 



CHAPTER IX 


THE MOTION OF A RIGID BODY ABOUT A FIXED POINT 

60. Geometric discussion. Let us consider the motion of a 
rigid body one of whose points is fixed. The body will be said 
to be balanced when the external-relative-force system is 
equivalent to a single segment through the fixed point, so that 
the moment of this external-relative-force system about the 
fixed point is zero. The body is then sometimes said to be 
moving "under the action of no forces,” since the external 
relative forces, being equivalent to a single segment through 
the point of support, will be neutralized or balanced by the 
reaction of the support. When we have a rigid body without a 
fixed point, we may apply our results to the problem of the 
motion of the body relative to its center of mass, provided the 
external-relative-force system is equivalent to a single segment 
through the center of mass. For we may reduce the center of 
mass to rest by taking a new reference frame, with its origin 
at the center of mass, but without any rotation relative to the 
original frame. This will bring in, on each particle of the sys¬ 
tem, an additional centrifugal force equal to the mass of the 
particle times the reversed acceleration of the center of mass 
relative to the original frame. However, this additional force 
system, which must be added to the original relative-force sys¬ 
tem to get the force system relative to the new framework of 
reference, is equivalent to a single segment through the center 
of mass, so that if the original relative-force system was equiva¬ 
lent to a single segment through the center of mass, the same 
will also be true of the new relative-force system. 

Denoting the fixed point — or the center of mass, as the 
case may be — by O, and taking the principal axes of inertia 
at O as our axes of reference, we have the Eulerian equa¬ 
tions (§ 58) 

A^^{B-C)qr, B^^=(C-A)rp, C^ = {A-B)pq, (60.1) 
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where (p, g, r) are the components, in the moving reference 
frame formed by the principal axes of inertia at O, of the 
angular-velocity vector <d of the body. Upon multiplying these 
equations by (p, g, r) respectively and adding, we obtain, on 
integration with respect to the energy integral 

Ap2 + Bq- + = 2 T, (60.2) 

where T is the constant kinetic energy of the body (§55). 
Similarly, on multiplying the equations (60.1) by (Ap, Bq, Cr) 
respectively and adding, we obtain, on integration with respect 
to tj the angular-momentum integral 

+ B‘^q^ + = G\ (60.3) 

where G is the magnitude of the constant angular-momentum 
vector G of the body about O. 

The end point (p, q, r) of the angular-velocity vector co lies, 
accordingly, on the intersection of the two ellipsoids 

Ax- + By^ T, (60.4) 

A2x2 + B-y'^ + CV = G2. (60.5) 

The ellipsoid (60.4) is similar in form and similarly situated to 
the momental ellipsoid, Ax^ -f By- + Cz^ = 1, of the body at O, 
and is known as the Poinsot ellipsoid. By means of it Poinsot 
gave a convenient geometric description of the motion of the 
body. Since the tangent plane to (60.4) at the point (p, q, r) 
is Apx + Bqy + Crz = 2 T, this tangent plane is perpendicular 
to the angular-momentum vector G = (Ap, Bq, Cr) ; and so 
its direction is fixed. (The direction of G is from O to the 
tangent plane Apx + Bqy + Crz = 2 T\ for the scalar product 
(a).G) = Ap^ + Bq- + Cr- is positive, so that the angle between co 
and G is an acute one.) The distance of the tangent plane from O 
2 T 

is the constant • Therefore the plane Apx + Bqy + Crz — 2T 
G 

is a fixed plane. Its point of contact (p, q, r) with the Poinsot 
ellipsoid, being on the axis of rotation, has zero velocity; and 
so we may describe the motion of the rigid body about O by the 
statement that a certain ellipsoid (the Poinsot ellipsoid), which 
is fixed in the body, rolls without slipping upon a fixed plane 
(known as the invariable plane). By the word '"roll” no more 
is meant here than that the point of the rigid body (or of the 
attached ellipsoid) which is in contact with the invariable plane 
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has zero velocity. Usually the rolling of one surface upon 
another implies that the axis of rotation passes through the 
point of contact and lies in the tangent plane common to the 
two surfaces. The word ''pivoting'’ is used when the axis of 
rotation lies along the common normal to the two surfaces. In 
the present case the rotation vector to is, in general, oblique to 
the invariable plane, so that the term "rolling” implies a com¬ 
bination of pure rolling and pivoting. 

The essential content of Poinsot’s description is that the 
motion of the rigid body depends directly on the form of the 
momental ellipsoid at the fixed point O and only indirectly on 
the form of the rigid body itself. The end point of the rotation 
vector 0 ), when viewed from the moving body, traces out part 
of the curve of intersection of the two ellipsoids (60.4) and 
(60.5). This curve is known as the polhode cuiwe, and the cone 
formed by joining its points to the fixed point O is known as 
the polhode cone. When viewed from our fixed reference frame, 
the end point of the rotation vector o> traces out a plane curve 
lying in the invariable plane. This curve is called the herpolhode 
curve, and the cone formed by joining its points to O is called 
the herpolhode cone. We may therefore describe the motion 
of the body as the rolling of a cone which is rigidly attached to 
the body (the polhode cone) upon a cone which is fixed in space 
(the herpolhode cone), both cones having the same vertex 0. 

The equation of the polhode cone is found by multiplying 
(60.4) by G- and (60.5) by 2 T and then subtracting the result¬ 
ing equations. It is 


Ax2(G- -2AT) + By-(G^ -2BT) + Cz^G- -2CT) = 0, (60.6) 


so that 


2T 


is equal to or less than the greatest and equal to 


or greater than the least of the three principal moments of 
inertia (A, J5, C) at O. The projections of the polhode curve 
on the three coordinate planes are found from (60.4) and (60.5) 
by eliminating, in turn, x-y and They are 


B{A - B)^2 c(A - C)z^ = 2 AT - G2, 

C{B - C)^2 + A{B - A)x^ = 2 J5T - G^, (60.7) 

A(C - A):r-’ + B{C - B)y^ = 2 GT - G^. 


Let us arrange the axes so that B is the mean moment of inertia, 
that is, either A § B § C or A ^ B ^ C. Then the projections 
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of the polhode curve on the (^, z) and (x, y) coordinate planes 
are ellipses, and the projection on the ( 2 :, x) coordinate plane 
is a hyperbola. The axes will be named so that the x~axis is 
the transverse axis of the hyperbola; that is, we have the 
a:-axis as the principal axis of greatest or least moment accord¬ 
ing as G- is greater or less than 2 BT, (When G- ~ 2 BT, the 
hyperbola degenerates into a pair of straight lines C{B — C)z^ 
= A{A — B)x-. This case will be^discussed in detail separately.) 
According to this convention as to the naming of the axes, the 
polhode curve, which is always closed (since its projections on 
the (^, z) and (j, y) coordinate planes are closed), surrounds 
the a:-axis. When G- is very nearly equal to 2 AT or 2 CT, the 
polhode curve does not depart very far from the a:-axis. In 
these cases the axis of rotation is said to be stable, so that the 
principal axes of greatest and least moment of inertia at O are 
stable axes of rotation. The principal axis ol mean moment of 
inertia is an unstable axis of rotation, since, when G- is nearly 
equal to 2 BT, the polhode curve is not very different from one 
of the ellipses obtained by intersecting the Poinsot ellipsoid by 
the planes 

C{B - C)z- = A(A - B)x^, 

both of which pass through the ^/-axis. The eccentricity of the 
ellipse 

B{A - B)y'^ + C(A - C)z^ = 2 AT - G^ 

may be used to give an indication of the degree of stability of 
the principal axis of inertia of moment A. The smaller the 
eccentricity the greater the stability. Similarly, the eccen¬ 
tricity of the ellipse 

A(A - C)x^ + B{B - C)y^ = G^-2CT 

measures the degree of stability of the principal axis of inertia 
of moment C. 

61. Anal)rtic discussion of the polhode curve. We shall sup¬ 
pose at first that no two of the three principal moments of 
inertia (A, R, C) at 0 are equal, and shall discuss afterwards 
the simpler case where two of these principal moments are equal. 
According to the convention already adopted as to the naming 
of the axes, the x-axis is that one which is surrounded by the 
polhode curve, and the |/-axis is the principal axis of mean 
moment of inertia. This means that A>B>C or A<B<C 
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according as G- > or <2 BT (the case = 2 BT is reserved 
for a special discussion). On solving the three equations 

+ Bq‘^ + Cr^ = 2 T, 

A2j)2 a- + r 2 r 2 = G 2 , 

p 2 _f_ ^2 ^2 _ ^ 2 ^ 

the three quantities (p 2 , r-) may be expressed in terms of 

a; 2 , the square of the magnitude of the rotation vector. The 
results are 

BC(a.^-X,) 

^ {A-B)iA-C)’ 

,,2 — (-A(w~ X 2 ) - 1 ., 

- (B-CKB-A)’ 

AB(co^-\:A 

(C-A)(C-B)’ 

where . 2 r(B + q - 

BC 

^ __2T(C+A)-G2 
^ CA 

X3 =: 2T(A + B) - G- 


The greatest value that G'^ can have is 2 AT if A is the greatest 
of the three principal moments of inertia at 0 ; and so Xi is 
positive, since B + C > A. Moreover, 

\ \ _ ( G2-2BT)(A- C) 

^ ABC 

and 

ABC 


so that Xi < Xa < X 2 . According to our convention as to the 
choice of axes, this last pair of inequalities holds also when A 
is the least, instead of the greatest, of the three principal mo¬ 
ments of inertia at O. It follows, from the expressions (61.1), 
that must lie in value between X 3 and X 2 . For — X 2 
cannot be positive, since {B — C){B — A) is negative; and 
— X 3 cannot be negative, since (C — A) (C — B) is positive. 
Hence X3 ^ g X 2 , which says that the herpolhode curve 
must lie entirely in the ring between two concentric circles in 
the invariable plane, these circles having a common center at 
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the foot of the perpendicular from O to this plane and radii 
whose squares are ——j and ——j respectively; for 
the distance from O to the invariable plane is 

G 

Upon solving for p- and r- in terms of from the two equa¬ 
tions (60.2) and (60.3), we obtain 

,_ \G^-2CT-B(B-C)q^ 

A(A — C) 


. \2 AT - - B{A - B)qn 


(61.2) 


C{A - C) 

and, on substituting these expressions in the second of the 
Eulerian equations (60.1), we have 


.dq 2 CT){2 AT-G‘) 


AC 

B(A-fi)(/^ |l 
2AT-G- J 


W fi _ B(B - Qq'^ Y 
J L G'^-2CT 1 


Of the two coefficients of q'^ in the expressions under the radical 
on the right, is the greater, as is readily seen upon 

taking their difference and remembering the convention as to 
the naming of the principal axes of inertia at O. Introducing, 
for the moment, the new variable q' defined by the equation 

our equation (61.3) takes the form 

^ = cr[(l-g'2)(i_p^.2)]J (61.5) 

Where F = AT - G^) , 

{A - B)(G‘^ - 2 CT) ’ 

r//^2 O /^rr\/ A (61.6) 


where 


(B - 0(2 AT - G^) 

(A - B){G‘^ - 2 CT) ’ 

and 

(T = 

UG^-2CT)iA- B)]l 

1. ABC \ ■ 

Hence 

crt = 

p’ ds 

Jo [(l-s2)(l-A:2 s2)]^'’ 


or, on making the change of variable s = sin 6, 

Jo fl — sin^d]! 


= k), = arc sin q') (61.7) 
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(see § 45). We have so chosen the constant of integration that t 
is to be measured from = 0 or g = 0 , that is, from an instant 
at which the angular-velocity vector o) is in the ( 2 :, x) principal 
plane of inertia at O. Upon inverting the elliptic integral (61.7), 
we have 

q' = sn at, 

so that (/ = jS sn at. 


Upon substituting this value in the expressions (61.2), and using 
the relations cn^ t; = 1 — sn- v, dn^ v sn- v, of § 46, we 

obtain 

p ^ a dn at, r = y cn at, 


where 


a 


\G'^-2 CT 1’ ^ 

2 AT - G- 

, y ~ 

_A(A-C)J ^ 

C{A - C) _ 


(61.8) 


The values of a and 7 may be conveniently remembered by 
observing that they are the initial values, respectively, of p and 
r and that the initial value of q is zero, so that (60.2) and 
(60.3) give 

Aa- + Cy^ = 2 T, + c:^y2 = 


The values of /3 and a then follow on substituting the values 


p — adnat, q — ^snat, r = y cn at (61.9) 

directly in the Eulerian equations (60.1). This substitution 
serves also to remove the ambiguities in the signs of a, Id, y, 
and a when these are defined by the equations (61.4), (61.6), 
and (61.8). We observe, first of all, that there is no lack of 
generality in assuming a positive; for a change in the sign of 
a, coupled with a change in the sign of (S, the signs of a and 7 
remaining unaltered, leads to the same values of (p, q, r). (The 
functions cn and dn are even, and sn is an odd function.) We 
derive the three equations 

- k^aAa =(B- C)^y, 

aBfi = (C — A) 7 a', (61.10) 

— aCy = (A — B)a^, 

from which we can solve for (3, a, and k- in terms of a and 7 . 
Once the signs of a and 7 have been fixed (by giving the arbi¬ 
trary initial angular-velocity vector {a, 0 , 7 )), the sign of 

is determined by the fact that ^ must have the same sign 
as B - A. ^ 
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62. The motion of the body in space. The values of (p, q, r) 
given in the preceding paragraph furnish the parametric equa¬ 
tions of the polhode curve; that is, they describe the motion of 
the axis of rotation in the body. In order to describe the motion 
of the body relative to a fixed reference frame 0^?;^, we avail 
ourselves of the Eulerian angles {6, \p) of § 23. Taking the 

constant direction of the angular-momentum vector about O as 
the direction of the axis of the fixed frame, the direction 
cosines of Of relative to the moving frame OXYZ are found, by 
the table (26.8), to be (— sin 6 cos sin d sin xj/, cos 0). Hence 
we have the three equations 

Ap = — Gsin d cos xj/y 

Bq~G sin d sin xpy (62.1) 

Cr = G cos e. 

From the last of these equations we obtain 

cos0 = C7^?^. (62.2) 

G 


On eliminating 6 from the first two equations (62.1), we derive 


tan x{/ ■ 


— Bq _ — Bl3 sn at 
Ap Aa dn at 


(62.8) 


the quadrant in which xp lies being determined by the fact that 
sin xp has the same sign as q. The determination of the remain¬ 
ing angle 0 is not so direct. Upon writing p and q for and 
coyy respectively, in (26.10), we find 

(f) sin d ~ q sin xp — p cos \p, 

or, by (62.1), 

2 ^ {Bq^ + Ap2) _ G(2 T - Cr^) _ G(2 T - Cr^) 

^ Gsm^e G^-G'^cos^e G‘^ - 


Hence 

where 



(2 T ~ Cr^) 
G2 _ C2f2 


dty 


r = y cn at. 


(62.4) 


The constant of integration has been chosen so as to make 
0 = 0 when f = 0, that is, when the axis of rotation is in the 
(Zy x) plane of the body. Hence the Orj axis in space coincides 
initially with the line of nodes. 
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63. Discussion of the special case = 2 BT. In this case the 
polhode curve consists of two ellipses, and the previous formulas 
degenerate into formulas not involving the elliptic functions. In the 
solution already given for the general case the expression of (61.6) 
was less than unity ; but when = 2 RT, becomes unity, so that 
the elliptic integral of (61.7) becomes 


at 


J r* U' CIS 

0 l-s ‘^ 


a having the same expression as before. Hence q' — tanh at^ giving 

9 = )3tanhcr/, = (63.1) 

Proceeding as before, we find 

p = a sech af, r — y sech at, 

(63.2) 

La(a-~c)J [c(a-c)J 

Without any lack of generality, a may be assumed positive, and the 
signs to be attributed to a and y may be either positive or negative 
(they are determined by the initial conditions), the sign to be attrib- 

uted to being then determined by the fact that — must have the 

same sign as B — A. Naming the axes so that A > K > C, we see 

that - has the opposite sign to But ^ = jSa sech^o-f, so that it 
y (it 

has the same sign as and therefore the opposite sign to -• As f 

7 

increases indefinitely, both p and r tend to zero, and q tends to 
the value 13. Hence the axis of rotation tends steadily to coin¬ 
cidence with the principal axis of mean moment of inertia at O. 
Its direction is the same as, or opposite to, that of this principal 
axis, according as the initial values of p and r have the same sign 
or not. 

To describe the motion of the body in space we have the equations 


^ Cy sech at 

cos 6 = —-» 

G 

= = (63.3) 

Ap Aa 

G^-cS ^ 

As t increases indefinitely, d tends to and^ tends to ± the posi¬ 
tive sign being used when q is positive for large values of t (see (02.1)). 
This means that is positive or that p and r have initially opposite 



216 


THEORETICAL MECHANICS 


* 2 T 

signs. Moreover, 4> tends to • From the table (26.8) we see that 

G 

the axis of mean moment tends to set itself along the angular- 
momentum-about-0 vector, having the same or opposite direction 
according as p and r have initially opposite signs or not. The body 
tends asymptotically to a state of rotation with constant angular 


velocity 


G 


around the fixed angular-momentum line. 


64. The dynamically symmetrical body. We have supposed 
heretofore that the three principal moments of inertia at 0 were 
unequal. When two or more of these moments are equal, the 
problem of integrating the Eulerian equations (60.1) is consid¬ 
erably simplified. First of all, we may deal with the case where 
the fixed point 0 is a spherical point, that is, where A — B = C. 
We find at once, from (60.1), that (p, q, r) are all constant. 
Hence the axis of rotation is fixed in the body, and it follows 
that it is fixed also in space. The absolute velocity of any point 

j 

is [a).r]. This is zero for points rigidly attached to the 

body (r constant) and lying on the axis of rotation ([<*>.r] = 0 ). 
Hence the motion of the body is one of rotation with constant 
angular velocity about a permanent axis, that is, an axis which 
is fixed in the body and in space. 

A more interesting case is that where two of the principal 
moments of inertia at O are equal without all three being equal. 
The axis of unequal moment is called simply the axis of figure 
of the body, and any axis through O perpendicular to the axis 
of figure is a principal axis of inertia at O. We shall suppose 
the axes named so that A — Bi=^C, The axis of figure is, accord¬ 
ingly, the z-axis of a reference frame which moves with the body. 

dr 

The third Eulerian equation (60.1) gives - 7 - = 0, so that r is a 

at 

constant. Denoting its constant value by n, we have, from the 
second of the equations (61.2), 

the sign being determined by the initial conditions. The first 
two Eulerian equations now become 

A ^ = (A - C)qn, A g = (C - A)pn. 
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Upon multiplying the second of these by the imaginary unit i 
and adding it to the first, we obtain 

4 (P + io) = - HA - C)n{v + iq), 


of which the integral is uc - a )nt 

p + iq= ^ , 

being real if q is initially equal to zero. Supposing this to be 
the case, we have 

p = /3coscr^, q — ^&inat, o-=(C—A)—. (64.2) 

A 

The value of fi is determined by the fact that, since our energy 
and angular-momentum integrals now take the forms 


A (p2 + q2) + cn'2 = 2 T, A^p'^ + ^2) + c2^2 ^ q2^ 

G--2 CT . 


+ g2 = 


whence 


A(A - C) ' 
-2 CT 


^ [a(A-C 


(64.3) 


the sign to be attributed to jS being the same as that of the 
initial value of p. 


The results p = /3 cos aty g = /3 sin at, r — n 


show that the polhode cone is a right circular cone, its axis 
being the axis of figure, and the half-angle b at the vertex 
having for its tangent the numeric magnitude of 

(64.4) 


The magnitude of the angular-velocity vector co is 

CO = (p2 + + ^2)^ = (^2 + „2)i ^ ~ (64.5) 

SO that the herpolhode cone is also a right circular cone, its 
axis being the angular-momentum or invariable line. The 
semiangle e at its vertex is given by 


(64.6) 
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In order to describe the motion of the body in space, we use 
the same Eulerian angles {d, 4>, as in the general case. From 
the relation 

cos e = ^, (64.7) 

we see that the axis of figure describes a right circular cone 
about the invariable line. PYom 

tan xL = = — tan at 

Ap 

we obtain xf/ = — at or tt — at, (64.8) 

Which of these two expressions to take is determined by the 
fact that since Bq = G sin 6 sin \{/y sin xp has the same sign as q. 
Hence, if /3 is positive, xf/ = tt — at; whereas if (5 is negative, 
xj/ = — at. The angular velocity xp of the body round its axis of 
figure is constant and equal to — cr; that is, 

4,^{A-C)^. (64.9) 

This is known as the spin of the body. To find the angular 
velocity 0 round the invariable line, we make use of the third 

of the equations (26.10), r — xp + (p cos d or, here, n = — a + • 

From this we have 

f. (64.10) 

Since the angular velocity 6 around the line of nodes is here 
zero, the angular-velocity vector to must lie in the plane of the 
invariable line and the axis of figure. This plane is known as 
the plane of precession, and it moves around the invariable 

line with constant angular velocity — On combining (64.9) 

A 

with w = ^ + 0 cos 6, we obtain the useful relation 

CxP=:(A- c)<i> cos e, (64.11) 

connecting the spin xp, the angular velocity of precession <^, and 
the angle of precession d. 

The particular direction along the axis of figure which we 
agree to choose as that of the 2 ;-axis is at our disposal, and we 
shall make the choice which gives a positive spin xp. This 
requires that n have the sign of A — C (see (64.9)). Since xp 
and <j) are both positive, the axis of rotation must lie between the 



THE MOTION OF A RIGID BODY 


219 



axis of figure and the invariable Ime. There are two distinct 
cases, which are distinguished from one another by the sign 
of n or, equivalently, by the relative magnitude of A and C, 

Case I. The direct^ or epicydoidaf precession. Here A > C, 
and n is positive. Since n measures the projection of a> upon 

the axis of figure, the angle be- 
^ tween the axis of figure and co 
is an acute one; it is the semi¬ 
vertical angle b of the polhode 
^ cone. Moreover, the angle 6 is 
Cn 

acute, since cos ^ — is posi- 

G 

tive. The semivertical angle 
29 ^ the herpolhode cone is 

always acute, since the scalar 
product (G.(o) —2 T is positive. So we may describe the mo¬ 
tion of the dynamically symmetrical body for which A > C, 
C being the unequal moment, by saying that the polhode 
cone rolls externally on the herpolhode cone. (See P'ig. 29.) 

The relation between the angle of g 

precession 6 and the semi vertical angles ? 

b and € of the polhode and herpolhode | 

cones, respectively, is >| 

(9 - 6 + €. (64.12) 

This type of motion is known as 
the direct, or epicycloidal, preces¬ 
sion, the term '' epicycloidal'' coming 
from the analogy of this motion with 
the generation of epicycloids by the 
rolling of one circle externally on 
another. 

Case II. The retrogradey or pericy- 
cloidaly precession. Here A < C, and n 
is negative. The angle rr — b between 

the axis of figure and the axis of rotation is obtuse, as is also 
the angle 6. The polhode cone envelops the herpolhode cone 
on which it rolls externally. (See Fig. 30.) The relation between 
d and the openings b and € of the two cones is 

0 = € -j- TT — 5. 


m 


(64.13) 
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Since the axis of rotation always lies between the invariable line 
and the axis of figure, the polhode cone cannot roll internally on 
the herpolhode cone; that is, we cannot have a hypocycloidal 
precession. 

65. Application to the rotation of the earth. If we regard the 
earth as built up of homogeneous spheroidal shells, it is dynami¬ 
cally symmetrical, since its polar axis is the axis of unequal 
moment. PYom the expression for the moment of inertia of an 
ellipsoid about one of its axes (Exercise 4, p. 197), we have 

2 _ 2 
A (a- + c-) 


where c is the axial and a the equatorial radius of the earth. 
As to the numeric magnitudes of these quantities, we have 

-- = .9933 (approximately), so that 


C ^ 2 

A 1.9933* 


(65.1) 


If, now, we regard the earth as rigid and assume that the gravi¬ 
tational force of the other heavenly bodies acting upon it is 
equivalent to a single force through the center of the earth, we 
may apply the theory just given (the center of the earth playing 
the role of the fixed point). First of all, we know that if the 
earth were once rotating around its polar axis, it would con¬ 
tinue to rotate around this axis, which would maintain a fixed 
direction in space, with constant angular velocity. For the 
polar axis, being a principal axis of inertia at the center of mass, 
is a permanent axis of rotation (see § 58). The time taken by 
the earth to make one rotation with respect to a framework of 
reference attached to the fixed stars is known as the sidereal 
day and contains 86,164 seconds. Hence w, when expressed 
in radians per second, is a very small number, 

For ordinary mechanical purposes it is sufficient to assume that 
this is the actual state of affairs. But astronomical observations 
show that the axis of the earth is not fixed in the earth, although 
its deviation from the polar axis is very slight. We shall there¬ 
fore investigate the nature of the precessional motion of the 
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earth, on the assumption that the axis of rotation is slightly 
different from the polar axis, the external forces being again 
supposed to have zero moment about the earth's center. Since 
C> Ay the precession is of the retrograde type. For a first 
approximation 0 = tt, and we have, from (64.11), 

C\P = (C - A)(i>. (65.3) 


Furthermore the vectors of magnitude i/' along the axis of 
figure and (j) along the invariable line have a> as their sum, so that 


sin 5 sin e 


(65.4) 


Hence, 8 and e being each so small that the arc may be identified 
with the sine, 

- = ^ = - — , = 300, approximately. 

€ ij/ C — A 

The opening of the herpolhode cone is therefore only about one 
three-hundredth of the opening of the enveloping polhode cone. 

The length of the sidereal day is —^ where the negative 

n 

number n is the resolved part of cd along the axis of figure of 
the earth (here supposed to be directed from, the north pole to 
the south pole in order that if/ may be positive). Hence, from 
(64.9), the period of the rotation of the axis of rotation around 
the axis of figure is 


2j: ^ = _i_ = 300 sidereal days. 

^ n{A-C) C-A 

The period of the precession is ^ ^ —ill = .997 of a 

sidereal day. 

66 . Motion relative to the earth. Neglecting the small changes 
in the axis of rotation of the earth, we shall assume that the 

2 TT 

earth is rotating with constant angular velocity about its 

polar axis, which maintains a fixed direction in space. If we 
choose as our reference frame one fixed in the earth, with its 
origin at the center of the earth, this frame will be non-inertial, 
for two reasons: 

1. The center of mass, owing to the gravitational influence of 
the sun etc., has an acceleration relative to an inertial frame. 
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We have seen, however, in § 51, that this acceleration is less 
than .02 feet per second per second. We shall neglect this, and 
shall suppose that the center of mass of the earth is at rest 
relative to an inertial frame. 

2. The earth has an angular velocity co about its polar axis 
relative to an inertial frame. 

In order to obtain the relative force, Fr, acting upon a par¬ 
ticle M which is at rest relative to the earthy it is therefore neces¬ 
sary to add to the absolute forces acting on the particle a force 

mco'^QMy where Q is the foot of the perpendicular from M to 
the polar axis of the earth (see (35.7)). Upon introducing space 
polar coordinates (r, 0), with origin at the center of the earth, 

which we shall here regard as a sphere of radius a, and with 
polar axis along, the join of the center of the earth to the north 

pole, the centrifugal force mcx)‘-QM has, as components along our 
Cartesian axes of reference, 

(mao)-sin 6 cos ipy woco-" sin 0 sin 0, 0). (66.1) 

If we assume that the gravitational attraction of the earth on 
the particle is directed toward the center of the earth and is 
of magnitude mG, the components of the relative force on the 
particle are 

(maco^ sin 6 cos 0 — mG sin 6 cos 0, 

maw- sin 0 sin 0 — mG sin 6 sin 0, — mG cos 0), 

This vector has the magnitude mg, where 

g = [(aa;2 — G)- sin- 6 + G^ cos- 0\^ 

^ g \ i - 2 ^ sin2 9 + (66.2) 

I G G^ .1 

The quantity g is known as the ''acceleration due to gravity."' 
The direction of this acceleration is known as the downward 
vertical. At the north or south pole, at either of which sin 0 = 0, 
the value of g is G. Upon using a = 4000 X 5280 feet (approxi¬ 
mately), aw^ turns out to be about i; and since G is about 32, 

the quantity 2^ is about so that we may neglect its square 

in (66.2). We derive, then, the simpler formula 

g = G(l-^sm^ey 


(66.3) 
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The value 32 for G is obtained from the empirical formula 

The discrepancy between this and the formula (66.3), 

g = G(l- approximately, 

can be accounted for by the fact that the earth is spheroidal 
and not spherical in shape. 

It is essential to notice that when we speak of the '' force of 
gravity'' at the surface of the earth, we mean the sum of the 
absolute gravitational attraction of the earth and that part 
of the centrifugal force which is due to the drag acceleration 
relative to an inertial frame. When the particle under discus¬ 
sion has a velocity relative to the earth, there will be an addi¬ 
tional term in the centrifugal force, namely, the centrifugal 
force due to the Coriolis acceleration. The effects of this we 
shall now proceed to discuss. 

a. Free motion relative to the earth. We shall consider a par¬ 
ticle at the surface of the earth, moving relatively to the earth 
but not departing far enough from its original position on the 
surface to oblige us to take into account the differences in g 
owing to the varying distance from the center of the earth and 
the varying latitude. Taking a reference frame fixed in the 
earth, with its origin at a point on the surface in the neighbor¬ 
hood of which the particle is moving, we obtain the relative 
force on the particle by adding to the force of gravity, mg, the 
Coriolis part of the centrifugal force, namely, 2 m[vr.<o]. Let us 
take the upward vertical as our 2 :-axis, the east line as our x-axis, 
and the north line as our ^-axis. Then cd has the components 
(0, CO sin 0, CO cos 0), so that the components of the Coriolis part 
of the centrifugal force are 

[2 mLo{y cos 0 — i: sin 0), — 2 mcox cos 0, 2 m^ox sin d]. (66.4) 

The equations of motion of the particle are 
X = 2 co(^ cos 0 — i sin 0), 

^ — 2 cox cos 0, (66.5) 

2 = 2 cox sin 0 — fir, 

where 6 is the colatitude of the point of the earth's surface at 
which the motion is taking place. Let us consider the case of 
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a particle dropped from a height h with zero initial velocity. 
Then we have the following sets of initial values : 

(x, y, z) = (0, 0, h)y (x, y, z) = (0, 0, 0), (x, y, z) = (0, 0, g), 

the last set following from (66.5). Upon differentiating (66.5) 
with respect to ty we find, for the initial values of the third 
derivatives, (*x, y, i) = (2 cog sin 0 , 0 , 0 ); so that on expanding 
(x, g, z) by means of the Taylor series expansion 

X = (x)o + (^)o t + (x)o ^ ■ * ' > 

wefind x = ^ ^ z = h-^. (66.6) 

O ^ 


In these expressions we have neglected terms involving powers 
of t above the third. The time of fall is found by putting z — 0 
and is independent of co (save in so far as g is affected by co). 
There is, however, an easterly deviation from the vertical of 

amount 


In general, the effect of the Coriolis part of the centrifugal 
force due to the rotation of the earth may be stated qualitatively 
from a consideration of the term 2m[vr.(o]. If the relative 
velocity Vr of the particle is in a horizontal plane, the Coriolis 
force gives a relative acceleration whose components are 
(2 cij cos 2 CO cos 0 x, 2 cosin 0 x), the x and y axes being 
east and north respectively, and the 2 :-axis being vertically 
upwards as before. Thus, for example, if the particle is moving 
north, there is an apparent deviating force toward the east in 


the Northern Hemisphere (^0 < and toward the west in the 
Southern Hemisphere ^ ^ ^ particle is moving 


east, there is an apparent deviating force toward the south 
in the Northern Hemisphere and toward the north in the 
Southern Hemisphere. In addition, there is an upward deviat¬ 
ing force in both hemispheres (which becomes a downward 
deviating force when the particle is moving due west). This 
Coriolis centrifugal force seems to explain, at least qualitatively, 
the whirling motion of cyclones. Here we have a rush of par¬ 
ticles of air in toward a point. The horizontal part of the 
Coriolis force 2 m[vr.ci)] is perpendicular to the radius vector to 
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the point from the center of disturbance and, in the Northern 
Hemisphere, is directed around the compass from north to 
west (the direction of the whirling motion is from north to east 
in the Southern Hemisphere). 

67. The effect of the rotation of the earth upon the motion of a 
pendulum; Foucault’s pendulum. In the discussion of the plane 
pendulum given in § 45 it was seen that the bob of the pendulum 
moves in a fixed plane. By ''fixedis meant fixed in the ref¬ 
erence frame relative to which there is a constant force mg 
acting on the bob and in which the point of suspension is fixed. 
If we choose as our reference frame one whose origin is at the 
point of suspension and which has no angular velocity relative 
to an inertial frame, we see that the conditions stated are 
satisfied for a short interval of time (provided we neglect the 
infinitesimal changes in the "force of gravity" mg on the bob). 
Since once every sidereal day the direction of the vertical makes 
a complete swing around the fixed direction furnished by the 
axis of rotation of the earth, it is evident that our neglect of 
the changes in the force of gravity on the bob, which force 
has the direction of the downward vertical, limits the appli¬ 
cability of the simple theory given in § 45 to an interval of 
time which is short in comparison with a sidereal day. Since 
the bob of the pendulum will move in a plane which is fixed 
relative to the reference frame described, it will not, in general, 
move in a plane which is fixed relative to the earth. The angular 
velocity o), relative to our reference frame, of any frame rigidly 
attached to the earth may be analyzed into two parts : 

1. A component of magnitude oj cos 6 along the upward 
vertical. 

2. A component of magnitude co sin 6 along the horizontal 
line directed toward the north. 

A vertical plane fixed in our reference frame will appear, 
when regarded from the earth, to turn with an angular velocity 
(x) cos 0 around the downward vertical, so that the direction of 
rotation in the Northern Hemisphere is from north to east, 
and in the Southern Hemisphere from north to west. The time 
taken by the plane of the pendulum to make a complete swing 

2 TT 2 “IT 

around the compass is-or sec 6 sidereal days, since =— 

CO cos U CO 

is a sidereal day. In terms of the latitude L on the earth, we 
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may say that the plane of vibration of the pendulum makes 
one complete revolution around the compass in cosec L sidereal 
days. This is the basis of the theory of Foucault's famous 
pendulum experiment, which was devised to demonstrate the 
rotation of the earth relative to an inertial frame. 

In order to give a more detailed account of the effect of the rota¬ 
tion of the earth upon the simple pendulum, let us introduce a frame 
which is attached to the earth and whose origin is at the point of 
suspension. Taking the upward vertical as our 2 :-axis, the x-axis 
pointing east and the ?/-axis north, and denoting the magnitude of 
the (absolute) tension exerted by the supporting string on the bob 
by T, our equations of motion are 

X = — — 7 -f 2 o}{if cos 0 — 2 sin Q), 
m L 

3/ = - - I - 2 ooi cos 0, (67.1) 

ml 

T z , o • • 

2 =-- — g 4 - 2 cox sin 

m I 

where I is the length of the supporting string. 

We shall now suppose that the pendulum is executing small oscil¬ 
lations, so that X and y are infinitesimal as compared with 1. The 
equation = P shows that z = ±l to the first order of 

infinitesimals; and the equation xx -h yy + zz = 0 then shows that 
2 is an infinitesimal of the second order, since x and y are infini¬ 
tesimals of the same order as x and y. We put z— — ly since we 
are considering oscillations of the bob near the lowest point of the 
sphere on which it is constrained to move. A further differentia¬ 
tion gives XX 4- 2 / 2 / 4- zi -f (x^ -f 7 J 2 4 . ^ 2 ) = 0 ; and as x and y are, by 
(67.1), infinitesimals of the first order, z is an infinitesimal of the 
second order. We have, therefore, from the third of the equations 
(67.1), upon neglecting infinitesimal in comparison with noninfinites- 
T 

imal quantities, — — g; so that the first two equations (67.1) may 
m 

be written in the form 

X = — ^ 4 2 CO cos 0 y, 

■ Mo 
y = — ^ — 2 CO cos 6 x. 

Upon introducing the complex variable m = x 4 iy^ these may be 
combined into the single equation 

ii = — ^ — 2 zco cos 6 u. (67.2 a) 
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This is a linear homogeneous differential equation of the second order 
whose characteristic equation (see § 38), 

-h 2 io) cos ^ ?w -f ^ = 0 , 

has pure imaginary roots which w^e may denote by ia and — f/S, 
where a and ii are both positive numbers of which (3 is the greater. 
We have, in fact, 

a = cos^ 6 ^— 0 ) cos 0, 0 -f cos^ + CO cos 6 . (67.3) 

The general solution of (67.2 a) is therefore u ~ AeJ^^ + Be~ where 
A and B are arbitrary complex constants. Let us suppose that the 
bob starts from rest from a point in the (x, z) plane so that the 
initial values of u and a are C and 0 respectively, where C is a real 
constant. This gives 

^ 4 - Qjg- (67.4) 

a -t p 

or, on separating out the real and imaginary parts, 

X = — ^-5 (/? cos at~\- a cos /30, y = — —z sin at — a sin ^t). (67.5) 

a~t p a-h p 

These are the equations of the projection of the bob of the pendulum 
on a horizontal plane. Upon squaring and adding, we find 

r = (x^ + — —^L_ [^2 ^ ^2 _j_ 2 a^3 cos (a -f (67.6) 

a p 

This tells us that the maximum value of r is C and the minimum 

value y the maximum value being attained when (a -f 0 )t 

(3 A- a 

is an even multiple of tt, and the minimum value when (a -f is 
an odd multiple of tt. In other words, the projection of the bob on 
a horizontal plajie lies in the ring between two circles of radii C and 

—;»the common center of the two circles lying vertically 
under the point of suspension. 

It follows from (67.5) that x and y vanish together when (a -f 0)t 
is an even multiple of tt, at which times the projection of the bob is 
on the outer circle of the ring. Hence the projection has stationary 
points, commonly called cusps, at its points of intersection with the 

2 TT 

outer circle r = C, and the time interval between two cusps is —— 3 - 

O' + p 

These cusps correspond to the end points of the swing in the more 
elementary theory, and between them the path of the projection 
is practically a straight line. In fact, it follows from (67.5) that 
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^ — TT SO that the inclination of the tangent to the 

dx 2 

projection of the bob to the r-axis is either — a? cos ^ J or tt — co cos 6. U 
Since co is less than 10"'^, by (65.2), this inclination hardly varies 
during the time of a half-swing. The period of a complete swing is 
4 TT 2 TT 


a + ^ 


(? 


so that one effect of the rotation of the 


-h 0)2 COs2 d ) 


earth is a very slight decrease in the period. This diminution of the 
period is quite negligible, since it is of the order of magnitude of o)^. 

Q * j 

When t =-so that the projection of the bob is at one of the 

a: -f- p 

cusps on the outer circle, we see, from (67.4), which may be written 

in the form u — ——[p + ae~ that the argument of the 

q: -h p 

complex quantity ii is ai. The argument of the next cusp but one — 
that is, the cusp reached after a complete swing — is greater than 

this by since the period of a complete swing is Since 

a -h p a + p 

a and 0 are very nearly equal, 13 being very slightly greater than a, 
this says that during a complete swing there is an increase in the 
argument of the cusp of amount slightly less than 2 tt. An equivalent 
way of saying this is that there is a slight decrease in the argument 
of the cusp. The amount of this decrease is 

o 2 7ra 2 tto) cos d rr. 

2 TT-r» or -T' (67.7) 




—or - 7 

-f 0)2 C0S2^^ 


In each complete swing of the pendulum its plane turns, therefore, 
from north to east, through this angle. Since co cos d is very small, 
I should be made as large as possible if we wish to observe this steady 
rotation of the plane of vibration of the pendulum. The most accu¬ 
rate determination of co, by means of the result (67.7), is that due to 
Kamerlingh Onnes. The accuracy of the determination of the length 
of the day was within 8 minutes, that is, about one part in 200. 
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EXERCISES 


1 . Prove that the axis of a top whose principal moments of inertia 
are (A, A, C) and whose spin is p will keep step with that of a top 

whose moments are each equal to A and whose spin is —» provided 

A 

the latter top be suitably started. Show also that the Eulerian angles 
xj/ and \J/' in the two cases are connected by the relation 

xp' = xpi- pL 


2 . The earth’s mass being assumed to be 6 x lO^i tons, find the 
change in the length of the day if icebergs and melted snow weighing 
10^® tons move from the north pole to latitude 45 degrees. 

3 , Is there a change in the displacement of a vessel running east 
or west at the rate of 30 miles per hour? Why, and how much? 


4. If the sun gradually contracts in such a way as to remain 
always similar to itself in constitution and form, show that when 
every radius has contracted an wth part of its length, where n is 

large, the angular velocity will have increased to -f ^ times its 

former value. Examine the change in the kinetic energy of the 
rotation. 


5. Discuss the motion of a uniform rod under gravity about a 
horizontal axis through one end. Treat also the conical pendulum 
motion of the rod about one of its ends, which is fixed. 

6 . Discuss the motion of any rigid body about a horizontal axis, 

the resistance of the air being neglected. Show that the length of 

^2 

the simple equivalent pendulum is given by the formula I = —-—» 

where Mk^ is the moment of inertia of the body about a parallel axis 
through its center of mass, and d is the distance between this axis 
and the axis of rotation. Hence show that the distance between two 
horizontal axes which are coplanar with the center of mass and such 
that the period of the oscillations of the body is the same for each, 
is equal to the length of the simple equivalent pendulum. If the 
periods are not exactly equal, and if the distances of the two axes 
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of rotation from the center of mass are di and d 2 respectively, show 


8 7r2_ f,^2 


g di + d 2 di — da 
method for calculating the value of g 


This result furnishes a reliable 


7 . If a right circular cone, whose altitude a is double the radius 
of its base, turns about its center of gravity as a fixed point, and is 
originally set in motion about an axis inclined at an angle a to the 
axis of figure, the vertex of the cone will describe a circle whose radius 
is f a sin a. 


8. A solid ellipsoid, the squares of whose semiaxes are 3 5 

is set rotating about a diameter lying in the plane of the greatest 
and least axes and making an angle whose cotangent is ( 2 )^ with the 
former. Find the initial direction cosines of the invariable line referred 
to the axes of the ellipsoid, and show that the angular velocity of the 
mean axis about the invariable line is constant during the subse¬ 
quent motion. 



CHAPTER X 


GYROSCOPIC THEORY 

68. The effect of an impulse applied to the axis of figure of a 
gyroscope. In 1852 Foucault showed that a dynamically sym¬ 
metrical body spinning around its axis of figure could be used 
to demonstrate the rotation of the earth with respect to an 
inertial frame, and he named such a spinning body a gyroscope. 
We have already seen that if the body is balanced about a 
fixed point on its axis of figure and is started spinning around 
this axis, it will continue to rotate with constant angular 
velocity around the axis of figure until it is acted upon by some 
external force having a moment about the point of suspension. 
Let us now examine qualitatively the effect of an impulse which 
intersects the axis of figure but does not pass through the point 
of suspension. The applied impulse is equivalent to an equal 
impulse through the point of suspension, together with an im¬ 
pulse moment about this point. 

In discussing the motion of the body about the point of sup¬ 
port, we may confine our attention to the impulse moment about 
the point of support, the impulse through the point of support 
being neutralized by an impulsive reaction there. The fact that 
we consider the impulse moment and not the applied impulse 
explains many of the apparently puzzling paradoxes of gyro¬ 
scopic theory. The fundamental theorem that the change in 
angular momentum of the body about the point of support is 
equal to the moment of the applied impulse about this point 
enables us to calculate the new angular-momentum line, that 
is, the new invariable line; and from a knowledge of this and 
the principal moments of inertia about the fixed point the new 
position of the rotation vector <0 follows. There is no abrupt 
change in the position of the axis of figure, since, under an 
impulse, the velocities and not the positions of the various 
points of the body undergo a sudden change. The moment of 
the impulse is perpendicular to the axis of figure and is Api+Aq], 
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where (i, j, k) are unit vectors, mutually perpendicular, the 
third of which lies along the axis of figure about which the body 
was rotating before the application of the impulse. The new 
rotation vector is pi + + ^k, the original rotation vector hav¬ 

ing been rk; so that the change in the rotation vector is pi + ^j, 
whereas the change in the angular-momentum vector is A times 
this. After the application of the impulse, the axis of rotation 
no longer coincides with the invariable line, as it did before the 
application of the impulse; and we have the rule 

The axis of rotation always moves in the direction of the moment 
of the applied impulse. 

If the magnitude of this moment is M, the angle through 

M 

which the invariable line moves is the arc tan —^ and the angle 

Cr jyj 

through which the axis of rotation moves is the arc tan —; for 

M = A(p- + q-y. If r is very large, the angle through which both 
the axis of rotation and the invariable line move is very small. 
This explains the stability of a rapidly spinning gyroscope with 
respect to impulses. Nothing can be inferred from this, how¬ 
ever, as to its stability with respect to continuous forces. 

Immediately after the application of the impulse, the body 
begins to execute a steady precession about the new invariable 
line. This precessional motion is direct or retrograde according 
as A is greater or less than C. 

69. The forced precessional motion of the axis of figure. We 
shall now consider the case of a dynamically symmetrical body 
with a fixed point, acted on by forces having a moment about 
the point of support. It will be of interest to find out what 
applied moment is necessary to make the axis of figure execute 
a steady precessional motion, that is, to make the axis of figure 
move with a given constant angular velocity 0 = p about a 
given fixed line, while at the same time the body has a constant 
velocity of rotation \l^ = p about its axis of figure. Taking the 
fixed line as the Of axis of a fixed frame, we shall use the 
Eulerian angles (0, (^, i/^) of § 23. The components of the angu¬ 
lar velocity co are p along the Of axis and p along the OZ axis, 
so that the components in the moving frame OXYZ are, from 
the table (23.9), 

p = p sin 0 cos fjL sin 0 sin r = p cos d + p. (69.1) 
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We now wish to find out what applied moment is necessary 
to keep the three quantities (0, jjl, v) constant in these expres¬ 
sions. The answer is furnished at once by the Eulerian equa¬ 
tions (§58). Upon substituting in the Eulerian equations the 
derivatives 

fjLP sin 6 sin 4^, ^ = fxp sin d cos ^ = 0 , (69.2) 

at at at 

(in deriving which we have used the equation of definition 
^ = i'), we obtain for the components (L, M, N) of the necessary 
applied moment, in the moving frame, the results 

L^A^-{A-C)qr 

= C^v sin 0 sin i// — (^ — C)ijl* sin 0 cos 0 sin rp, 

M = A^^-(C- A)rp (69.3) 

= C/j,p sin 6 cos -- {A — C)fjr sin 6 cos 6 cos xp, 

N = C ^ = 0. 
dt 

Since the direction cosines of the line of nodes, relative to the 
moving frame, are (sin \p, cos \p, 0), we see, from (69.3), that the 
applied moment which is necessary to maintain the steady pre¬ 
cession with angle d is directed along or opposite to the line of 
nodes and has the magnitude 

±iu sine \Cp + (C - cos &]. (69.4) 

This result is one of the apparent paradoxes of the theory. It 
is, at first sight, somewhat surprising that the applied moment 
necessary to maintain 6 constant is exactly in the direction 
which would make it change 6 if the body were at rest. The 
situation is, however, exactly analogous to the case of uniform 
circular motion of a particle where the applied force necessary 
to maintain r constant is exactly in the direction which would 
make it decrease r if the particle were at rest. Just as we speak 
of the centrifugal, or inertial, force of the particle moving in the 
circle, — this being the negative of the applied force necessary 
to maintain the uniform circular motion, — so we here speak of 
the deviation, or inertial, moment of the gyroscope which is 
executing the uniform forced precession, this being the negative 
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of the applied moment necessary to maintain the uniform pre¬ 
cession. Denoting by \k and v the vectors, directed along the 
invariable line and the axis of figure respectively, whose mag¬ 
nitudes are 0 and \{/ respectively, and whose sum is the angular 
velocity vector to, we may write the inertial or deviation mo¬ 
ment of the gyroscope in the form 

D =: [^r + (C - A) ^ cos [v. hl] : (69.5) 

for the magnitude of the vector product [v.jjl] is jxp 0, and 
the direction of this vector product is opposite to that of the 
line of nodes. The single expression (69.5) will answer all the 
more elementary questions as to the behavior of a gyroscope. 
If the applied moment necessary to maintain the forced pre¬ 
cession is not forthcoming, the axis of figure of the gyroscope 
will begin to move in the direction (of increase or decrease of 6) 
in which it would move, if initially at rest, under the action 
of an applied moment D. Just as in the case of the particle 
moving uniformly in a circle, the particle will tend to fly away 
from the center when the central force necessary to maintain 
the uniform circular motion is lacking, and this would be the 
result of applying the centrifugal force to a particle at rest. 

If the gyroscope is spinning rapidly, we may usually neglect 
the precessional velocity /x in comparison with the velocity of 
spin p, and the deviation moment takes the very simple form 

Di=C[v.fi]. (69.6) 

This is exactly whatD would be if C = A, that is, if the point of 
support were a spherical point of the gyroscope; and it is for 
this reason called the spherical part of the deviation moment. 
The remaining part. 

Da = (g - cos e ,7^ 

of the deviation moment is called the ellipsoidal part. It will be 
observed that the magnitude of D2 is independent of the magni¬ 
tude p of the velocity of spin, and it is, in fact, what D would 
reduce to if p were zero. It follows, from (69.6), that if there is 
no applied moment, the axis of a rapidly spinning gyroscope 
will tend to move so as to decrease 6 ; that is, the tendency of 
the axis of figure is to move into coincidence with the invariable 
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line about which it would precess if the necessary moment were 
supplied. For a dynamically symmetrical body moving as a 
conical pendulum (that is, without any angular velocity about 
its axis of figure) the tendency of the axis of figure is to move 
toward or away from the invariable line according as C is greater 
or less than A ; for then the deviation moment is given by 
(69.7). (Since there is no angular velocity about the axis of 
figure, we are free to choose either of the two directions along 
the principal axis of inertia of mean moment at the point of 
support as the direction of our axis of figure, and we avail our¬ 
selves of this freedom of choice to arrange matters so that the 
angle d is not obtuse.) 

If we give up the hypothesis that the angle d is constant, we 
find at once, on substituting in Euler's equations the expressions 

p = 6 sirwp ~ sin 0 cos \p 0, 
q ~ 6 cos xp + sin 6 sin \p 0, 
r ~ xf/ cos 0 4>y 

given in (26,10), and resolving the resulting vector equation 
along the line of nodes, that 

Ad = (magnitude of deviation moment) + (resolved part of ap¬ 
plied moment along line of nodes). (69.8) 

The introduction of the deviation moment is therefore the same 
as a reduction of the gyroscope to rest, as far as 6 is concerned. 
To find the nutation 6 of the gyroscope, we may introduce the 
deviation moment and then proceed as if the gyroscope were 
executing a simple rigid pendulum motion about the line of 
nodes. 

70. The various types of forced uniform precessional motion; 
the pressure between the polhode cones. Since co is the sum of 
the two vectors p. and v, which are inclined to each other at an 
angle 6, we have 

cu-’ = p- q- + r- — p- + cos d, 

so that CO is constant. Moreover, r = m cos 0+ v is constant, and 
so p- 4 - q '2 — ^2 sjj^2 Q jg constant. Since 2T = A{p^ + q^) + Cr'^ 
and = A‘^{p- + q-) + C-r-, this shows that the kinetic energy T 
and the magnitude G of the angular-momentum vector are con¬ 
stants. The difference between the forced uniform precession 
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and the free Poinsot precession under no moments is that in 
the former the direction of G is not fixed, whereas in the latter 
it is. In the moving reference frame formed by the principal 
axes of inertia at the point of support, the components of the 
various vectors involved are 

(0 = (p, Qy r) = /ji sin 6 cos fx sin d sin jx cos 6 + i^), 

G = (Apy AQy Cr) 

— (— A/x sin 0 cos xpy A fx sin 6 sin Cfx cos d + Cp)y 
Axis of figure = (0, 0, 1), (70.1) 

Axis of precession = (— sin 0 cos xp, sin 0 sin cos 0), 

Line of nodes = (sin cos 0). 

These expressions show that the axis of rotation, the axis of 
angular momentum, the axis of figure, and the axis of preces¬ 
sion are all perpendicular to the line of nodes. The transverse 
plane containing these four axes is known as the plane of pre¬ 
cession. Furthermore, the angle between any two of the four 
axes remains constant throughout the processional motion. 
Hence, if we draw, at each instant, the invariable plane of a 
free Poinsot precession determined by the conditions holding 
at that instant, the various invariable planes thus obtained will 
envelope a right circular cone, with its vertex on the axis of 

precession. In fact, the distance —• of these invariable planes 

G 

from the point of support is the same for all the invariable 
planes, and each invariable plane is perpendicular to the axis of 
angular momentum (which axis makes a constant angle with 
the fixed axis of precession). The motion of the rigid body 
when executing the forced uniform precession may, then, be 
conveniently described geometrically by the statement that an 
ellipsoid of revolution fixed in the body (the Poinsot ellipsoid, 
in fact) rolls upon a fixed right circular cone whose axis is the 
axis of precession. If we try to realize this geometric descrip¬ 
tion mechanically, the applied moment necessary to maintain 
the forced uniform precession may be regarded as furnished by 
the reaction exerted by the fixed cone upon the moving spheroid. 
It is, however, more convenient to have recourse to the geo¬ 
metric description of the motion in terms of the rolling of the 
polhode cone upon the herpolhode cone. The two cones are 
right circular cones in the present instance, and we may regard 
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the necessary applied moment as furnished by the reaction of 
the herpolhode cone upon the polhode cone. 

In addition to the two types of processional motion considered 
in § 64, there is now a third type, since there is no longer any 
necessity for the angle between the axis of precession and the 
axis of rotation to be acute. (In the free Poinsot precession this 
angle has to be acute, since ihe axis of precession coincides there 
with the axis of angular momentum.) The cosine 
of the angle between the axis of precession and 
(/X + r cos 6) 


the axis of rotation is 


The new 


type of precession will take place when this is 
negative, so that the angle be¬ 
tween the axis of precession and 
the axis of rotation is obtuse. De¬ 
note this angle by tt — 6 , so that e 
is an acute angle, the semivertical 
opening of the herpolhode cone. 

Since <0 is the sum of the two vec¬ 
tors \i. and V, the axis of rotation 
must lie between the axis of pre¬ 
cession and the axis of figure, 
which tells us that 0 is also an 
obtuse angle and greater than tt — e. The semivertical opening 
of the polhode cone is the difference between these two obtuse 
angles; that is, 



1 

1 

B 


Herpolhode 

Fig. 31 


5 = 0 - (tt - e). 


(70.2) 


As this is less than €, the polhode cone is enveloped by the 
herpolhode cone on which it rolls internally. For this reason 
the precession is said to be of the hypocycloidal type. 

It may be observed that the two types of precession, direct 
and retrograde, already described in § 64, may occur in a forced 
precession quite independently of the relative magnitude of the 
moments of inertia A and C, which was the determining factor 
as to which type of precession would occur in the Poinsot free 
precession. If the necessary applied moment is supplied, a gyro¬ 
scope may be forced to describe either type of processional 
motion. 

It is not difficult to express the applied moment, which is 
necessary to maintain the forced precession, in terms of the 
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openings of the two cones, the velocity of spin, and the angle 
of precession d. Since co is the resultant of \l and v, we have 
fjL sin € = p sin 5, so that the magnitude of the applied moment, 
which lies along or opposite to the line of nodes, is, by (69.4), 
the numeric value of 


V sin d sin 6 
sin € 


Cv ■ 


(C — A)p sin 5 cos 9 ~ 
sin 6 


(70.3) 


When the expression C sin € + (C — A) sin 5 cos 6 is negative, 
the deviation moment, which is the negative of the applied mo¬ 
ment, is directed along the line of nodes and tends to increase 6, 
In other words, if C sin e + (C — A) sin 5 cos d is negative, the 
gyroscope, in the absence of the necessary applied moment, 
moves in such a way as to separate the polhode cone from the 
herpolhode cone in all three types of precession. Conversely, 
if this expression is positive, the gyroscope has, in the absence 
of an applied moment, a tendency to decrease 6, that is, to press 
the polhode cone against the herpolhode cone. In this event 
the reaction of the herpolhode cone will supply the necessary 
moment to maintain the precession. This implies, of course, 
that the motion is realized mechanically by the rolling of one 
material right circular cone upon another. 

It is easy to see that there is always a pressure between the 
two cones in the hypocycloidal case. For then, by (70.2), 
€ == TT + 5 — 0, and the expression 

Csin € + (C — A) sin 5 cos 0 = C sin ^ cos 5 — A sin 5 cos 6 

is positive, since cos d is negative, while the other terms are 
positive. In the epicycloidal case 0 = 5 + by (64.12). Con¬ 
sequently the condition for pressure between the two cones is 


or 


C sin € + (C — A) sin d cos {d + e) > 0, 


tan € > 


(A — C) tan 5 
C +A tan^S ' 


(70.4) 


There will therefore always be a pressure between the cones in 
this precession if A is not greater than C; whereas if A is 
greater than C, the semivertical opening of the herpolhode cone 

must be greater than the angle whose tangent is r ^2 J 

if there is to be pressure between the two cones. ^ ^ 
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In the pericycloidal case 0 = tt + e — 5, by (64.13); and the 
condition for pressxire may be put in the form 

C sin 6 cos 5 + A sin S cos 0 < 0, 

or C tan 0 + A tan 5 > 0, (70.5) 

since cos 0 is negative whereas cos 8 is positive. 

In the realization in practice of the forced precession the semi¬ 
vertical opening 8 of the polhode cone is very small, so that the 
polhode cone does not differ very sensibly from a cylinder. In 
the pericycloidal case the opening of the herpolhode cone is 
smaller than that of the polhode cone, and this type is not con¬ 
venient to construct. In the other two cases, however, the open¬ 
ing of the polhode cone may be made as small as we please; and 
this polhode cone may, in fact, be sufficiently approximated by 
the material axis of figure of the gyroscope, even if this axis is 
cylindrical rather than conical in shape. The axis of figure may 
follow a "guide’’ whose projection from the fixed point will be 
the herpolhode cone. We may regard the actual motion at any 
instant as sufficiently approximated by the "tangent uniform 
forced precession,’’ that is, by the forced precession for which 
the herpolhode cone would be the right circular cone that has 
contact with the actual herpolhode cone along a generator, and 
for which ju and v have the values given by the actual motion 
at the instant in question. The axis of figure will adhere to the 
guide, no matter what its shape, as long as the tangent uniform 
precesvsion is of the hypocycloidal type, that is, when the guide 
is concave to the axis. It will also adhere to the guide even in 
the epicycloidal case, that is, when the guide is convex to the 
axis of figure, provided the condition of (70.4) is satisfied. This 
is the explanation of the "clinging" of a gyroscope to a guide 
along which its axis of figure rolls. If the axis leaves the guide, 
the necessary moment to maintain the forced precession is no 
longer supplied, and the gyroscope will begin a free Poinsot 
precession about the angular-momentum line. It is possible 
that the axis may leave the guide and again come into contact 
with it during its free precessional motion, in which event it 
would again take up what may be regarded as a sequence of 
forced uniform precessional motions. 

Advantage may be taken of the pressure between the pol¬ 
hode and herpolhode cones, which is always present in the 
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hypocycloidal precession, to construct a grinding mill. The 
magnitude of the pressure is seen, from (70.3), to be propor¬ 
tional to v-y so that high pressures may be developed if the 
gyroscope is spinning rapidly. 

71. The motion of a dynamically symmetrical body about a 
fixed point imder the influence of its own weight. We have sup¬ 
posed heretofore either that the weight of the gyroscope was 
negligible or that the gyroscope was balanced, that is, suspended 
with its center of mass at the point of support so that its weight 
had no moment about this point. We shall now assume that the 
center of mass, while still located on the axis of figure, is not at 
the point of support. Let us take as the Of axis of our fixed frame 
the upward vertical and as the OZ axis of our moving frame the 
axis of figure directed from the point of support, 0, to the 
center of mass. Then the applied moment (here the moment of 
the weight of the gyroscope) is directed along the line of nodes 
and has the components {Mgl sin 6 sin Mgl sin 6 cos xpy 0) in 
the moving frame, where M is the mass of the gyroscope and I 
is the distance from the point of support to the center of mass. 
(These components follow at once from the observation that 
the moment wanted is the vector product of the two vectors 
(0, 0, 1) and {Mg sin d cos — Mg sin 6 sin yj/, — Mg cos 6),) 
On using, as before, (p, g, r) to denote the components in the 
moving frame of the angular-velocity vector w, the Eulerian 
equations (58.2) become 

A ^ — (A — C)qr = Mgl sin 0 sin xp, 

A ^ — (C — A)rp = Mgl sin 9 cos xp, (71.1) 


the last of which gives r = n, where is a constant. A second 
integral of these equations is a consequence of the fact that the 
time derivative of the angular-momentum vector G, being equal 
to the applied moment, has its resolved part along the fixed 
line Of equal to zero. Hence the resolved part Or of G along 
the upward vertical is constant, giving 

— Ap sin 0 cosxj/ + Aq sin 0sm\l/ + Cn cos 9 = Or* (71.2) 
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On multiplying equations (71.1) by (p, g, r) respectively and 
adding, we obtain, after using the relation p sin + g cos ^ = d, 
which follows from (26.10), the energy integral 

A(P“ + rO + Cn^ = ~ 2 cos (9 + 2 A, (71.3) 

where is a constant giving the total energy of the gyroscope. 
(Of course, the energy integral is best written down directly, 
independently of the Eulerian equations.) Upon making the 
substitutions of (26.10), 

p = ^ sin ^ sin ^ cos i/', 
q— 6 cos \l/ (f> sin 6 sin xj/, 
r = n = ^ + 0 cos dy 

our integrals (71.2) and (71.3) take the forms 

A sin- 6 (p C7i cos 6 — G^, (71.2 a) 

Aid'^ + sin^ep^) + Cn^ = 2(h - Mgl cos 6), (71.3a) 

We notice, from (71.2 a), that sin 6 cannot become zero during 
the motion — that is, the axis of figure cannot come into coin¬ 
cidence with the upward or downward vertical ~ unless the 
initial conditions are such that 


Gr = ±C7i. 


(71.4) 


We shall reserve for a special discussion the case where this 
relation between the constants of the problem exists, and we 
proceed to deal with the general case in which the axis of figure 
cannot become vertical. The angular velocities <p and \p may be 
expressed in terms of the cosine of the angle 6 by the equations 


; _ Gr — Cn cos 6 

^(1 — CQS-^) ' 


4 ' 


= n — (p cos 0 = Cn 



Cn — Gc COS 0 
A(1 — cos-'0) 


(71.5) 

(71.6) 


Adopting the notation cos 0 = ff will be the vertical distance 
above (or below, if negative) the point of support of a point 
on the axis of figure at unit distance from O in the direction 
from 0 to the center of mass. This point is called the vertex 
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of the heavy gyroscope or top. Upon eliminating (j> from (71.3 a) 
by means of (71.5), we find 


(ir 


_ a^)a ~ n - (iS - MY say, 


where we have adopted the abbreviations 

2 h - Cn- ^ ^ ^ 2 Mgl 


I3- 


A 


(71.7) 

(71.8) 


Our assumption that the top cannot become vertical implies 
that j3 is not equal to ± Once we have solved the differen¬ 
tial equation (71.7) for f as a function of t, we have to integrate 
the equations 

4> = (Vl-5a) 

xP = na-b) + > (71.6 a) 

in order to obtain </> and \{/ as functions of t. 

The polynomial /(f ), defined by (71.7), is a cubic in f with 
three real zeros. For if fo is the initial value of f, /(fo) must be 

either positive or zero, since it is the initial value of while 

/(± 1) = “ (/3 T bn)- are both definitely negative. Moroever, 
/(f) is positive when f is large and positive, since the coefficient 
of the term is positive. Denoting the three real zeros of 
/(f), when arranged in descending order of magnitude, by 
(fi^ f 2 , fs) respectively, we have 

fi > 1 > f 2 = fo § f3 > -“ 1. 

We are now in a situation which has already been discussed 
in detail in § 46. The differential equation (71.7) may be written 
in the form 

and f must lie in the interval f 2 § f = fa. In order to reduce 
our differential equation to the standard form 

(^)^= 4(ei - p)(e2 -p){p- es), (ei + 62 + C3 = 0) 

we write f ^ -f- “ + 

^ a ^ Sa 

< = M + A (|8 = any constant) 


(71.9) 
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In terms of our original constants we find, on comparing this 
with (71.8), 

. ^ 2 Ap{u) , 2 kA - C{A - C)n^ 

Mgl 6AMgl ' (71.9 a) 


• C03, 


where co'a is the purely imaginary semiperiod of the Weierstrassian 
elliptic function p{u) (see § 46). Now that the equation (71.7) 
has been reduced to the standard form, the work is precisely 
as in § 46. We have, on writing 


V = 



^ ^ F(r?, k) ^ (7?,/:) 

(ei - (f, - f,)*’ 


(71.10) 


where F is Legendre's normal integral of the first kind, and the 

modulus k is * In using this result, time is measured 

from an instant at which the vertex of the top is at its lowest 
point ^ == f 3 . The vertical motion of the axis of figure is periodic, 
the period being ^ 

T = /My 4 A- 


where K is the complete elliptic integral. 

Since ^ is periodic, it follows, from (71.5 a) and (71.6 a), that 
the angular velocities 0 and \}/ are also periodic with the same 
period as 

72. Discussion of the spherical path of the heavy gyroscope or 
top. The vertex of the top traces out a path on the sphere of 
unit radius whose center is at the point of support 0. At any 
point of this path whose latitude is L and whose longitude is X 
the tangent to the path makes with the parallel of latitude an 

.Jr 

angle whose tangent is sec L ^ (since the element of arc along 

aX 

a meridian is simply dL, whereas the element of arc along a 
parallel of latitude is cos LdX). In terms of f = sin L we see 
that i, the inclination of the path of the vertex to the parallel of 
latitude through the point in question, is given by the equation 


tan^f = 


m 

(13 - 
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We are using the fixed line Of as the polar axis of our sphere, 
so that L = ^— d and \ — <t>, and we have made use of the 

equations (71,7) and (71.5 a). We see, then, that the inclination 
i will, in general, be zero at points where /((*) = 0, that is, at 
the bounding circles of latitude f = ^2 and f = fa. The only 
exception is when the denominator (/8 — bn^y^ of the expression 
for tan“ i also vanishes at either of these bounding circles. In this 
exceptional case the path of the vertex, instead of touching the 
corresponding bounding circle, cuts it at right angles, since the 
denominator is squared (and so vanishes to a higher order than 
the numerator). Since both ^and (f> are zero at these points, the 
path of the vertex has cusps at them. It is easy to see that 
the cusps cannot occur on the lower bounding circle; for at a 

cusp the kinetic energy of the top has its minimum value 

so that the potential energy must have its maximum value. In 
other words, the vertex of the top must be at its highest point. 
From the formula (71.5 a) we see that the horizontal motion 

of the vertex is always in the same sense unless ^ has a value 

bn 

between f 2 and fs; in which case the path of the vertex has 

loops, since 4> changes sign on the circle of latitude f = The 

bn 

condition which the constants of the problem must fulfill so that 
the path of the vertex may have loops is readily found by making 

/(^) positive, ^ being less than unity in absolute value. This 


2h’-Cn^ 


1 < ;^ < l' 
Cn I 


2 Mgl Cn \ Cn I ^ ' 

Let us now assume that the position of one of the bounding 
circles is known, and let us discuss the possibilities for the other 
bounding circle. We may, for example, suppose that the gyro¬ 
scope is started off with ^ = 0 at a given 0. We shall denote the 
known value of f by fo, so that fo may stand, indifferently, for 
either f 2 or fs. We have, from (71.7), 

1-f" ^ l-r ’ 


and since fo is a zero of /(f), we have 
0 = a ~ afo — 
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Upon subtracting these two equations and dividing the result 
by (f -- fo), we find that the other two zeros of the cubic poly¬ 
nomial /({*) are given by the quadratic equation 

2 b^n{l + ffo) - (fS- 4 4- fo) 

-a(l-f(r4(l-r)=0. (72.2) 

For a given value of spin 7i this gives the relation between (i and 
the f of the second bounding circle. This relationship may best 
be studied by making a graph, using f and 0 as rectangular 
Cartesian coordinates. The graph is a cubic curve which is met 
by a parallel to either coordinate axis in two points at most. 
Thus the vertical lines f = constant meet the graph in the points 
whose ordinates are given by 


/3(f4-ro) = Ml + ffo) 

±{(1 - n (1 - fo^) [b^n^-a(t+ ro)l}^. (72.3) 


We have vertical tangents when the two values of /3 furnished 
by this equation are equal, that is, when ^ = ± 1 and when 


f = — fo 4 


b2n.2 


the corresponding values of ^ being ± bn and 


a(l - ro^) 

bn 


(72.4) 
4* bn^o 


respectively. The particular vertical line f = — fo is exceptional 
in so far as it meets the curve, as is seen from (72.2), in only 
one point, .. . .> 


It is at once apparent from (72.3) that there is an imaginary 
region of the curve in the interval — 1 < f < 1, to which we 
are limited by the phj^sical nature of the problem and by the 
assumption that (3 is not equal to either 4: bn, provided that 

^ - Co < 1. (72.6) 

a 

In this event the part of the sphere for which 

^-Co<C<l 

a 

cannot be reached by the axis of figure, no matter what value 
is given to j8. The gyroscope or top is said to be weak in this 

case. If, on the other hand,-fo = 1, any circle on the 
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sphere can be reached as the second bounding circle. The value 
to be assigned to /3 is then determined by (72.3). Two distinct 
values of ^ may be taken in order to reach any given second 
bounding circle, save in the case of the circle f = — fo, which is 
symmetrical to the original bounding circle with respect to the 
point of support. This can be made the second bounding circle 
by giving /3 the value in (72.5). As /3 is made indefinitely large 
the second bounding circle approaches this circle f = — fo 
asymptotically. 

73. The uniform precessional motion of the top. A comparison 
of (69.4) and (71.1) shows that the top can execute a forced 
uniform precession under the applied moment furnished by its 
own weight, provided that 

Mgl = /ji[Cp+(C- A)m cos ei (73.1) 

where fi and v are the values of ^ and \J/ respectively. These 
values are necessarily constant when 6 is constant, as is seen 
from (71.5) and (71.6). The question as to what value must be 
given to the value of 7i being previously assigned, in order 
that uniform precession may take place with a given angle of 
precession 6o is answered by putting f fo = cos do in (72.3); 
for this implies that the two bounding circles coincide. It is 
necessary that ^ 2 afo in order that the value of ^ deter¬ 
mined by (72.3) should be real. Hence the top may always 
be made to process, with any value of n, in a circle below the 
point of support; but for a circle above the point of support 
it will not process uniformly unless the spin n is large enough 
to make ^ 2 afo, that is, 

^ 4 A Mgl cos do, (73.2) 


The values of 0 necessary for the steady precession are, by 


(72.3), 



(73.3) 



(73.4) 

(73.5) 
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To each value of do there are, accordingly, in general, two pre¬ 
cessions, and these are referred to as the fast and slow preces¬ 
sions. If the conditions for a steady precession are not exactly 
satisfied, the top will have a slight nutational motion. But the 
two bounding circles will be very close together when the 
divergence from the conditions necessary for a steady preces¬ 
sion is small. In other words, the uniform processional motion 
of the top may be called a stable state of steady motion, 

74. Discussion of the top which can become vertical. We have 
seen that if the axis of figure can come into coincidence with the 
upward vertical, we must have ~ Cn, that is, ^ — bn; 
whereas, if the axis of figure can come into coincidence with 
the downward vertical, we must have = — bn. The two cases 
may best be discussed separately. 

Case I. /3 = bn. 

Here f = 1 is a zero of the cubic poljmomial /(f) of (71.7), and 
the other two zeros are furnished by the quadratic equation 

^ = 0, or + = (74.1) 

If fo is the initial value of f the quadratio polynomial 

must be positive or zero for f = fo; for neither /(fo) =(^) ^ 

nor (1 — fo) can be negative. For f = — 1, the quadratic has 
the negative value — 2 so that it has a zero in the interval 
fo = f > — 1- For f = 1, the quadratic has the value 2{a — a), 
whereas for large values of f it is negative. Hence the third 
zero of /(f) is greater than 1 if a > a; whereas if a < a, it lies 
between 1 and fo- If a = a, the cubic/(f) has f = 1 as a double 
zero. It follows, then, that if a < a, the vertex of the top lies, 
as before, between two bounding circles, and the axis of figure 
never becomes vertical. If a > a, the upper bounding circle 
reduces to the highest point f = 1 of the sphere. At this point 
the energy integral (71.3 o) gives 6^ — a — a, so that the vertex 
of the top passes through the highest point of the sphere, de¬ 
scending on the other side of the unit sphere. The angular 
velocities $ and yp are, from (71.5 o) and (71.6 a), given by 

80 that ^ always keeps the same sign. 


(74.2) 
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If a = a, the polynomial /(f) has the double zero f = 1; the 

third zero being — 1. If this is greater than or equal to 
a 

unity, the axis of figure must have been originally vertical, 
and it remains so. This is a limiting case of the uniform stable 
precessions discussed in the previous section, and it gives an 
explanation of the ''sleeping top.’' The condition hhi- ^ 2 a is 
equivalent to ^ 4 (74.3) 

If this condition is not satisfied, there is a lower bounding 
circle, the highest point on the sphere playing the role of the 
upper bounding circle. As /(f) has here a double zero, the 
integration of the equation (71.7) does not involve the elliptic 

A12 > 1 2 

functions in this case. Writing fa = —^— 1, we find 

a 

= tanh- t, (74.4) 

1 “ fa ^ 

so that the axis of figure would take an infinite time to reach 
the upward vertical. 

Case II. I:i — — bn. 

Here f = — 1 is a zero of/(f), the other two zeros being those 
of the quadratic polynomial 

or (a-af)(l-f)-b-’«-(l+f). (74.5) 

If fo is the initial value of f, this quadratic has a zero between 
fo and 1, and a zero greater than unity. The lowest point of 
the unit sphere plays the role of the lower bounding circle. At 
this lowest point our energy integral gives d- — a~\- a, and, if 
this is zero, a second zero of /(f) coincides with the original one 
f = — 1. In this case the top must originally have had its axis 
of figure vertically downward, and it stays thus permanently, 
no matter how large n is made. 

75. The original Foucault gyroscope. The usual arrangement 
for supporting a gyroscope is known as a Cardan bracket. It 
consists of an outer ring which can turn about a fixed diameter 
Of, thus contributing the component 0 of the angular velocity 
a> of the g 3 Toscope. This outer ring supports an inner concen¬ 
tric ring which can also turn about a diameter ON, the line of 
nodes, perpendicular to Of. The rotation of the inner ring con¬ 
tributes the component 6 of < 0 . The gyroscope itself is pivoted 
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to the inner ring, the pivots being at the end of the diameter 
which is perpendicular to the line of nodes. The spin yp of the 
gyroscope about its axis of figure gives the remaining com¬ 
ponent of 0 ). The common center O of the two rings plays the 
role of the fixed point of support. 

Let us now examine what effect the rotation of the earth has 
upon the motion of such a gyroscope. As has been alread> 
pointed out in § 51, we may disregard the acceleration of the 
center of the earth with respect to an inertial frame. The point 
of support will not, however, be at rest in a frame whose origin 
is at the center of the earth and which has no rotation with 
respect to an inertial frame, but will have an acceleration due 
to the earth's rotation. If, neverthelevSS, the gyroscope is bal¬ 
anced, we may disregard the motion of the point of support 
and consider merely the motion of the gyroscope relative to 
its center of mass (§ 52). Since the gravitational force of the 
earth on the gyroscope is equivalent to a single force through 
its center of mass, the motion about the center of mass will 
take place under no moments. If, then, the angular-velocity 
vector CD is originally directed along the axis of figure, — that is, 
if 6 and (p are originally zero, -- it will continue to be directed 
along the axis of figure, which will be a fixed line in space. The 
motion of the gyroscope about its center of mass is merely a 
rotation with constant velocity about a permanent axis through 
the center of mass. Now any framework of reference what¬ 
ever which is attached to the earth has, relatively to an inertial 

frame, an angular velocity of magnitude cc = — - - - radians per 

00,1 64 

second about the polar axis of the earth. Choosing a refer¬ 
ence frame with origin at O, the point of support, this angular 
velocity may be resolved into two parts, one of magnitude 
CO cos 6 — CO sin L about the upward vertical, and the other of 
magnitude co sin 0 = co cos L about the northward horizontal 
line. Here L is the latitude of 0, regarded as positive in the 
Northern Hemisphere and as negative in the Southern Hemi¬ 
sphere. The axis of figure, which has a fixed direction in an 
inertial frame, will, accordingly, when viewed from the earth, 
have an angular velocity with the two components (1) co sin L 
about the downward vertical, (2) co cos L about the hoiizontal 
line toward the south. 
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If we suppose the Cardan bracket so arranged that Of is the 
upward vertical, and if we start the gyroscope spinning about 
the axis of figure placed horizontally (to minimize friction on 
the pointed ends of the axis of figure at the pivots on the inner 
ring), the axis of figure will remain practically horizontal for 
several minutes, since oj is so small. The outer ring should then 
move from north to east in the Northern Hemisphere, and from 
north to west in the Southern Hemisphere, its angular velocity 0 
being the vertical component co sin L of the angular velocity of 
an inertial frame with respect to the earth (both the line of 
nodes and the axis of figure being in the horizontal plane 
through 0). For a duration of about eight minutes the angle 
through which the outer ring should move, at the latitude of 
Paris, amounts to about one and one-half degrees, — a fact 
which can be easily observed with the aid of a microscope. It 
was from this experiment, arranged by Foucault in 1852 to 
demonstrate the rotation of the earth, that the gyroscope takes 
its name. The angular velocity co is, however, so small that 
only its direction — not a correct quantitative calculation of 
its magnitude — could be obtained by this arrangement. A 
very slight displacement of the center of mass from the point 
of support 0 introduces a motion of the axis of figure, due to 
the moment about O of the weight of the gyroscope, which is 
comparable to the motion due to the rotation of the earth. 
An arrangement in which the center of mass is deliberately 
displaced from the center of support, by means of a weight 
attached to the axis of figure, is better suited to the determina¬ 
tion of CO; and this arrangement, known as the baryg 5 a'oscope, 
will be discussed in detail in the next section. 

76. The gyroscope with two degrees of freedom; determination 
of the angular velocity of the earth; the gyroscopic compass; 
gyroscopic determination of latitude. When a d 3 niamically sym¬ 
metrical body, spinning with uniform angular velocity xf/ about 
its axis of figure, is forced to move in a steady precession with 
uniform angular velocity 0 = about a fixed line, it experiences a 
deviation moment 

D = [^C + (C - A) ^ cos ej [v.p.], 

which tends to set the axis of figure along the axis of precession 
(§69). If, then, we suppose the axis of figure of our gyroscope 



GYROSCOPIC THEORY 


251 


constrained by some arrangement to move in a plane fixed 
with respect to the earth, we shall have a case of this forced 
precession, the axis of precession being a parallel through O to 

the polar axis of the earth, and /x = being the angular 

8b, 154 

velocity of the earth. Here /x is so small that we may neglect 
the ellipsoidal part (C — A) ^ cos 0[v.}i] of the deviation mo¬ 
ment in comparison with the spherical part C[v.\i]. If the neces¬ 
sary applied moment M = —D = C[|i.v] is not supplied, the 
axis of figure will not execute the forced precession which it 
would have if the applied moment were present, and it will 
move in the plane in which it is constrained. If we analyze 
into two parts the first of which, is in the plane in which the 
axis of figure is constrained to move, the second, jjl 2 , being per¬ 
pendicular to this plane, there will be a corresponding analysis 
of the deviation moment D into two parts, Di = C[v.|ii] and 
D 2 = C[v.|jl 2 ]. The part D 2 is in the plane of the axis of figure, 

■ ind so its eflect on the axis of figure is to tend to rotate the axis 
of figure out of the plane in which it is forced to lie. In this 
caseD 2 will be neutralized, or, in other words, the corresponding 
part M 2 of the necessary applied moment will be supplied by 
the reaction moment of the supports which constrain the axis 
of figure to stay in the plane fixed relatively to the earth. The 
effective part, as far as the motion of the axis of figure in its 
plane is concerned, is therefore 

Di = C[v.|jLi]. (76.1) 

This is perpendicular to the plane of motion of the axis of figure 
and has the magnitude Cp/jli sin e, where e is the angle from 
the vector \ki to the axis of figure. The effect of Di is to make 
the axis of figure move toward ^ 1 , so that the motion of the 
axis of figure will be an oscillatory one about \li as a mean posi¬ 
tion (provided no other moments are acting on the gyroscope). 

On account of the difficulty experienced in suspending the 
gyroscope so that its center of mass is exactly at the point of 
support, let us suppose that the effect of gravity is equivalent 
to a force P acting at a point on the axis of figure whose distance 
from the point of support Oisl, I being measured positively in 
that direction along the axis of figure about which the spin ^ 
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is positive. The moment of P about 0 may be resolved into two 
parts, one of which is perpendicular to the plane of the axis of 
figure, while the other lies in this plane. As before, we see that 
the latter component is ineffective as far as motion of the axis 
of figure is concerned. Let us denote the component of P in 
the plane of the axis of figure by Pi, and let the angle from jjii 
to Pi, measured positively in the same sense as e, be a. Then 
the part of the moment of P which tends to increase e is 
Pit sin (a — e). The total moment, both deviational and applied, 
tending to increase e is therefore 

— CvyLi sin 6 — Pil sin (e — a). (76.2) 

This may be written as a single harmonic term in the form 


where 

and 


— i^sin (e- €o), (76.2 a) 

R2 = + Pil COS a)- + {Pil sin 

taneo = -—-, 

Cj'jui + Pil cos a 


the angle «o being determined uniquely by the fact that 
R sin eo = Pil sin a and R cos £o = Cvm + Pil cos a. 

Since the moment of inertia of the gyroscope about any axis 
through 0 perpendicular to the axis of figure is A, we have, 
from (69.8), 

Ae = -R sin (e - €o), (76.4) 

so that the axis of figure oscillates about the equilibrium position 
€ = €o like a simple pendulum of length For small oscilla- 



We may now discuss in some detail the two most important 
cases, which occur when the plane in which the axis of figure is 
constrained to lie is (1) a vertical plane or (2) a horizontal plane. 

Case I. Plane of constraint vertical. Here Pi = P. Let us in¬ 
troduce for the moment a reference frame whose x-axis is along 
|Ai and whose ^/-axis is in the plane of the axis of figure, the rota¬ 
tion from the x-axis to the ^/-axis being in the direction in which 
€ is measured positively. The components in this frame of the 
unit vector along the upward vertical are (- cos a, - sin a, 0). 
Denoting by /3 the angle between |i and g.i, which is acute by 
the definition of (ii, the components of the unit vector along 
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\L are (cos/3, 0, sin/3). On taking the scalar product of these 
two unit vectors and observing that the angle between them is 
the colatitude, we obtain 


sin L = ~ cos a cos /3. (76.5) 

If we take the vector product of the unit vector along \l and 
the unit vector along the upward vertical, we obtain a vector 
whose components are 


(sin a sin jS, — cos a sin/3, — sin a cos/3). (76.6) 


This vector has the magnitude cos L and is directed due east in 
the horizontal plane. The z-axis also lies in the horizontal plane, 
and the angle from the vector (76.6) to the 2 :-axis is the angle 
between the vertical plane toward the north and the vertical 
plane containing the axis of figure. This angle we shall denote 
by 5, so that 8 is the azimuth of the plane of the axis of figure 
measured from the north line. We have, from (76.6), 

cos L cos 5 = — sin a cos /3. (76.7) 


We may use the results (76.5) and (76.7) to replace the angles 
a and /3 by the angles L and 8. Writing mi = M cos /3 and 
Pi = P in (76.3), we find 


tan €o = 


Pi cos L cos 8 
Pi sin L — Cvix cos“ /3 


(76.8) 


The formula for the deviation of the position of equilibrium 
from the vertical is somewhat simpler. The deviation from the 
downward vertical being 6o — a, we have 


tan (6o — a) 


tan 6o — tan a _ — Cp/jli sin a 

1 + tan 6o tan a Pi/ + Cp/jli cos a 


in the general case. In the present case this reduces to 


tan (6o — a) = 


Ci^jjL cos L cos 5 
Pi — Cpjji sin L 


(76.9) 


When p = 0, this is zero, which says merely that the body hangs 
vertically downward. When the spin of the gyroscope is not 
zero, the deviation of the mean position of its oscillatory motion 

in its vertical plane is zero only at the poles, L = ± — > or when 

the vertical plane is an east-west plane, 6 = d: In a given 

latitude the deviation of the mean position from the downward 
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vertical is greatest when 5 = 0, that is, when the vertical plane 
points north and south. For a given azimuth the deviation 
increases as we move toward the equator. 

Foucault tried to demonstrate the rotation of the earth by 
means of a gyroscope whose axis was constrained to move in a 
vertical plane. In his experiment, however, the gyroscope was, 
as nearly as possible, balanced ; that is, I was as nearly as pos¬ 
sible zero. The deviation of the mean position should then have 
been ? — L when the vertical plane was a north-and-south 
plane. In this case also /3 = 0 and R — Cvfx, so that the period 
of the oscillations should be 2 Trf -A_\ . This arrangement was 

therefore calculated to determine not only the rotation fx of the 
earth but the latitude of the position on the earth at which 
the experiment was being conducted. However, on account of 
the difficulty of getting the gyroscope exactly balanced, quan¬ 
titatively correct results are not possible with this arrangement. 
Gilbert overcame the difficulty by attaching a weight to the 
axis of figure, the apparatus being then known as the barygyro- 
scope, to indicate the role played by gravity. The deviation 
from the downward vertical is given by (76.9); and we notice 
that in the Northern Hemisphere, where L is positive, the 
deviation and the period of the vibrations are greater, for equal 
numeric values of Z, when I is positive than when I is negative. 
The reverse holds true in the Southern Hemisphere. By making 
Pi nearly equal to Cpjjl sin L, the deviation may be made nearly 
equal to a right angle. The reader wishing more details may 
consult a paper by A. Denizot, in Jahresberichte des deutschen 
mathematischen Vereins (1914), 23, p. 445. 

Case II. Plane of constraint horizontal. When the plane of 
the axis of figure is horizontal. Pi = 0, and gravity has no effect 
on the motion of the axis of figure in the horizontal plane in 
which it is constrained to move. The angle /3, being the com¬ 
plement of the angle made by the perpendicular to the plane of 
constraint with p., is here the angle between the upward verti¬ 
cal and p., that is, the latitude L. The equilibrium position, 
by (76.8), is given by eo = 0. Hence the mean position of the 
vibrating gyroscope is the north-and-south line. Since 

R = Cvni = CpfJL cos L, 
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the arrangement serves to determine the meridian and jjl cos L. 
The instrument is known as the gyroscopic compass, and it 
serves also to determine the latitude. In the actual setting up 
of the instrument it is necessary to avoid friction as much as 
possible; and so, following a suggestion of Lord Kelvin, the 
apparatus is usually arranged to float on mercury. Knowing 
L, fx can be calculated by this instrument with an error of 
about 2 per cent. A good account is given in an article by 
H. Lorenz, "Technische Anwendungen der Kreiselbewegung,” 
in Zeitschrift des Vereins deutscher Ingenieure (1919), 9, p. 1224. 
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EXERCISES 


1. Prove that if a ship is in motion with a speed whose northerly 
component is r, the gyrostatic compass will (when in equilibrium) 

point to the west of true north by an amount - - —where a is 

the radius of the earth. ^ 

2. A uniform circular disk has its center O fixed, and moves under 
the action of no external forces. The disk is given an initial angular 
velocity co about a diameter coinciding wdth the fixed X-axis OX, 
and a velocity n about its own axis, which then coincides with the 
fixed Z-axis OZ. Show^ that, at any subsequent time t, 

6 = 2 arc sin sin » 

. ^ " (a = (w2 + 4 n^)^) 

<t) = arc cot^^ tan 


where 0 is the angle between the axis Oz of the disk and OZ, and <f> 
is the angle between the plane ZOX and the plane ZOz. 


3. A body can rotate freely about a fixed vertical axis for which 
its moment of inertia is I. The body carries a second body in the 
form of a disk which can rotate about a horizontal axis, fixed in the 
first body and intersecting the vertical axis. In the position of equi¬ 
librium the moments and products of inertia of the disk with respect 
to the vertical and horizontal axes are, respectively. A, B, P. Prove 
that if the system starts from rest with the plane of the disk inclined 
at an angle a to the vertical, the first body will oscillate through an 


angle 


2 F 


[B(A + I)y 


arc tan 




L(A + 


sina "I 

+ /)d' 



CHAPTER XI 


GENERAL DYNAMICAL THEOREMS 

77. Generalized coordinates. We shall first consider a system 
of k material particles whose coordinates relative to any con¬ 
venient Cartesian reference frame are ?/,, zj respectively, 
where s = 1, 2, • • •, A:. The usual situation will be that the posi¬ 
tions of these various particles are not independent of one 
another but are interconnected in such a way that the 3 k 
coordinates (x,, ij,, z,) satisfy a certain number r of independent 
equations 

M^h ?/h 2 : 1 , • • •, Xa-, ?/a, Z/,) = 0. (r; = 1, 2, • • •, r) (77.1) 

It may even happen that these equations involve the time t 
explicitly, in addition to the coordinates of some or all of the 
points of the system. The equations (77.1) are said to define 
the constraints imposed upon the system of material particles; 
and when these equations involve the time explicitly, we speak 
of moving constraints. For example, if we are considering only 
one material particle which is constrained to move upon a given 
surface, the e(iuation of this surface will define the constraint; 
and if the given surface is a moving one, the time will enter its 
equation as a parameter. The r independent equations (77.1) 
defining the constraints enable us to express r of the coordinates 
of the k particles in terms of the remaining S k — r; but it is 
more symmetrical and convenient to suppose that each of the 
3 k coordinates is expressed in terms of 3 A: — r ~ m independent 
variables (qi, q 2 , ' • <7m)- If the constraints are moving, the 

time will occur explicitly in the expressions giving the position 
of each particle in terms of the variables q. These variables are 
known as generalized coordinates, it being clearly understood 
that they need not have the dimension of a length. The position 
vector of each particle is given in terms of the generalized coor¬ 
dinates by an equation of the type 

= Ts{qu q 2 y- - y qmy t). (s = 1, 2, • • •, A:) (77.2) 

256 
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On differentiation with respect to the time, we derive from these 
the velocities of the various particles of the system 


dqi 


oq2 


^2 + * • * + 


dr„ 

dqm 


(Im + 


dt 


(77.3) 


These serve to define the kinematic displacement differentials 

dT. = ^dq, + - + + (77.4) 

(Jqi dq,n dt 

In addition to these differentials we shall find it necessary to 
consider what they would reduce to if the time did not enter 
the equations of constraint. Introducing the notation hts, we 
have the equations of definition 


5r. - rfg, + • • • + dq„,. (77.5) 

dq\ dqm 

These differentials are said to define a virtual displacement of 
the various particles of the system, but it must be clearly 
understood that they have a mathematical rather than a phys¬ 
ical significance. To illustrate the difference between the kine¬ 
matic displacement differentials and the virtual, or geometric, 
differentials, let us consider the case of a single particle con¬ 
strained to stay on a moving surface. Here we have two 
generalized coordinates, q\ and qo. The kinematic differential 
dx gives the actual direction of motion of the particle at any 
instant, and the geometric differential 6r gives a direction tan¬ 
gent to the position of the moving surface at the instant in 
question. Since the surface itself is supposed to be moving, the 
direction of motion of the particle is not, in general, tangent to 
the surface, — a fact which shows the difference between the 
two differentials. 

If we consider all possible motions of the system through a 
given position, instead of confining our attention to the actual 
motion taking place, the dq's occurring in (77.5) will be arbitrary 
numbers instead of being proportional to the q's of (77.3). In 
order to avoid a quite possible confusion of meaning, we shall 
use the symbol bq when we wish to refer to all possible motions, 
so that the bq's are arbitrary numbers. When the constraints 
are not moving, so that the time variable does not enter the 
equations (77.2) explicitly, the infinity of virtual displacements 
(found by giving arbitrary numeric values to the bq) includes 
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one displacement which is identical with the actual kinematic 
displacement differential. This is the one for which each 8q is 
put equal to the corresponding dq. 

Rewriting (77.5) in the form 

du = ^Sqi + --- + l^ 8q„, (77.5 a) 

()qi dqm 

we form the scalar product of the relative force F« acting on the 
sth particle of the system and the virtual displacement 3r^, of 
this particle, and then add the results obtained in this way for 
all the particles of the system. The number 

2.(F«.6r.) (77.6) 

so found is called the virtual work of the forces acting on the sys¬ 
tem of particles. It follows from (77.5 a) that the virtual work 
of the forces acting on the system may be written in the form 
Qi Sqi -f- Q 28 q 2 + • • * + (77.7) 

where Qk == S^^Fs • (A: = 1, 2, • • •, m) (77.8) 

The m quantities Qk are called generalized-force components; 
but it is clear that they will not have the dimensions of a force 
unless the corresponding coordinate qk has the dimensions of a 
length. It is the product Qk8qk which has a direct physical inter¬ 
pretation, and this product has the dimensions of work or energy. 

Since the bq's in (77.7) are arbitrary numbers, it is clear that 
the necessary and sufficient condition for the virtual work of an 
applied-force system to be zero is that all the generalized-force 
components Q be zero. Now the advantage of the concept of 
virtual work is that the motion of the dynamic system can be 
determined without knowing the force acting on each individual 
particle of the system. All that it is necessary to know is the 
virtual work of the force system, which is equivalent to knowing 
the generalized-force components. It is evident from the ex¬ 
pression (77.6) that those forces that are perpendicular to the 
virtual displacements of the particles on which they act will not 
contribute anything to the expression for the virtual work. For 
example, in the case of a particle constrained to stay on a sur¬ 
face (moving or not) a force normal to the surface will not 
affect the expression for the virtual work. Therefore if the 
reaction of the constraining surface on the particle is perpen¬ 
dicular to the surface, it is unnecessary to know this reaction in 
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order to write down the virtual work or to find the generalized- 
force components Q. In this case the constraining surface is said 
to be smooth or frictionless. Frequently a dynamic system is 
such that the virtual work of the constraints is so small in com¬ 
parison with the virtual work of the other forces involved that 
we may neglect it, and it is, accordingly, possible to determine 
the generalized-force components without knowing the reactions 
of the constraints. The motion of such a dynamic system can 
be determined if the external applied forces are given, and the 
dynamic system is said to be frictionless. 

78. Lagrange’s equations. Denoting the mass and acceleration 
of the sth particle by and A.s respectively, we have F« = rrisK. 
The virtual work of the forces acting on the system may be 
written, then, in the form 

We have, accordingly, from (77.7), the equation 

. 6r.) = 5 qi + Q2 6(72 + • • • + Qm ( 78 . 1 ) 

The left-hand side of this equation may be transformed exactly 
as in § 43. From the equations 

L ~ ^siqif q2j * * *» Qm.} 

we obtain 5qi H-h ^ 

dqi dqm 

Hence the coefficient of any of the bq's (Sq*, let us say) on the 
left-hand side of (78.1) is By following the method 

of § 43, this is seen to be P*, where 



and T = ^ 

is the kinetic energy of the system. We may therefore rewrite 
equation (78.1) in the form 

Pi bqi -f P 2 5^2 + • • • + Pm = Qi + Q 2 bq2 + * • * + Qm 5qm« 
Since the hq's are arbitrary numbers, this implies that 

(s = 1, 2, ‘ • •, m) 

Writing for P* its expression in (78.2), we have the m equations 

= (8 = 1,2, ..-.m) (78.3) 

dt \dq,J dq. 
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These are second-order differential equations for the m general¬ 
ized coordinates q, the independent variable being the time. 
They are known as the Lagrangian equations governing the 
motion of the system. In a discussion of the motion of the 
dynamic system these equations have the advantage over a 
direct discussion of the motion of each individual particle of 
the system, in that it is unnecessary to know the reactions of 
the frictionless constraints. If these reactions are desired, there 
is usually no particular advantage gained by using the Lagrangian 
equations. In order to compare the two methods, the student 
may discuss the motion of a particle on a smooth sphere under 
the action of gravity. 

It may be remarked that the generalized coordinates were assumed 
independent only at the end of the argument, where we wished to 
make use of the arbitrariness of the bq's. It is very often convenient 
to use a superfluous number of generalized coordinates connected 
with each other by one or more relations of the type 

<72, • • •, /) = 0. (78.4) 

Let us suppose, for instance, that there are p of these relations, so 
that there are in reality only r — p — m independent generalized 
coordinates q. However, it frequently happens that the solution of 
the p relations for p of the interdependent coordinates q in terms 
of the remaining m is either difficult or inconvenient, and we wish to 
know how to proceed without having recourse to this solution. The 
are no longer arbitrary numbers but are connected with one 
another by p relations, found by differentiating the p relations (78.4). 
The time variable plays the r6le of a constant in these differentia¬ 
tions. These relations are 

+|^5<72 +• • •+ |^5gr = 0. (t = 1, 2, ■ • p) (78.5) 

oqi oq2 oqr 

Upon multiplying each of these p equations by an arbitrary multi¬ 
plier Xa and subtracting the results from the equation 

(Pi - Qi)hqi -f (P 2 - Q 2 )hq 2 -f • • • -f (Pr ~ Qr)hqr = 0, 

which we have already obtained, we may avail ourselves of the arbi¬ 
trariness of the multipliers Xa to make the coefficients of the differen¬ 
tials bq of the dependent coordinates zero, whereupon the remaining 
coefficients of the differentials of the independent coordinates will 
have to be zero as before. We derive in this way r equations, 

P* = Q*+Xi^+--- + Xp|^. (fc = 1, 2, ■ • r) (78.6) 
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which take the place of the previous equations A = Qa- There are 
now r -f p unknowns, as, in addition to the r coordinates we have 
the p unknown multipliers X. To determine these r p unknowns 
we have the r equations (78.6) and the p equations (78.4). If we 
wish to give a physical interpretation to the mathematical procedure 
explained here, we say that the equations (78.4) imply constraints 

imposed on the dynamic system, and that the terms X« occurring 

OQk 

in (78.6) are the generalized components of the forces of reaction due 
to these constraints. 

As an illustration of the use of a superfluous number of coordi¬ 
nates, let us consider the simple problem of the motion of two masses 
Wi and m 2 connected by a light inextensible string over a smooth 
pulley, as in Atwood’s machine. If Z\ and 22 denote the vertical 
portions of the string, they are connected by a single relation 

Z\ z * ~ I = 

The virtual work is + m 2 (jhz 2 , so that Qi = m.\(] and Q 2 = m 2 g. 

The kinetic energy?’ of the system of two particles \ ^ 2 ^ 2 ^, 

so that Pi = TWi^i and P 2 = ^ 2 ^ 2 * The two equations (78.6) are 
m\Zi = m\g + X, m 2 Z 2 = mog 4- X. From the relation of the coordi¬ 
nates Zi and Z 2 , we obtain, on differentiating tw'ice with respect to 
the time, the equation zi -h Z 2 — 0. On eliminating the multiplier X, 

we find ir’i = — ^2 = » This is the theory of Atwood’s ma- 

Wi -f- mz 

chine which is used for the determination of g. The multiplier X gives 
the negative tension of the string. We find at once that 

^ - 2 mmzg 

Wi 4- m 2 

79. General remarks on Lagrange’s equations. From the equa¬ 
tions (77.3) it is at once seen that the kinetic energy T of our 
dynamic system is a quadratic function of the coordinate veloci¬ 
ties q,. If the time does not enter the equations (77.2) explicitly, 
so that the velocity r., of any particle of the system is a linear 
homogeneous function of the coordinate velocities q, the kinetic 
energy will be a homogeneous quadratic function of these coor¬ 
dinate velocities. This is the simplest and most important case. 

In the general case, however, the expression for T will involve 
terms linear in the coordinate velocities q, and also terms inde¬ 
pendent of these coordinate velocities. We shall denote the 
quadratic terms of T by T 2 , the linear terms by Ti, and the 
terms independent of the coordinate velocities by To ; so that 
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j* = T 2 + Ti + To. In the usual case where the time does not 
enter explicitly the equations of connection, this expression for 
T will reduce to the single term T 2 . It is well to remark that 
T 2 is a positively definite form; that is, it can never be negative, 
and can be zero only when all the coordinate velocities are 
separately zero. The fact that T 2 can never be negative follows 

from its definition as T 2 = S , where ^ = f, — from 

2 \dt/ dt dt 

which it is obvious that To is a sum of square terms none of 
which can be negative. The only way that T 2 could be zero 

would be for each of the expressions ^ to be zero simultaneously. 

dt 

If this could happen, without all the 8q's being zero at the same 
time, the m generalized coordinates q would not be distinct, 
because we could change their values slightly without changing 
the position of any particle of the material system. The sig¬ 
nificance of this remark is that we are assured that the m linear 
functions of the coordinate velocities (/, obtained by forming 
the m partial derivatives of the kinetic energy T with respect to 
these coordinate velocities, are independent functions of the q's. 
Therefore, if we find it convenient, we can solve for the coor¬ 
dinate velocities and express each of them in terms of the m 
partial derivatives of the kinetic energy with respect to the 
coordinate velocities. Denoting these partial derivatives by the 
symbols p, we have the m equations of definition 

dT 

= (s= 1 , 2 , • • •, 7k) (79.1) 

dqs 

We may solve these m linear equations and express the coordi¬ 
nate velocities in terms of the p's. When this is done, it will be 
found that the differential equations (78.3) which govern the mo¬ 
tion of the dynamic system may be put in a convenient standard 
form. In the particular case of the motion of a single material 
particle, moving without constraints, it is at once seen that if 
the position coordinates q are rectangular Cartesian coordinates, 
the three quantities p defined by (79.1) are the components 
of the linear-momentum vector of the particle. In the general 
case of any dynamic system the name is carried over, and p, is 
said to be the generalized-momentum coordinate corresponding 
to the position coordinate g,. Since the differential equations 



GENERAL DYNAMICAL THEOREMS 


263 


(78.3) are second-order differential equations for the m position 
coordinates q, regarded as functions of the single independent 
variable ty it is necessary, before the position at any future in¬ 
stant can be predicted, to know not only the position of the 
system at any given instant but also the coordinate velocities 
at this instant. The idea of position and velocity of a dynamic 
system is epitomized in the word phase. We may say that if the 
phase of the system at any given instant is known, the equations 
(78.3) enable us to predict the phase at any future instant. In 
order to know the phase of a system, we need to have, in addi¬ 
tion to the values of the position coordinates, the values of their 
time derivatives q; and we have seen above that this is equiva¬ 
lent to giving, in addition to the values of the gr, the values of the 
generalized momenta p. It is for this reason that the momenta 
are referred to as coordinates.'" In a word, a dynamic system is 
not sufficiently described by giving its position, but is completely 
described by its phase at any given instant; and the 2 m num¬ 
bers necessary to specify its phase — that is, the q and p — are 
called the p)Osition coordinates and momenta coordinates, re¬ 
spectively, of the system. It will have been noticed that a com¬ 
plete description of the system requires not only a knowledge 
of the phase but also a knowledge of the particular instant of 
time at which the system had the phase mentioned; so that, 
all together, 2 m + 1 numbers or coordinates (g, p, t) are neces¬ 
sary for a complete description of the system. These 2 /n -f 1 
numbers are referred to as the coordinates of the state of the 
dynamic system, so that the word "state"" is equivalent to the 
hyphenated expression "phase-time."" It is found very con¬ 
venient, in talking about the motion of a dynamic system, to 
use a kind of geometric language. Thus, if we are interested in 
the successive phases of the system without being particularly 
concerned about the times at which these phases are assumed, 
we could say that the phase of the system is represented by a 
point in a phase space of 2 m dimensions whose coordinates are 
the (q, p) which give the phase, and that as the dynamic sys¬ 
tem moves, and so takes different phases, the representative 
point moves along a curve in the phase space. If we find it 
necessary to be concerned about the times at which the various 
phases are assumed, we would use, as representing the state 
of the dynamic system, a point in a state space of 2m + l 
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dimensions whose coordinates are the 2 w + 1 numbers {q, p, t) 
which give the state of the system. Then as the system moves, 
or remains at rest, thus occupying different states, the repre¬ 
sentative point will trace out a curve in the state space, and 
this curve may be regarded as picturing the life history of the 
system. The two points of view are identical if we label each 
point of the representative curve in the phase space with a 
number giving the time at which the corresponding phase was 
assumed by the system. In order to prevent possible miscon¬ 
ception, it is well to say at this point that when we say we are 
adopting here a mode of geometric language, the etymological 
derivation of the word ''geometry” is entirely lost sight of. 
There is no idea of measurement, and we do not attempt to 
attach any meaning to the phrase "distancebetween two points” 
in the representative phase or state space we are talking about. 
The only reason for introducing the idea of a representative 
space of a large number of dimensions is that it is convenient 
to use the abbreviated expression "curve” for the long phrase 
"successive phases (or states) of the dynamic system ” and so on. 
The various expressions "path,” "trajectory of the system,” or 
"integral curve of the dynamic equations (78.3)” are used inter¬ 
changeably for this idea of the successive phases (or states, 
as the case may be) of the system. For, as we shall shortly 
see, it is convenient to consider curves in the representative 
phase (or state) space which do not picture the phase history 
(or state history) of the system. 

80. The canonical form of the dynamic equations. We may 
use the equations of definition (79.1) to replace the m second- 
order differential equations (78.3) for the q as functions of the 
time ^ by 2 m differential equations of the first order for the 
q and p as functions of t. These equations are 

^ = + = ( 80 . 1 ) 

dt dt r)qs 

where the first set of equations is obtained by solving the equa¬ 
tions (79.1) for the q as functions of the position coordinates g, 
the momenta p, and the time t. The equations (80.1) may be 
given a more symmetrical form if we introduce the function K 
defined by the equation 

K = ZsP,qs - T, 


( 80 . 2 ) 
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where we suppose the q to be expressed in terms of (g, p, t)y so 
that K is a function of these state coordinates. The complete 
differential of K follows from (80.2), since 


dK = + q,dp,) — dT , 

and since dT = 2,/^dg, + ^ dqs\+^dt 
\dqs dqs ] (Jt 


we may write 


dK^ 


^ dty 

Oiu 7 ()i 




which is equivalent to the equations 
dK 


dqs dp, dt 


(s=l,2,. 

Ot 


[By (79.1)] 


■,m) (80.3) 


In performing the partial differentiations indicated, K is re¬ 
garded as a function of {q, p, t), and T is regarded as a function 
of iq, q, t). We may therefore rewrite the dynamic equations 
(80.1) in the form 


^_dJC^ dp, _ dK 
dt dp, dt dq. 


+ Qs- (s — 


1 , 2 , ■ 


•, m) 


(80.4) 


This form of the djmamic equations is known as the canonical 
form; and it may be made even more symmetrical when the 
generalized forces Qs are the partial derivatives of a function 
of the q (and t, possibly), each with respect to its correspond¬ 
ing generalized coordinate g.,. Denoting this function of (g, t) 
by — V, we have, in this case. 


Q„ = -^, {s=l,2,---,m) (80.5) 

dqs 

and the expression (77.7) for the virtual work of the forces 
acting on the system takes the form 



Defining the function H by the equation 


H=K + V, 


(80.6) 
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so that H is a function of the state coordinates (g, p, t), 
we have 

dqs dqs c>Ps dps ' 

and our equations (80.4) take the final form 


dqs _ ^ 

dt dp 3* dt 



(80.7) 


In the cases with which we shall be most frequently concerned, 
the equations of connection (77.2) will not involve the time 
explicitly, and the kinetic energy T will be a homogeneous 
quadratic function T 2 of the coordinate velocities q. It follows, 
from the equations of definition (79.1), that the expression 
= 2 T, and so the quantity K defined by (80.2) is equal 
to T, It is, of course, differently expressed, as X is a function 
of the phase coordinates ((?, p) in this case, whereas T is ex¬ 
pressed as a function of the position coordinates q and the 
coordinate velocities q. It follows that the function H defined 
by (80.6) has the value T + V, In the particular case we are 
considering, the kinetic energy T does not involve the time 
explicitly, nor do the equations (79.1), which enable us to 
express the coordinate velocities q in terms of the momenta p ; 
and so H does not involve the time explicitly, assuming that V 
does not involve t explicitly. In other words, H is completely 
determined by the phase of the system, and it is not necessary 
to know the time at which this phase was assumed. If we cal¬ 
culate the rate of change of H with respect to the ultimate 
independent variable t as the system moves, we find, on using 
equations (80.7), that 


dt \dq3 dt ^ dpa dt ) 


(80.8) 


We find, then, that H remains constant despite the varying 
phase of the system. This constant //, whose expression as a 
function of the phase coordinates (q, p) dominates the motion 
of the dynamic system, is called the energy of the system; and 
the part V which is added to the kinetic energy to yield the 
total energy H is called the potential energy of the system (or, 
better, the potential energy of the system in the field of force 
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to which it is subjected). The reader should compare this gen¬ 
eral result with the particular case of a single moving particle 
discussed in § 41. 


When the equations of connection (77.2) involve the time variable t 
explicitly, matters are not so simple. The kinetic energy T is then 
an expression of the form T 2 -f Ti + To ; and it follows, from (79.1), 
that = 2 T 2 -f T], the term To not occurring, since it does not 

involve the coordinate velocities q. Hence the quantity X, defined 
by (80.2), has the value T 2 — To. The quantity H introduced by 
equation (80.6) has the value T2 — To + V ; but since it now involves 
the time variable t explicitly, it is no longer constant during the 
motion of the system. On using the equations (80.7), its rate of 
change is found to be 


dH _ V ^ , dH dps\ , dll _ dH 


(80.9) 


It may be well to emphasize the fact that even when the equations 
of connection of the system do not involve the time variable t ex¬ 
plicitly, we do not have the energy integral H = constant unless the 

generalized-force components Q are of the form Q, = — — > where 

dqa 

V is at most a function of ((/i, • • •, ^m). It sometimes happens that 
when the components Q are not of this form, they are of the form 

Q, = —-f- where F is a homogeneous quadratic function of 

\dqa CQa/ ^ 

the coordinate velocities a, so that, in addition to the term — 

dQa 

each generalized-force component involves a linear homogeneous 
combination of the q's. We find as before, on availing ourselves of 
equations (80.7), that 


dt dpa dqa dqa dt 


(80.10) 


so that the quadratic expression 2 F measures the rate at which the 
energy of the system is being dissipated. It is known as Rayleigh’s 


dF 

dissipation function. The part ^ I'be generalized-force com¬ 
ponent Qa is known as the dissipation part of this force. If we denote 
it by Day and introduce the Lagrangian function 


L = r - y, 


the Lagrangian equations (78.3) take the form 
d fdL\ dh ^ 


(80.11) 
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From (80.4) and (80.6) the canonical form of the dynamic equations 
is readily seen to be 


dq^ _ dH_ ^ 
dt ^ dp, dt 


dq. 




(s = 1, 2, • • m) 


(80.13) 


81. Applications of the general theory; cyclic or ignorable coor¬ 
dinates. It often happens that certain coordinates q are such 
that although their velocities enter the expression for the kinetic 
energy T, the coordinates themselves do not appear in this 
expression. For example, in the case of a single moving particle 
without constraints the three Cartesian coordinates (x, z) are 
of this type; but if we are using space polar coordinates, only 
the third coordinate </> is of this type (see § 43). Examples of 
coordinates of this type occur when we are discussing the dy¬ 
namic system consisting of the balls in a ball bearing or of a 
continuous chain passing over a pulley, and coordinates having 
this characteristic are called cyclic coordinates. For a mathemati¬ 
cal reason that will presently appear they are also referred to 
as ignorable coordinates. In the case of cyclic coordinates the 
Lagrangian equations (78.3) take the simpler form 


or 



(s= 1, 2, • • •, w) (81.1) 


so that the time rate of change of the generalized momentum cor¬ 
responding to a cyclic coordinate is equal to the corresponding 
generalized-force component Q,. This generalized-force compo¬ 
nent is called the cyclic force; and it follows at once that if any of 
the cyclic forces either vanishes or is a function of t alone (includ¬ 
ing, for example, the case where the cyclic force happens to be 
constant), we can without any trouble integrate the correspond¬ 
ing Lagrangian equation (81.1). When the cyclic force Q, is zero, 
the integration yields _ constant. (81.2) 

This is known as the momentum integral corresponding to the 
cyclic coordinate. As an example we may take the case of a 
particle moving in a plane under the action of a central force 
which is a function of the distance r from the center of attrac¬ 
tion alone. Here T = | m(f2 + r^d^)y so that 0 is a cyclic coor¬ 
dinate ; and as = 0, we have the angular-momentum integral 
Pe (that is, r^6) = constant (see (49.2)). 
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When the generalized forces can be written in the form Q,=— 7 -^+D„ 

oq, 

we put the Lagrangian equations in the form (80.12). The coordinate 
q, is said to be cyclic if the Lagrangian function L does not involve 
the coordinate q, itself although it involves its velocity q„ When the 
dissipative force is zero, we again have the momentum integral 

pt = constant, where p^ = — — 

^qs <^qa 


Following the procedure introduced by Routh, we shall now 
emphasize the distinction between cyclic and noncyclic coor¬ 
dinates by using, as coordinates to describe the phase of the 
system, the position coordinates and momenta of the cyclic 
coordinates, together with the noncyclic coordinates and their 
velocities. In other words, we shall try to write the differential 
equations for the cyclic coordinates in the canonical form, 
keeping the original Lagrangian form for the noncyclic coor¬ 
dinates. It will be convenient to distinguish the cyclic coordi¬ 
nates from the others by a superposed bar. We shall suppose 
that we have r cyclic coordinates q, and m. — r noncyclic 
coordinates q. On referring back to the argument in § 80, it 
will be seen that if we introduce the function K defined by 
the equation _ 

T, (81.3) 


where the summation runs over the cyclic coordinates q only, 
we have 


dK = 




(^qs 


dqi 


dT 
dt' 


(81.4) 


where T is supposed to be expressed in terms of the variables 
5, Vj Qf Qf /, before the partial differentiations are performed. 
We are here tacitly supposing that the r momenta p are inde¬ 
pendent linear functions of the cyclic velocities, so that we can 
solve for these cyclic velocities in terms of the cyclic momenta, 
the cyclic coordinates, and the noncyclic coordinates and coor¬ 
dinate velocities. The single identity (81.4) is equivalent to 
the 2 m + 1 equations 

dt dpj dqs dqs dqe dq^ 
dq^ dqj dt dt ' 


(81.5) 
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so that our equations (78.3) may be replaced by the two sets 
of equations 


dt dfj dt d(}, 
dt\dqj dq, 


+ Q» (s —1> 2, • 

(s= 1, 2, ■ • m- 


•,T) (81.6) 

r) (81.7) 
dV 


In the particular case where Q, has the form Q, = — D, for 

^Qs 

all the coordinates, both cyclic and noncyclic, these equations 
may be rewritten, on introducing the modified Lagrangian 
function 


L^-(K + V). 


(81.8) 


In terms of the original Lagrangian function L = r—y of (80.11) 
the modified function is given by 

L = L — (81.9) 

The new form of the equations (81.6) and (81.7) is 

^ = = ^ + (s = l, 2 , •••,r) (81.60) 

dt cps dt c)q.s 

It will be observed that the cyclic coordinates have the Hamil¬ 
tonian form, with — L taking the place of H, while the equations 
for the noncyclic coordinates have the Lagrangian form, with 
+ L taking the place of L, 

We have not yet made any use of the supposition that the 
coordinates q are cyclic. Here we have r momentum integrals 
Ps = constant; and these may be solved so as to enable us to 
express the velocities of the cyclic coordinates in terms of the 
position coordinates, the constant cyclic momenta, and the 
velocities of the noncyclic coordinates. The problem really 
reduces to the determination of the velocities of these non¬ 
cyclic coordinates, and this is done by an integration of equa¬ 
tions (81.7 a). Assuming that the dissipation forces Ds are zero, 
L will not involve q ; and so the only variables in L will be the 
noncyclic coordinates and their velocities. In other words, we 
may ignore the cyclic coordinates as far as the determination 
of the coordinate velocities goes. This is the reason for the 
name "ignorable coordinateswhich is often applied to the 
cyclic coordinates. 
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EXAMPLES 

1. A particle of mass m slides on a smooth horizontal rod which is 
in rotation around a vertical axis. Using polar coordinates, we have 
r = ^ m(f^ 4- and the angular coordinate is cyclic. If there is 
no cyclic force, we have the momentum integral 0 =: = constant. 

. _ 1 / \ 

Eliminating 0, we find for L the expression - ( mr^ H-r) — V- 

Z \ mr^/ mr^ 

where c is the constant momentum and we are supposing V a function 

of r alone. The single Lagrangian equation for r is mr -r = — —; 

mr" or 

and we see that, as far as determining r is concerned, the cyclic coor¬ 
dinate 0 may be ignored. There is acting on the particle, in addition 

to possible applied forces, an apparent (centrifugal) force outward 

^2 

along the radius, of amount The reader is urged to solve this 

mir 

problem directly by the method of § 35 (see § 30). This simple 
example is instructive as showing how what is called the potential 
energy of a system may be due to "'concealed motions.” Thus, if we 
were unaware of the rotating rod in this problem, and if there were 
no external applied forces acting on the particle, our observation of 
the motion would prompt us to write the differential equation for r 
in the form 



and we should therefore attribute a potential energy of amount 

- —- to the system. Some physicists have been led by the consider- 
2 mr^ 

ation of examples such as this to the hypothesis that the potential 
energy of any dynamic system is really due to the kinetic energy of 
cyclic (and ignored) coordinates. 

2. Four uniform rods, smoothly jointed at their ends, form a paral¬ 
lelogram which can move smoothly on a horizontal surface, one of 
the angular points being fixed. The configuration is initially rec¬ 
tangular, and the framework is set in motion in such a manner that 
the angular velocity of one pair of opposite sides is w, that of the 
other pair being zero. Show that when the angle between the rods 
meeting in the fixed point is a minimum, the angular velocity of the 
system is o). 

Solution, This is a case of motion under no forces, so that the 
energy integral is T = constant, the potential energy V being zero. 
In finding T we use the result that for a rigid body (see (55.4)), 
T = ^ MV^ 4* 2 (Ap^ 4 Bq^ -4 Cr^). Here (p, g, r) are the compo¬ 
nents of the angular velocity along the principal axes of inertia of 
the rigid body at its center of mass or its fixed point (if it has a fixed 
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point). V is either the velocity of the center of mass or else zero (if 
we are dealing with a rigid body having a fixed point). For a rod of 
length I turning about an end, the moment of inertia about any axis 

through this end and perpendicular to the rod is the moment 

o 

about an axis passing through the rod being, of course, zero (see § 57). 

In this example let the two rods meeting in the fixed point include 
an angle <^) and have lengths 2 a and 2 6 , their masses being mi and 
respectively. Let the rod opposite the rod of mass mi have a mass 
m 3 , the mass of the remaining rod being m 2 , and let the rod of mass 
mi make an angle 6 with a fixed direction in the line of motion. Then 

the kinetic energy of the first rod is Ti ~ —1, and that of the 

fourth is T 4 z= ^ « The center of mass of the second rod 

has coordinates [2 a cos 0 + 6 cos {$ + (/>), 2 a sin ^ + 6 sin {0 -f 0)], 
and its velocity components follow from these on time differentiation. 
The translational part of the kinetic energy of the second rod is thus 

found to be ^ [4 -h b^{d + 0)^ + 4 abd{d -j- <j>) cos 0 ]. To this 

we have to add the rotational part to get the complete 

D 

kinetic energy T 2 of the second rod. Similarly, the kinetic energy Tz 
of the third rod is found to be 

Ts = ^ [4 h\e + + 4 ahH9 + 0)cos 0] + 

2 D 

It is at once evident that the coordinate 6 does not appear in the 
kinetic energy T = T i -f T 2 4- T 3 -f of the system, so that Q is an 
ignorable coordinate, and we have the momentum integral po a con¬ 
stant c. Since T is a homogeneous quadratic function of the coordinate 
velocities d and 0 , the energy integral may be written in the form 

d^+(l>—. = 2T = constant. 
dd d(t> 

We are given the initial conditions ^ = 0 ?, ^ + 0 = 0, 0 = ^»so that 

dT ^ 

initially — = 0. Hence, on using the momentum integral in conjunc- 

* * dT 

tion with the energy integral, we have c6 + <{> — = co). When 0 is 
a maximum or minimum, 0 = 0 and 6 = 0 ). 

3. Four equal uniform rods of length 2 a are smoothly jointed so 
as to form a rhombus ABCD. The joint A is fixed, whereas C is free 
to move on a smooth vertical rod through A. Initially C coincides 
with A, and the whole system rotates around the vertical with 
angular velocity o). Prove that if, in the subsequent motion, 2 a: is 
the least angle between the upper rods, aa?^ cos a = 3 ^ sin 2 a. 
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Solution. The system requires for its description two angular coor¬ 
dinates 6 and <l> (see accompanying figure). The two upper rods have a 
fixed point A, and each has components of rotation {4> cos 6, (p sin 6, 6) 
along itself, and two mutually perpendicular direc¬ 
tions at right angles to itself, respectively. The 
moment of inertia of either of the upper rods about 
an axis through A perpendicular to the rod is 

^ , so that the kinetic energy of the two upper 

rods is ^ sin-^) ^ 

3 



The Cartesian coor¬ 


dinates of the center of mass of either lower rod are 
(a sin 6 cos 4>y a sin 6 sin 0, 3 a cos 0), from which 
the translational part of the kinetic energy of the 
lower rods follows at once. Adding their rotational 
energy, we get for their complete kinetic energy 
Ma^d^ + sin^g<^^) +02(1 + 8 

U 

The kinetic energy of the whole system is therefore 

r = + 3siri-’0) + sin2 0(^2]. 

3 


the result 


For the two upper rods we have the virtual work 2 Mgb{a cos 0), 
and for the two lower 2 Mg8{*^ a cos 6), so that the potential energy 
of the system is V = — S Mag sin 6. It follows at once that 0 is a 
cyclic coordinate with the momentum integral sin-d <j) = o). The 
value of the constant momentum follows from the initial conditions 

6 = (j) = oj. The energy integral, T -f F = constant, gives 

a02(l -f 3 sin2 6) a sin- 6 = 3 g cos 6 + 

since initially ^ = 0. When d — we again have ^ = 0; and we 
readily find cos a = 3 ^ sin^a. 

4. Two uniform rods of length 2 a are smoothly jointed to a fixed 
point. Upon them slides, by means of a smooth ring at each end, 
a third rod similar in all respects. Initially the three rods are in a 
horizontal line with the ends of the third rod 
at the middle points of the other two, and the 
rods are started rotating with angular velocity 
0 ? in a horizontal plane. Show that the third 

rod will slide off the other two unless • 

V3a 

Solution. The position of the system at 
any instant is completely specified by the two 
angles 6 and (p of the figure. The center of mass of the third rod has 
a depth a cot S, so that the translational part of its kinetic energy 
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is ~ cosec^ 8 8 '^. The kinetic energy of the system is then readily 
found to be 

T = (d^ + sin2 d 02) + ^ cosec^ 0 02 4 . 

o Z ^ 


The potential energy of the system is — 2 Mag cos 8 — Mag cot 8 ; 
and we see that is a cyclic or ignorable coordinate, the corresponding 
momentum integral being (1 + 8 sin^^) 0 = constant = 9 co, since in¬ 
itially ^ — ^ 0 = 0 ). The equation determining the minimum 

value of 8 is found, as in Example 2 , from the energy integral by sub¬ 
stituting in it ^ = 0 and using the momentum integral. We get 

27 ao)^ = (1 + 8 sin2 0)[3 ao)^ + 2 (/(cot 8 2 cos ^)]. 

Upon simplifying this and dividing by cos 8 , which factor corresponds 
to the value d = » we find 

f( 8 ) = 12 00)2 sin 8 cos 8 — g(l + 8 sin 2 ^)(l + 2 sin 8 ) = 0 . 

It is readily seen that / ^ — 21 g, = 6 - (/^; so that 

if 00)2 f(^ 0 ^ jias a zero between ^ and —• Now by its very 

definition we know that/(^) cannot change sign; for when multiplied 
by the positive number cos it is a constant times 02 (i 4 - 3 cosec'* 0 ), 

Hence 8 must alternate between ^ and the nearest acute zero of /(0). 

If this zero < — > the rod will not fall off; whereas if this zero > A, 
b 6 

the rod will fall off the other two. 

6 . This is a problem on initial motions. A uniform rod of mass mi 
and length 2 a is capable of rotating freely about its fixed upper ex¬ 
tremity and is initially inclined at an angle — to the vertical. A 

b 

second rod of mass m 2 and of equal length 2 a is smoothly attached 

2 TT 

to the lower end of the first, and rests initially at an angle — with it 

o 

and in a horizontal position. Show that if the center of mass of the 

lower rod commences to move in a direction making an angle ~ with 
the vertical, then 3 mi = 14 m 2 . ^ 

Solution, The coordinates 8 and 0 of the figure on the following 
page fix the position of the system at any instant. The center of mass 
of the lower rod has coordinates (2 a cos 0 + a cos 0 , 2 a sin 0 + a sin 0 ), 
so that the vertical and horizontal components of the velocity of this 
center of mass are 

(— 2 a sin 0 0 ~ a sin 0 0 ) and (2 a cos 0 + a cos 0 0 ) 
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respectively. The translational part of the kinetic energy of the lower 
rod is therefore ^ [4 -f 4 a^d <j> cos (0 -f 0) -f and the ki¬ 

netic energy of the system of two rods is 


^ __ 2mia^6^ . m2a^<t>^ 
3 6 


+ ^ [4 + cos (0 + <{>) + 0 * 0 =]. 


The potential energy V is — m\ao cos 6 — m 2 ag {2 cos Q + cos (j>). The 
direction of motion of the center of mass of the lower rod makes an 
angle with the downward vertical whose tangent is 

— 2 cos d 6 -{■ cos </) (j) 

2 sin ^ 0 -h sin 0 0 

This is to have initially the value —— * Since 

Vs 

the system starts from rest, d and 0 have ini¬ 
tially the value zero, and this quotient becomes 
indeterminate. It is necessary to calculate by 
means of Lagrange’s equations the initial values 
of the coordinate accelerations and to evaluate 
the indeterminate form by finding the ratio of 
the initial values of the time derivatives of the 
numerator and denominator. From the expres¬ 
sion for T given above, and the fact that the initial values of 

( 0 , <t>, 0, (p) are 0 , 0 ^ respectively, it readily follows that 

the initial value of -f 4 m 2 a^^ do + m 2 a^ 0 o, and 

that the initial value of is - ^ + m 2 a^do, where do and 

(po denote the initial values of the coordinate accelerations. Both 

^ and are initially zero, whereas the initial values of ~ and 
(JU C(p cu u<p 

are + ^ 2 ^ and agm 2 respectively. We find from the Lagrangian 

equations that ^ ^ As this should have the value 2 , 

4 mi + 2 m 2 ^ 

the required relation between mi and m 2 follows at once. That ^ = 2 

Oo 

follows from the fact that the indeterminate quotient above is 

— fi — 1 

-t: -r.~ and that this has the value “"/E* 

Oo + cpo 



82. Application of Lagrange’s equations to problems on impul¬ 
sive forces. We have discussed impulsive forces in Chapter VIII 
and have seen that problems on impulsive forces are usually 
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simpler than problems on finite or continuous forces; for we 
have only to integrate differential equations of the first order 
when we are dealing with impulsive forces, instead of differen¬ 
tial equations of the second order as in problems on continuous 
forces. The fundamental theorem on impulsive forces acting on 
a dynamic system has been stated in § 59: 

The change in the 'momentum localized-vector system is equiva¬ 
lent to the relative-impulse localized-vector system. 

When we are dealing with a dynamic system subject to con¬ 
straints, there will be, in general, impulsive reactions of these 
constraints when the system is subjected to the action of impul¬ 
sive forces, and these reactions will have to be considered in the 
general case in calculating the impulse localized-vector system. 
However, if the system is a frictionless one, the virtual work of 
these impulsive reactions will be zero, and we may neglect them 
when investigating the motion of the system. If the position of 
the system is given by m generalized coordinates (gi, g 2 , • • *, 
we integrate the Lagrangian equations (78.3) with respect to 
the time between the limits t and t + ^t and then let become 
infinitesimally small. In this way we obtain the Lagrangian 
impulse equations ^ 

= (82.1) 

dqs 

( dT 

Since — is finite, the integral of this term vanishes when 

dqs 

At-^0,^ The symbol A before any quantity signifies the value 

of that quantity after the application of the impulsive forces 
less its value before the application of these forces. I\ is equal 

to / Qs dt and is the generalized impulse corresponding to the 

coordinate q,. In calculating Ts any forces which are not impul¬ 
sive may be neglected, and in the time integration the position 
of the dynamic system may be regarded as fixed. The effect of 
the applied impulses is to change abruptly the coordinate veloci¬ 
ties without any abrupt change in the coordinates themselves. 

It may happen that the impulse communicated to the system 
is through a suddenly introduced constraint. Thus we may sup¬ 
pose that a certain number p of frictionless connections 

fMu ^ 2 , • • gm) = 0 (r = 1, 2, • • •, p) (82.2) 
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are introduced, so that our system has no longer m independent 
coordinates q after the application of the impulses. If, in addi¬ 
tion to the introduction of the new constraints, other impulses 
are applied at the same time, our equations (82.1) must be 
replaced by the equations 

A = Fs + Ai j- • • • + Xp (s = 1, • • •, m) (82.3) 

dq, dqs dq^ 

where the X’s are undetermined multipliers. The argument 
necessary for the deduction of these equations is precisely the 
same as that given when deriving (78.6) and so is not repeated 
here. It may have been observed that the time is not indicated 
in the equations (82.2), whereas it is allowed for in equations 
(78.4). The reason for this is that the impulse equations serve 
merely to determine the change in the momenta of the system 
at the moment when the impulses are applied. The time vari¬ 
able is therefore a constant in these equations. The determina¬ 
tion of the further motion of the system is an entirely separate 
problem. In other words, the application of impulsive forces 
suddenly changes the phase of the system, and the impulse 
equations serve to tell us what is the new phase. The ordinary 
Lagrangian equations (78.3), on the other hand, enable us to 
predict the whole phase history of the system, once the initial 
phase is given. 

EXAMPLE 


A circular disk impinges upon a fixed line in its plane and is then 
forced to roll upon it. Determine the velocity with which the disk 
rolls along the line (supposed to be smooth). 


Solution, Taking the fixed line as one of a pair of rectangular 
Cartesian axes, with the origin of coordinates at the point where 
the circle strikes the line, the disk has three coordinates, namely, the 
coordinates (x, y) of its center and the turn 0 of a line fixed in it 
with respect to the x-axis. The radius of the disk being a, we have 

for the kinetic energy T the expression T = y (x^ -f y^) H- - — The 

sudden fixture is given by the two equations 

y a = 0f X — ad = 0, (82.4) 


Our impulse equations (82.3) are 

Amx = X 2 , Amy = Xi, 


ma^d 


= — (1X2 


2 
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and the equations (82.4) of constraint give for the coordinate veloci¬ 
ties after the fixture the relations y = 0, x — a^. Denoting the initial 
velocities by the subscript zero, we have 


Xi = — myo, X 2 = m(x — ib) = ■ 
On eliminating we find 


f a(^ - do). 




The disk will be suddenly stopped by its impact with the line if its 
motion before the impact is such that Xo + ^ = 0. 


83. Carnot’s theorem on impulsive forces. This is the analogue 
of the energy theorem for continuous forces. We shall consider 
a frictionless dynamic system, and shall further suppose that 
any suddenly introduced constraints, as well as those already 
existing, are persistent, that is, that the equations (82.2) defin¬ 
ing the constraints do not involve the time variable explicitly. 
Upon integrating the equation (78.1) with respect to the time 
between the limits t and t + At, and then letting become 
infinitesmally small, we get, as before, the equation 

(a || - + ... +^A ^ = 0. (83.1) 

Since the constraints are all supposed to be fixed, the actual 
kinematic-displacement differential is one of the infinity of vir¬ 
tual displacements; and so we may replace the dqs of (83.1) by 
the corresponding q^. In this way we get 

(A|_r.)i. + ...+(Ag-r.)i. = 0. (83.2) 

Now the kinetic energy T is a quadratic function (homogeneous) 
of the coordinate velocities q. Writing it out explicitly in the form 

2 T —-'^ar.qrq,, 
where each a.. == a„, we have 


dqr 



so that (83.2) takes the form 

~ (4'.)o]9r =2^ r.?,; (83.2 a) 

r,» r 

for the coefficients Or,, being functions of the position coSr- 
dinates q alone, are the same before and after the application 
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of the impulses. Now the left-hand side of (83.2 a) can be put 
in the form 


(h-s(.Qr)o(,Q9)o~h (^r)o][^8 (7«)o]} > (83.3) 


for since Ur* = a^r, it is apparent that 

]^rtr»gr(g»)o —'^a„(qr)oq,. 

r, 8 r, 8 

We have, therefore, the equation 

T - To + Tio =Xrrgr, 


(83.4) 


where Tio denotes what the kinetic energy would be if each 
coordinate velocity were replaced by the difference in value of 
this coordinate velocity before and after the application of the 
impulses. If the activity of the applied impulses is zero, — as, 
for example, when a smooth constraint is suddenly introduced, 
— the right-hand side of (83.4) is zero, and we have the special 

To-T= Tio. (83.5) 


T his says that the introduction of one or more smooth fixed 
constraints causes a loss of kinetic energy of amount Tio. The 
more general Carnot theorem says that the activity of the 
applied impulses is equal to T — To + Tio. 


EXAMPLE 

Six equal uniform rods form a regular hexagon loosely jointed at 
the angular points. A blow is given at right angles to one of them at 
its middle point. Show that the opposite rod begins to move with 
one tenth the velocity of the rod struck. 

Solution. It is apparent from symmetry that the position of the 
system is completely fixed by a knowledge of the coordinates (x, 6) 
of the figure. In addition, it may be ob¬ 
served that in setting up the Lagrangian 
impulse equations we may put in the ini¬ 
tial values of the position coordinates q 
before differentiating with respect to the 
q, since the q*8 and q*s are independent 

variables. Initially ^ ^ 

r = |(6 x2-12ax0+4O o*!). m being 

the mass of each rod of length 2 a. The 
virtual work of the impulse I is iSx; and our equations (82.1) 
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The X 


dT dT 20 aO 

become — — I, —= 0. The latter equation gives x — —jr—* 
dx 'oo ^ ^ 9 

of the opposite rod is x + 4 a cos 6, so that its initial velocity is 


result. 


4 a sin 6 d, or » since initially ^ • This is the required 
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EXERCISES 

1. Two particles of masses m and m' are connected by an inex- 
tensible string passing through a smooth hole at the edge of a smooth 
horizontal table on which m rests. Determine the equations of mo¬ 
tion of the particles and show that the tension of the strings is 

T — ■ —— (g -» where h is the constant value of mr'^6. 

m -j- m \ 

2 . Discuss the motion of two masses m\ and m 2 connected by a 
light, inextensible string, and moving on smooth inclined planes 
whose angles with the horizontal are a and 13 respectively. 

3. Discuss the motion of a double Atwood machinq where the 
mass m 2 is replaced by a smooth pulley of mass m 2 carrying masses 
m 3 and m 4 . 

4. A uniform rod is supported at its ends by two equal, inex¬ 
tensible, vertical cords suspended from fixed points. Find the small 
oscillations when the middle point moves vertically and the rod, 

remaining horizontal, turns around its middle point. (The angular 
motion is the same as that for small oscillations of a simple pendulum 
of length 1 *^ 
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5. A uniform rod of length 2 a is supported symmetrically by two 
cords, each of length U attached to its ends and to two fixed points 
at the same level distant 2(a -I- / cos a). Prove that the length of 
the simple equivalent pendulum, for small oscillations in the vertical 

plane through the cords, is ~ al sin a — --- - 

3 a 3-1 cos * a 

6. A flywheel is connected by a crank and rod to a piston moving 
in a horizontal cylinder. When there is no steam in the engine, the 
flywheel rests in its position of equilibrium. Find the motion when 
displaced. Show that it is possible to balance the engine — that is, 
to arrange counterpoises, if necessary, on the wheel - so that the 
center of mass of the system remains at a constant height. When 
this is done, the kinetic energy of the system remains constant. 
Show that this does not imply a constant angular velocity of the 
wheel and crank. 

7. A homogeneous sphere of radius a rolls down the outer surface 
of a fixed sphere of radius b without sliding. Find the motion. 

8. A uniform rod, lying on a smooth horizontal table, is struck 
by a blow' at one end. Determine the impulsive reaction at the other 
. nd required to keep it stationary. 

9. Two equal uniform rods are hinged together and lie in a 
straight line on a smooth horizontal table. If the system is struck 
by a blow at one end, show' that the initial angular velocity of the 
remote rod is one third that of the rod which is struck, and is op¬ 
positely directed. 

10. A square is moving freely about a diagonal with angular 
velocity o), when suddenly one of the angular points, not in that 
diagonal, becomes fixed. Determine the impulsive pressure on the 

fixed point, and show that the new angular velocity will be 
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VIBRATIONS ABOUT A POSITION OF EQUILIBRIUM 

84. The equilibrium of a dynamic system. A dynamic system 
is said to be in a state of equilibrium relative to a given refer¬ 
ence frame if all its parts are and remain at rest relative to 
that frame. When the system is a natural one, — that is, when 
the equations of connection (77.2) do not involve the time va¬ 
riable explicitly, — it is easy to show that the necessary and 
sufficient condition for equilibrium is that the virtual work 
of the forces acting on the system should be zero. When the 
system is frictionless, so that the virtual work of the reactions 
of the (smooth) constraints is zero, these reactions may there¬ 
fore be neglected in stating the criterion for equilibrium. That 
the vanishing of the virtual work is a necessary condition for 
equilibrium is rather obvious; for the total relative force on each 
particle of the system is, by definition, zero when the system 
is in equilibrium, and so the virtual work of the total relative- 
force system is zero. As the virtual work of the smooth con¬ 
straints is zero, the virtual work of the applied forces must be 
zero also. The sufficiency of the condition follows from the 
fact that since the equations of connection do not involve the 
time explicitly, any hypothetical kinematic displacement is 
included in the infinity of virtual displacements. As each par¬ 
ticle of the system starts from rest it must move (if it moves 
at all) in the direction of the total relative force acting on it ; 
and so the virtual work, for this special virtual displacement, 
of the total relative-force system must be positive if the sys¬ 
tem moves at all. As the virtual work of the reactions is zero, 
this shows that for the particular virtual displacement furnished 
by the kinematic displacement differentials the virtual work of 
the applied-force system cannot be zero if the system moves 
from its position of rest. Hence 

If the virtual work of the applied-force system is zero for all virtual 
displacements, the system is in a state of relative equilibrium^ 

282 
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When the applied-force system is derivable from a potential 
energy V, — that is, when we have the equations (80.5), where 

V is a function of (q ,, 92 , ■ • •, (?».) alone, — the vanishing of the 
virtual work for all virtual displacements implies the equations 

~ = 0, (s = l,2, (84.1) 

(gif Q 2 f • ‘ Qm) being the independent coordinates of the system. 
Hence V has a stationary value at a position of equilibrium. 

We now proceed to prove the stronger theorem, known as 
Dirichlet’s theorem : 

When V is actually a minimum^ the position of equilibrium is 
a stable one. 

By "stable'' is meant that if the initial displacement and the 
initial coordinate velocities are made sufficiently small, — that 
is, if the change in phase from the equilibrium phase is made 
sufficiently small, — the phase of the system will remain in¬ 
definitely within an arbitrary but prescribed neighborhood of the 
equilibrium phase. The proof of Dirichlet's theorem depends on 
the existence of the energy integral 

T + V = h. (84.2) 

To see how the fact that y is a minimum insures the stability 
of the equilibrium, let us so adjust the arbitrary additive con¬ 
stant, which is involved in V through its definition (80.5), that 

V has the value zero when the d 5 mamic system is in its equi¬ 
librium position. Then, when the system is slightly displaced 
from this equilibrium position, V assumes, by hypothesis, a 
positive value. Let us denote the values of the coordinates q 
corresponding to the equilibrium position by qoy and let us 
consider all positions of the system for which the numeric 
value of qs — (qs)o ^ € where s = 1, 2 , • • •, m and e is an arbi¬ 
trarily assigned positive number. Then, when one of the coor¬ 
dinates (Qr, say) assumes its limiting value, so that the numeric 
value of Qr — (qr)o == €, y will take values (positive) which will 
vary with the other coordinates q. Let the minimum value 
which V assumes, as these other coordinates vary within the 
limits assigned, be denoted by Vr* Then we know definitely 
that yr is positive, provided e has been taken small enough. 
Let V denote the least of the numbers Vi, V 2 f • • obtained 
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in this way. From its definition, then, we know that if any one 
of the coordinates q differs from its equilibrium value by the 
amount e, V will have a value greater than or equal to V, Since 
T cannot be negative, from its definition, it follows from (84.2) 
that V is less than, or at most equal to, the energy constant h 
during any motion of the system. The equality sign holds only 
if the system comes to rest. The value of h in the equilibrium 
position being zero, we know that if we change the phase of the 
system by a sufliciently small amount, the motion starting with 
this phase will have its energy constant h as small as we wish. 
Let us make the initial phase with which the system is to start 
off so near the equilibrium phase that h is less than V. Then it 
follows, from the definition of F, that none of the coordinates 
q can, at any time during the subsequent motion, differ from 
its value in the position of equilibrium by an amount equal 
to e. Since e can be chosen arbitrarily, this means that the 
equilibrium is stable. During the entire motion near the equi¬ 
librium position, T takes values less than, or at most ecjual to, h ; 
and this constant h may be made arbitrarily small by merely 
taking the initial phase of the motion sufficiently near the equi¬ 
librium phase. 

85. Vibrations about a position of stable equilibrium. It will be 
convenient to change the position coordinates q, by the addition 
of constants if necessary, so that their values in the equilibrium 
position are each zero. During the entire motion which starts 
with a phase near the equilibrium phase, the coordinates q will 
then each take values less than an arbitrarily assigned number e. 
(Of course, e is chosen before the initial phase is determined.) 
We shall now determine the general characteristics of the 
niotion of the system near the equilibrium position, under the 
distinct assumption that the number e is so small that through¬ 
out the entire subsequent motion of the system the coordinates 
q and their velocities q are infinitesimals. By this we mean that 
we need keep only the lowest-order terms involving them in any 
expression. If the initial phase is not sufficiently near the equi¬ 
librium phase for this hypothesis to be satisfied, our results will 
not apply. 

Since the potential energy V of the system is, by hypothesis, 
zero when the coordinates q have each the value zero, and since 
it has then a minimum value, the lowest-order terms in V must 
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be quadratic terms; and, in accordance with what we have just 
said, it will not be necessary to consider terms in V of higher 
degree than the second. Then V is a quadratic function of the 
coordinates q; and since the position of equilibrium is assumed 
stable, this quadratic function must be definitely positive, that 
is, it cannot be negative, and it can have the value zero only 
when all the coordinates have the value zero. We shall find it 
unnecessary to use this property of the potential energy in the 
discussion; and so our remarks will apply to motions so far 
removed from the equilibrium phase that the potential energy 
may assume negative values, provided always that the q's and q's 
remain so small that they can still be regarded as infinitesimals. 
The kinetic energy T is a homogeneous quadratic function of the 
coordinate velocities r), the coefficients being, in general, func¬ 
tions of the position coordinates q. In accordance with what 
has been said, it will be sufficient to take only the constant parts 
of these coefficients and to neglect the variable parts, as the 
latter are infinitesimal when compared with the constant parts. 
Mnce the coordinate velocities q are themselves infinitesimal, 
the part of T remaining when only the constant parts of the 
coefficients are retained is of the second order of infinitesimals, 
and the part of T neglected is of the third and higher orders of 
infinitesimals. The net result of these simplifications is that T 
and V are quadratic functions, with constant coefficients, of 
the coordinate velocities q and the coordinates q respectively. 
Writing them in the form 


2 T — 

r, 8 

2V=^^r,qrqs, 


(a„ = «r,,) 


(ftr = /3r.) 


(85.1) 

(85.2) 


r,s 

we see that each of the partial derivatives 
our equations (80.12) become 




vanishes, so that 


“h /3rs^r) — Ug. (85.3) 


We shall deal only with the cases (1) where all the dissipation 
forces = 0, so that we have a conservative system, and 
(2) where each of the dissipation forces is derivable from a 
dissipation function F, which is a quadratic function of the 
coordinate velocities q. Exactly as with T, we may suppose the 
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coefficients of this quadratic function to be constants; and, 

writing it in the form o ^ • a / \ /ot: 

* 2 F= 2 ^ 7 r,M«, ( 7 ,,. = 7 ,,) (85.4) 

r, a 

our equations (85.3) take the form 

+ 7r.9r + =0, (S = 1, 2, • • •, JW) (85.5) 

n 

since D, = — —- 

dq. 

The reader will doubtless have observed that the discussion of the 
stability of the position of equilibrium was limited to the conserva¬ 
tive case where all the dissipation forces are zero. The proof of 
stability hinged, then, on the existence of the energy integral 
r + V = ; but a rereading of the proof will show that an inequal¬ 

ity T V < h would have done just as well for the purposes of the 
proof as the equality, h being the initial value of the energy. We saw, 

in (80.10), that ^ = — 2 F, where H = T V is the energy of the 

system. So it is necessary only to add the additional assumption that 
the dissipation function F is definitely positive in order to insure the 
stability of the equilibrium when the potential energy V is a mini¬ 
mum. Even when the position of equilibrium is not stable, our 
results will be valid so long as the assumption that the q*s and the 
are infinitesimals is legitimate. 

Equations (85.5) form a system of m linear differential equa¬ 
tions of the second order, with constant coefficients, for the m 
independent coordinates q as functions of the time. In the con¬ 
servative case the coefficients 7 are all zero, and the coordinate 
velocities q do not enter these equations. We have here a prob¬ 
lem which is a generalization of the problem of the single vibrat¬ 
ing particle discussed in Chapter IV. We shall wish to take up 
problems where the forces acting on the system include, in 

Ot r 

addition to the conservative forces — — and the dissipation 
f)F 

forces — — already mentioned, certain external forces whose 
dq 

values are, in general, quite independent of the position of the 
dynamic system and depend only on the time variable L Our 
equations (85.5) must, then, be rewritten to read 

+ JraQr + iSraQr) — Ra- (S = 1, 2, • • •, m) (85.6) 

r 

To distinguish the two cases we shall refer to the equations 
(85.5) as the equations governing the free vibrations of the 
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system. If there are no dissipation forces, we shall refer to 
these vibrations as the free, undamped vibrations of the sys¬ 
tem. When there are dissipation forces, the vibrations, as will 
shortly appear, will be damped. Equations (85.6) will be re¬ 
ferred to as the equations governing the forced vibrations of the 
system. If the forces are constant, equations (85.6) may be 
satisfied by giving the constant values determined by the 
equations 

^raQr — Rg* (S = 1, 2, * * *, 7Z) 
r 

The effect of a constant force is to change the position of the 
equilibrium configuration. 

It follows at once, from the linear character of equations 
(85.6), that if ^ is a solution for a certain set of external forces 
R, and if q' is a solution for another set of external forces R', 
then q + q' will be a solution for the set of external forces 
R + R‘\ For this reason the mode of procedure is first to find 
the most general solution of equations (85.5) governing the free 
vibrations, and then to find a single particular solution of equa¬ 
tions (85.6) governing the forced vibrations. The most general 
forced vibration will then be found by adding the general free 
vibration to the single particular forced vibration. In finding 
the particular forced vibration we avail ourselves of the linear 
character of equations (85.6) to analyze the external force R 
into two simpler parts Jfi^i and J? 2 . We are allowed to add the 
two solutions corresponding to the applied forces Ri and R 2 
separately. We shall now discuss in some detail the problem 
of the free vibrations. 

86 . The free vibrations of a dynamic system about a position of 
stable equilibrium. The differential equations (85.5) governing 
the problem may be regarded as a set of m linear algebraic equa¬ 
tions for the m coordinate accelerations iq, in terms of the m 
coordinate velocities $ and the coordinates q themselves. It is 
possible to solve these equations, and thus express the coordi¬ 
nate accelerations explicitly in terms of the coordinates and their 
velocities, provided the determinant of the coefficients ar* of the 
accelerations does not vanish. We shall suppose that this con¬ 
dition is fulfilled, and shall merely say that if the determinant 
of the coefficients ars does happen to be zero, the coordinates q 
adopted are not suitable for the discussion of the small motions 
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about the position of stable equilibrium. The way out of the 
difficulty is to introduce another set of coordinates. 


To show that the difficulty referred to may arise even in the dis¬ 
cussion of quite simple problems, let us glance at the problem of the 
small oscillations of a particle, under the influence of gravity, on a 
sphere about the position of stable equilibrium of the particle — the 
lowest point of the sphere. The radius of the sphere being a, it is 
natural to choose, as our coordinates qi and the two angles 6 and 
</) of a system of polar coordinates whose origin is at the center of 
the sphere and whose polar axis is vertically downward. We have, 

then, T = -f sin'^ d (j >-); so that an = ma^, 0:12 = a 2 i — 0, 


0:22 = 0 (since in the position of equilibrium ^ = 0). Hence the coor¬ 
dinates adopted are not suitable, and the reason in this particular 
case is quite obvious. The position of stable equilibrium is given by 
^ = 0, without reference to the value of the second coordinate 0, 
which is, in fact, undefined at the position of equilibrium. The way 
out of the difficulty is to use as our coordinates (q\, ^ 2 ) the Cartesian 
coordinates (x, y) of the projection, on the tangent plane at the 
lowest point of the sphere, of the position of the moving particle. 
We now have 2 T — m(x- -f -f z^), with — x‘^ — y'^. Since 

2 ^ = — (xx -f- yij), and since is approximately equal to a, we see that 
i is of a higher order of infinitesimals than x or y. We have, then, in 
accordance with the general discussion of § 85, 2 T = 7n(x^ -f 'p), 
V = mg {a — 2 ). It is necessary to expand V in terms of (x, ?/) near 
the point (0, 0), and to do this we observe that at (0, 0) the value 
of z is a. Its first derivatives have at this point the values (0, 0), 


and its second derivatives have the values 0, — -)• Hence 

171Q(x^ ^ ^ 

y — ^ ^ to the order of approximation adopted; and our 

iiji (X 

equations (85.5) become 


,j,_ — gx 


— gy 
a ’ 


showing that the projection of the particle on a horizontal plane is 
in general an ellipse (see § 39). 


Returning now to a consideration of equations (85.5), we 
make (for reasons similar to those given in § 38, where we were 
discussing the analogous problem for a single particle) the trial 
solution qs = (s = 1, 2, • • •, m). Here the m -f -1 quantities 
As and X are constants, possibly complex, whose values we shall 
now proceed to investigate. Our differential equations (86.5) 
are replaced by the m algebraic equations 

(ar.X2 + 7r.X + ^r.)Ar = 0. (s = 1, 2, • • •, jw) (86.1) 
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These are linear, homogeneous equations for the undetermined 
constants A«, and we know from the elementary theory of such 
equations that they cannot have any solution other than the 
trivial and obvious one, A^ — O for every s, unless the deter¬ 
minant of the coefficients happens to be zero. We avail our¬ 
selves of the fact that the remaining undetermined constant X 
appears in this determinant of the coefficients, to choose its 
value so that this determinant will be zero. Denoting the deter¬ 
minant by i>(X), we have first to solve the algebraic equation 
D(X) ~ 0 of degree 2 in in X. (That this equation is in all cases 
actually of degree 2 m, and never of lower degree, follows from 
the fact that the coefficient of X-"' is the determinant of the 
coefficients ars of the quadratic expression in the q's giving the 
kinetic energy; and we have made the definite hypothesis that 
this determinant is not zero.) After substituting any one of the 
values of X, which make D(X) = 0, in equations (86.1), these 
equations are no longer independent, and it is possible to express 
at least one of them as a linear combination of the others. This 
tells us that we cannot determine the actual values of the A's 
since we are not in possession of a sufficient number of inde¬ 
pendent equations. At least one of the quantities A^ may be 
chosen arbitrarily, and then the remaining A’s may be expressed 
linearly in terms of these arbitrary ones. Thus, if only one of 
the A's is arbitrary, we may say that the A*s are not deter¬ 
mined but that their ratios are. We should then have, asso¬ 
ciated with each zero of the determinant Z)(X), a solution of our 
differential equations (85,5) involving one arbitrary constant. 
If Z>(X) has 2 m distinct zeros, we should in this way — on 
combining the solutions obtained, one for each value of X — 
secure a solution of equations (85.5) involving 2 m arbitrary 
constants; and this must be the general solution, since it has 
the correct number of arbitrary constants. But it is quite 
evident that matters might not turn out so simply as all this. 
For example, the equation Z>(X) = 0 may well have repeated 
roots; and, corresponding to any root, it is conceivable that 
more than one of the unknown constants As may be chosen 
arbitrarily. 

Certain general theorems as to the nature of the roots of 
the equation D(X) = 0, which is known as the characteristic 
equation, are readily derived when there are no dissipation 
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forces. Our equations (86.1) may then be written in the form 
A. +X0rsAr = 0. (s = 1, 2, • • •, m) (86.2) 

r r 

Let us multiply the first of these equations by Ai, the conjugate 
complex quantity to Ai, and so on for each of the m equations 
and let us add then all the results so obtained. We find 

X-’ Ar A, +X^rsArA, = 0. (86.3) 

r, s r, 8 

Each of the double summations is equal to its conjugate (on 
account of the symmetric character of the coefficients ars or |3r«) 
and is therefore necessarily real. Hence is either real or inde¬ 
terminate (the latter possibility occurring when each of the 
double summations in (86.3) is zero). Writing, for the moment, 
Ar explicitly in the form Ur + ibry to show its real and imaginary 
parts, we have ^ar«ArA., =]^ar,.(ara« + brbs), since it is real. 

r, 8 r, 8 

Neither of the double sums ^a,«ara^ and '^arAbs can be zero 

r, 8 r, 8 

unless all the a's or 6's, respectively, are zero. For the first 
double sum, for example, is the double kinetic energy of 
the system corresponding to the coordinate velocities 
(s = 1, 2, • • •, m); and the kinetic energy is definitely positive 
unless the system is at rest. Hence the double sum ^afr8ArA, 

r, 8 

of (86.3) is positive, except where all the A's = 0, — a case 
which does not arise, since we have definitely chosen X so that 
the equations (86.2) possess a nontrivial solution. We are 
therefore assured that X^ is real, and hence the ratios of the A's 
determined by the equations (86.2) are real. For these ratios 
are given by the ratios of determinants formed from the coeffi¬ 
cients in equations (86.2), and these coefficients are now seen 
to be real. Furthermore, a similar argument shows that the 
second double summation, j8r8 A,.A„ is positive. The argu- 

r, 8 

ment hinges on the fact that V has the value zero when the 
system is in the equilibrium position, and that it has a mini¬ 
mum there, the equilibrium position being assumed stable. 
Hence, for any position other than the equilibrium position 
but in the neighborhood of that position, V has a definitely 
positive value. Our equation (86.3) tells us that X^ is not only 
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real but negative. In the case, then, where there are no dissi¬ 
pation forces, so that an energy integral exists, the character¬ 
istic equation of degree 2 m in X may be regarded as an equation 
of degree m in X^, and we know that all its roots are real and 
negative. All the values of X are pure imaginaries, and asso¬ 
ciated with each one is its conjugate (negative). With each set 
of A's corresponding to a certain value of X there may be asso¬ 
ciated the same set of A's corresponding to the negative value of 
X (since X enters equations (86.2) only through its square). As, 
however, the A's are not uniquely determined by the value of X, 
we must mean by the same set any set differing from the original 
one — if at all — only in respect to this indeterminateness. Our 
general solution of the differential equations governing the free, 
undamped vibrations will therefore be of the form 

Qs ■— Csr cos ^r)y (^ ’ y (86.4) 

r 

where fXr is the positive square root of — Xr^. The constants Sr 
depend only on the subscript r, and not on s. For, corresponding 
to the two roots Xr = ifSr and Xr = — i\Xr of the characteristic 
equation, we have the two sets of solutions = A^e^^^rt and 
g', = A of our differential equations. We have just pointed 
out that A's~ m.rA^ for every s; the multiplier mr not varying 
with s, since the ratios of the A'^s are the same as those of 
the A*s, Combining the two sets of solutions, g, and q's, we 
obtain the solution 

q"s = + mre~ 

The ratios of the A's being real, we may write A» = C«Pr, where 
C, is real and Pr does not vary with s; then 

q'\ = C,{Pre^^^rt -f 

The quantity Sr is determined completely by the expression in 
parentheses, and this does not vary with s. The amplitudes 
Csr are not independent. In the general case their ratios, for a 
given value of r, are determined by the corresponding value of 
Xr^ or, what is the same thing, of //r. However, this general and 
rather casual discussion is not sufficient to take care of excep¬ 
tional circumstances, such as the possibility of the equality of 
two or more zeros X of the characteristic equation, and it is 
often the special or exceptional cases which are of most interest. 
A more detailed investigation will be considerably simplified by 
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the introduction of what are known as normal'' coordinates, 
whose characteristic feature is that the variables are separated 
in the quadratic expressions for the kinetic and potential ener¬ 
gies. In the next paragraph we shall give an elementary mathe¬ 
matical and constructive proof of the possibility of finding such 
coordinates in the general case. 

87. The simultaneous reduction of the kinetic and potential 
energies to sums of square terms. The kinetic and poten¬ 
tial energies do not involve the same variables, the velocities 
q being the variables in the kinetic energy, and the coordi¬ 
nates q themselves being the variables in the potential energy. 
However, the only change we shall find it necessary to make 
in the coordinates, for our purpose, will be a linear transfor¬ 
mation of the type 

q's = + 0 .s 2 q 2 + • • • + (l's7n(lmj (87.1) 

with constant coefficients The coordinate velocities q will 
accordingly change in the same way: 

q\ ='^(i,rqr- is = l,2, ■ • - , m) 

r 

The fact that the variables in the two energies are different 
will not, therefore, be of any importance, and we shall find 
it convenient, in expounding the general theory, to consider 
two quadratic forms 

1 — ^2 ~ 

r, 8 r,8 

in the same variables Xr (r = 1, 2, • • •, ???). There is no lack of 
generality in supposing the forms so written that ars = 
jSrs = Psr ; and we shall imagine this done. The form Fi will cor¬ 
respond to the kinetic energy, and the form F 2 to the potential 
energy. Now, if we have a single quadratic form F —'^er^XrX,, 

r, a 

the determinant of the coefficients is called the discriminant 
of the form; and we shall denote it by e. When the discriminant 
of the form vanishes, the form is said to be singular, and the 
physical meaning of the singularity of a quadratic form is that 
it may be expressed in terms of a lesser number of variables 
than those actually in use (the new variables being supposed 
to be connected with the old by a linear transformation of the 
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t 3 T)e (87.1)). To see this, let us suppose that we introduce new 
variables y by means of the equations 

—'^a,„yr. (s = 1, 2, • • •, m) (87.2) 

r 

Then, by direct substitution, F takes the new form 

F =%(Tp^y„y,„ 

V,il 

where tr^, =^€rApa,,. (87.3) 

r, 8 

The new discriminant being a determinant of which is the 
element in the pth row and the qth column, it follows that it is 
a product of three determinants. In fact, when we multiply 
two determinants, we get a new determinant of which the ele¬ 
ment in the rth row and 6‘th column is the scalar product of 
the elements of the rth row of the first and the elements of the 
sth column of the second. If we denote the determinant of the 
transformation (87.2) by a, we may denote the same determi¬ 
nant, with its rows and columns interchanged, by a'; so that 
a' is equal to a in value, but is different in appearance. Then 
the summation with respect to r in (87.3), that is, may 

be written as^a pr€r.s, so that it is the element in the pth row 

r 

and tSth column of the determinant product a'e. Hence the 
double summation of (87.3) is the element in the pth row and 
qih column of the determinant product of a'e and a. Since a' 
is equal in value to a, this shows that the determinant a of the 
new form of F is equal to e multiplied by a-. We shall limit 
ourselves to transformations (87.2) that can be solved for the 
y's in terms of the x's, which is equivalent to saying that we 
shall suppose the new coordinates //, introduced by (87.2), to be 
linearly independent of each other. Mathematically this means 
that the determinant a of the transformation is not zero, and 
such transformations of coordinates are called reversible. We 
see, then, that if the discriminant of a quadratic form is zero 
in one set of coordinates, it is necessarily zero in any other 
set derived from the original set by a reversible transformation. 
Similarly, if it is not zero in the original set, it cannot be zero 
in the new set. In a word, the singularity or nonsingularity of 
a quadratic form is an absolute property of the form; that 
is, it is independent of the particular coordinates adopted to 
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describe the form. It may be observed that if we follow a rever¬ 
sible transformation (87.2) by a second reversible transformation 

2 /« ^ 2 , ' • • , Tit) 

r 

the single transformation from x to z is 

Xs (S — 1 , 2, * * • , Ht) 

where Crs ='^(irpbps. 

p 

The determinant of this transformation is one whose element 
in the rth row and sth column is the scalar product of the rth 
row of a and the sth column of b, and so the value of this de¬ 
terminant is ab. This tells us that a succession of two (and 
hence of any number of) reversible transformations may be 
represented as a single reversible transformation. It is now 
easy to see how to build up a reversible transformation which 
will separate the variables in any quadratic fonn F =^ersXrX*. 

r, 8 

If there is one square term in F whose coefficient is not zero 
(usually there will be many such), we may denote this nonzero 
coefficient by e^p. We then make the transformation 

Vp^^^pkXky Vs-Xsy (si=p) (87.4) 

k 

which is reversible (its determinant being —^; and we see that 

\ 2 €PP/ 

F = ^ + G, 

6pp 

where G is a quadratic form which does not involve the variable 
Continuing this method, F can be reduced to a sum of square 
terms by a succession of reversible transformations (and hence 
by a single reversible transformation), unless it happens that 
at some stage the quadratic form G does not possess any square 
terms. Let us suppose, then, that G is of this form, and let 
hij be a nonzero coefficient of it. If we make the reversible 
transformation 

Zi=^hiTVr, Zj==%^ivVv> ^t = yi, {t=^iorj) 

r p 

the product 2 ZiZj contains, as terms involving yi or yj, the cor¬ 
responding terms of G multiplied by so that 

G = + H, 

dij 
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where H does not involve either of the variables Zi or Zj. The 
additional reversible transformation 

Zi = Ui + Uj, Zj = Ui — Ujy Zt = Ut, (t i or j) 
reduces G to the form 



where H does not involve the variables Ui or wy. In this way, 
then, a quadratic form can be reduced by a reversible trans¬ 
formation of coordinates to a sum of square terms only, and 
the transformation is by no means unique. The discriminant 
of the form, when expressed in terms of the new coordinates, 
is merely the product of the coefficients of the square terms, as 
all but the diagonal terms of the determinant of the coefficients 
are zero. Hence, if a form is singular, one at least of the coeffi¬ 
cients of the square tenns must be zero, and this variable will 
therefore not appear in the form at all. This justifies the earlier 
remark as to the physical meaning of a form's being ''singular.'' 
A quadratic form is said to be definite if it always has the same 
sign, and if it has the value zero only when all the variables in 
it are zero. It follows that when the form is reduced to a sum 
of squares, the coefficients must all be of the same sign if the 
form is to be definite. If the form is positively definite, all the 
coefficients of the squared terms must be positive; and if nega¬ 
tively definite, all these coefficients must be negative. It is, 
in fact, easy to see that if a form is positively definite, the 
coefficients of the square terms must all be positive, even when 
the product terms have not been removed. If, for example, the 
coefficient of the Xp^ term is zero or negative, the system of 
values Xp = 1, = 0, where s p, would make the form zero or 

negative, as the case may be, and this would be contrary to our 
h 5 q)othesis as to the positively definite character of the form. 

In order to discuss effectively the question of the reduction 
of two quadratic forms 

Fl =:^ar,XrX., F 2 ='^ ^r,XrX, ( 87 . 5 ) 

r, 8 r, 8 

simultaneously to a sum of square terms, it is convenient to 
consider the "pencil” of quadratic forms 


F = F2- \Fi, 


( 87 . 6 ) 
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where X is an arbitrary parameter (independent in value of the 
coordinates x). The discriminant of the quadratic form F, set 
equal to zero, furnishes what is known as the characteristic 
equation (or X-equation) of the pair of forms Fi and Fo, It is 
of degree m in X if Fi is nonsingular, as the coefficient of X"'* in 
the discriminant of F is plus or minus the discriminant of Fi. 
In the applications we shall make of this theory, Fi is the kinetic 
energy. This, being positively definite, is necessarily non¬ 
singular. The argument given in § 86 assures us that when Fi 
is a definite form, the roots of the characteristic equation are 
all real. Denoting one of these roots by Xi, we rewrite the 
pencil of quadratic forms (87.6) as follows: 

F2-hFi + (Xi-\)Fu (87.6a) 

and obser\^e that the quadratic form Fo — X\ F\ is singular, 
since, by the definition of Xi, its discriminant is zero. We can 
therefore find a reversible transformation of the type (87.2) 
in such a way as to express Fo — \\F\ in terms of a less num¬ 
ber of variables than the original number m. Calling the new 
coordinates thus introduced (yi, ^ 2 , • * *, Vm)y our pencil (87.6a) 
takes the form 

(Xi - X)Fi(^l, 2/2, * Vm) + (t>{y 2 y Z/ 3 , • • ym)y (87.7) 
where at least one of the new variables (?/i, say) does not appear 
in the quadratic form (/> which is the transformation of the singu¬ 
lar form F 2 — XiFi. The bar is placed over Fi to indicate that 
although F\ is equal to Fi, its appearance is usually quite dif¬ 
ferent. Since X is an arbitrary parameter, and since (87.7) is 
merely another way of writing (87.6), we must have the terms 
in (87.6) which do not involve X equal to the terms in (87.7) 
which are independent of X, and similarly for the terms involv¬ 
ing X. As Fi is a positively definite form, the coefficient of yi 
in it is positive, and we can find a reversible transformation 
from y to z such that F\ takes the form zr + $( 2 : 2 , 2:3, • • z^) 

(see (87.4)). This same transformation will send 0(?/2, ?/3, • • *, 2/m) 
into a function 0 ( 2 : 2 , 2 : 3 , • • z^). So (87.7) takes the new form 

(Xi — X)[ 2 :i^ + ^(Z 2 , 2:3, ' ' Zm)] + 0(2:2, 2:3, ■ • *, Zm). {S 7 . 7 u) 
Comparing this with (87.6), we obtain the two equations 
F 2 = Xi^i^ -f- rj(Z 2 , 2 : 3 , • • •, Zm)y 
Fl = Zi^+^{Z2y 2 : 3 , • • - , Zm)f 


( 87 . 8 ) 
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where we have grouped the two terms Xi^ + 0 into the single 
term 77 . It is at once apparent that the quadratic form f in the 
m — 1 variables (Z 2 , zs, • • z„,) must be positively definite; for 

if there existed a set of nonzero values of these coordinates mak¬ 
ing ^ either negative or zero, we should have, by merely adding 
to this set the value Zi = 0, a set of nonzero values of the m 
variables (zi, 22 , • • making Fi either negative or zero, and 
this is impossible, since Fi is positively definite. We may now 
form the pencil 77 — X^ of quadratic forms in the m — 1 variables 
(Z 2 , Zii, • • •, Zrn) and proceed in exactly the same manner as we 
have done with the pencil (87.6). Continuing in this way, 
we finally obtain the desired reduction of the two forms Fi and 
F 2 to a sum of square terms 


Fi — Zl^ Z2~ -}"**' + 
F 2 = Xi2i“ + X22:2^' 


(87.9) 


The characteristic equation, or X-equation, of the two forms, 
when these new variables are used, is at once seen to be 


(Xi - X)(X 2 - X) ... (X., - X) = 0 , (87.10) 

showing that the roots of the characteristic equation are the 
coefficients of F 2 when both forms are reduced to sums of squares, 
the coefficients of Fi being all unity. (These roots cannot depend 
on the particular coordinates in use, since the vanishing of the 
discriminant of a quadratic form is an absolute property, that is, 
is not affected by a change of coordinates.) 

88 . Properties of the characteristic numbers Xg. The coeffi¬ 
cients \s of F 2 are, as has just been remarked, the roots of the 
characteristic equation of the two forms, and they may be called 
the characteristic numbers of the two quadratic forms. If we 
try to find values of the variables 2 : which make one of the forms 
(87.9) stationary, — that is, a minimum, maximum, or minimax, 
— subject to the condition that the other of the two forms re¬ 
mains constant, we set the differentials of each of the two forms 
equal to zero. We find m possible solutions, in each of which 
all the variables but one are zero, the corresponding stationary 
value of F 2 , say, being X.,C, where s = 1, 2, ■ . ., 77 z and where C 
is the constant value of Fi. Geometrically we may, if we like, 
use the language of hyperspace and regard Fi as the square of 
the distance of the point z from the origin, and we see that the 
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question here is that of determining the axes of a second-degree 
surface (see § 9 ). Let us now fix C = 1; and let us seek the 
maximum value taken by F 2 when, in addition to the condi¬ 
tion = 1 on the variables {zi, Z 2 , • - *, 2 :m), we have h arbitrary 
linear homogeneous relations among these variables, where 
^ = 1 , 2 , • • •, w. We shall, for convenience, assume Xi, X 2 , • • •, X^ 
to be arranged in descending order of magnitude. If we set all 
the z's from 2 :;^ 4.1 on to equal to zero, the remaining variables 
will be determined by the h homogeneous linear relations and 
the single nonhomogeneous relation Fi = 1, the homogeneous 
relations merely determining the ratios of the A variables Zi to Zh- 
For this set of values of the variables z, F 2 will take the value 
XiZi^ + .. . 4 . XaZa“. Since the X's are arranged in descending 
order of magnitude, this expression is greater than or equal to 
X;»(zr + • • • + or X;j, since the expression in parenthesis, 
being equal to Fi, for the values of the variables chosen, has the 
value unity. Hence, no matter what the linear, homogeneous 
relations of the variables are, the maximum value of F 2 is cer¬ 
tainly as large as, and usually larger than, X^. In the special 
case where the linear relations are Zi = 0 , Z 2 = 0 , • • *, Z;i_i = 0 , 
is equal to unity, and F 2 has exactly the value Xa. We have, 
therefore, the following rather useful characterization of the 
coefficients Xa of Fz: 

When, in addition to the relation Fi — \, we add h — \ linear, 
homogeneous restrictions on the variables, Fz will have an absolute 
maximum subject to these restrictions, and this maximum will be 
a function of these restrictions or constraints. The least value that 
this maximum can take, as we vary the constraints without chang¬ 
ing their number, is exactly Xa, where h = 1, 2, • • •, m. 

If, now, we use constraints {k in number) to reduce the num¬ 
ber of variables, we again have characteristic numbers of the 
two forms in the lesser number of variables; and we may, for 
the moment, denote these characteristic numbers by Xi, • * 
where p = m — A:. It follows at once, from the foregoing charac¬ 
terization of the coefficients X and X, that 

X,^X,^X,+A, (g=l, 2 ,...,p). ( 88 . 1 ) 

For when the constraints are imposed, the choice of variables in 
finding the maxima of Fz subject to q further relations is not so 
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great as before the number of independent variables was les¬ 
sened, so that the maxima of F 2 are certainly not greater than 
the original maxima before the constraints were imposed. The 
absolute minimum of these maxima, as the q arbitrary linear, 
homogeneous relations of the coordinates are altered, is there¬ 
fore less than or equal to the previous absolute minimum of the 
maxima. In other words, \ ^ However, the restrictions 
on the choice of the variables, when k + q — \ arbitrary linear, 
homogeneous relations are imposed on the variables, include as 
a special case the restriction imposed by k fixed and q — 1 
arbitrary constraints, and so the maxima of F 2 in the latter 
case must be less than or equal to the corresponding maxima 
in the former. This leads to the result that the minimum 
of the absolute maxima as the q — 1 constraints are varied 
must be less than or equal to the minimum of the maxima 
as all the k~\- q—1 constraints are varied. In other words, 
\ 

The content of this result may be better understood if we 
consider the case of three variables, m = 3, and use the geo¬ 
metric interpretation of the algebra. We are, then, originally 
finding the maximum, minimum, and minimax values of the 
squared distance of a point on a second-degree surface from its 
center. For definiteness we shall suppose the second-degree sur¬ 
face to be an ellipsoid. (In this interpretation we are really 
making Fi stationary, subject to the relation F 2 = 1; but the 
results are the same as if we were making F 2 stationary, subject 
to the relation Fi = 1, In each case we have to equate to zero 
the differential of each of the quadratic forms Fi and F 2 .) 
Putting a single linear, homogeneous constraint on the coordi¬ 
nates is interpreted by saying that the point we are interested 
in must lie not only on the ellipsoid but also on a plane through 
the center of the ellipsoid; that is, the point is confined to an 
ellipse, the plane section of the ellipsoid by the given central 
plane. Our result indicates that the major axis of this ellipse 
must be less than or equal to the greatest axis of the ellip¬ 
soid and greater than or equal to the mean axis of the ellip¬ 
soid, and that the minor axis of the ellipse must be less than or 
equal to the mean axis of the ellipsoid and greater than or equal 
to the least axis of the ellipsoid. However, the real interest in 
the theorem is that it gives at once a proof of a theorem, due 
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to Rayleigh, on the change in the periods of vibration of a 
d 3 mamic system performing small oscillations when additional 
constraints are imposed on the system. 

89. The free normal, undamped vibrations of a dynamic system 
about a position of stable equilibrium. We have seen that near a 
position of stable equilibrium the potential energy of the system, 
as well as the kinetic energy, is a positive definite form, the 
former in the coordinates and the latter in the coordinate veloci¬ 
ties. Hence the characteristic numbers of the two forms are all 
positive; and we shall emphasize this by wi'iting Xr = ijl^^ where 
r = 1 , 2 , • • •, m. In terms of the normal coordinates q we have 

2 T = ^J“ + ^ 2 " + * * • + Qrfi^f (89.1) 

2 y = "f" I (89.2) 

and, on the assumption that there are no dissipation or external 
forces acting on the system, our Lagrangian equations (78.3) 
take the form 

q, = — (s = 1 , 2 , ' • •, m) 

of which the general integral is 

qs = Cs cos{/j,,4 — ds)f (s = 1, 2, • • •, m) (89.3) 

with the proper number 2 m of arbitrary constants. In order to 
determine these constants it is necessary to know the initial 
phase of the system, which amounts to a knowledge of the initial 
values of the q's and their time derivatives q. Since, however, 
the various coordinates q are entirely separated from each other 
in the solution (89.3), it is clear that the values of any particular 
amplitude Cs and the corresponding 8s are completely deter¬ 
mined by a knowledge of the initial values of the single coor¬ 
dinate qs and its time derivative g.,. The subsequent values of 
this coordinate are unaffected by any change made in the initial 
values of the other coordinates or of their velocities, and for 
this reason the normal vibrations (89.3) of the system are said 
to take place independently of each other. 

Upon substituting the values (89.3) in the expressions (89.1) 
and (89.2) for the kinetic and potential energies respectively, 
we get 

2 T = sin2 (u,,t - Si) + • • • + sin2 (fij ^ S..), (89.4) 

2 y = Cj 2 cos 2 (^1 ^ ^ Si) + • •. + (juJ - 8 ^). (89.5) 
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If we take the time average of the sin^ functions in (89.4), we 
get, for example, 

tJo ^ 4^ 

This tends to | as ^ tends to infinity. Hence the time average 
of the kinetic energy of the system over a long period is 

T = 1 + ' • ' + CVrV,/), (89.6) 

and the time average of the potential energy over a long period 
is the same as this. In other words, the energy of the system, 
when averaged with respect to time over a long period, is half 
kinetic and half potential. 

It may be observed that the characteristic numbers Xr have 
now a physical interpretation in the fact that the period of the 

2 'jY' 

rth normal vibration of the system is -t— We have, then, from 

Ar 

the mathematical treatment in § 88 , Rayleigh’s theorem: 

Whm a single constraint is imposed on a system performing 
small oscillations about a position of stable equilibrium, the periods 
of the new normal vibrations separate the original periods of the 
normal vibrations. 

If more than one constraint is put on the system, we have 
the more general result given in ( 88 . 1 ). 

90. Forced vibrations about a position of stable equilibrium. 
We shall now consider the case where, in addition to the forces 
derivable from the potential-energy function F, external forces 
are acting which depend only on the time and not at all on the 
position or velocities of the system. Using normal coordinates 
(/, and denoting the virtual work of the external forces by 
Q\ bqi + Q 2 5<72 + • • • + Qm Hny the Lagrangian equations go\'ern- 
ing the motion are 

q, = — + Qs, (s = 1, 2, • • •, m) (90.1) 

where Q, is a function of the time alone. The variables q are 
entirely separated from one another in the equations (90.1), 
and so the discussion given in § 40 is applicable. The func¬ 
tion of t being expanded in a Fourier series of sines and 
cosines of multiples of t, we may consider each term of this 
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expansion separately, 
the type 

Qs 


We have, then, to solve an equation of 

+ = An COS nt, 


of which a particular solution is 

A 

(Jg = - - cos Tltf 

fJLg- — 71- 

provided that fig. If 7i = fig, the particular solution is 

q^z=z(^]s,mnt. The general solution is obtained by adding 
\2 n/ 

the particular solution to the free vibrations (89.3). When the 
period of an exciting force is nearly equal to one of the free 
periods, we have the phenomenon of resonance (see §40). 


EXAMPLE 

The double pendulum. Here we have two masses mi and 7 W 2 , the 
first of which is attached to a fixed point by a light, inextensible 
string of length h, the second being attached by a similar thread, of 
length hf to the mass m2. The position of the system at any instant 
is fixed by a knowledge of the two angles 61 and 62 of inclination of 
the threads to the vertical. The kinetic energy of the two masses is 

T = ^ + 2 hh cos (01 - 02)0102 + 12^02^1 

In the position of stable equilibrium, = 0 = ^2; and since we are 
regarding di and 62 and their velocities as infinitesimals, we may 
substitute for cos (^1 — ^2), in the expression for T, its value, unity, 
in the position of stable equilibrium. The potential energy is 

V = mighil — cos ^1) -f m2g{li + I2 — h cos 61 — h cos 62), 

where the additive constant has been so adjusted that V is zero in 
the position of equilibrium. Neglecting powers of ^1 and 62 higher 
than the second, we have 

V = ^(mi + m 2 )glidi^ -f § m 2 firL(? 2 ^ 

The coordinates Oi and 62 are not normal, since a product term occurs 
in the expression for T, Writing di = and O2 = A2C^^ we get 

two equations, as in ( 86 . 1 ). Equating the two expressions for the 

ratio — obtained from these equations, we get the fourth-degree 
A2 

equation in X, 

m\lil^^ -f- X^(mi “h m2)g{lx + ^ 2 ) ■+■ g^iyf^i + ^^ 2 ) = 0, (90.2) 
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which may be treated as a quadratic equation for It has two real, 
negative roots which we shall denote by — and — fi2^. The gen¬ 
eral solution of the problem is, then, 

= Cii cos (flit — 6 i) + Ci2 cos (/i2^ ~ 52), 

O2 = C21 cos {{JLit — 61) -j- C22 cos — ^2)$ 

where the constants Cn, C12, 5 i, 62 are arbitrary, whereas the remain¬ 
ing constants C21 and C22 are known in terms of Cn and C12. In 

fact, C21 = ^ hii^ 


g - 


g — 4^2^ 


The special case where the two pendulums are alike may well be 
treated in more detail. Here mi = m2, h = hr and we may drop 
their distinguishing subscripts. On solving the quadratic ( 90 . 2 ) in 
this particular case, we find 

Mi" = ^(2 + V ^), m2“ = 2 ( 2 - V 2 ). 

If we denote by fto the frequency of a simple pendulum of length I, 
the two frequencies of the double pendulum are, approximately, 


Hi = 1.85 juo, M2 = .76 Mo. 

We leave it to the student to show that when the lengths of the two 
pendulums are equal, without the masses being necessarily equal, 

/l^ /l— 

M2^J \ V mi + m2/ 

BIBLIOGRAPHY 

The subject of small vibrations about a position of stable equilib¬ 
rium is discussed in all the standard texts; but the following work is 
to be particularly recommended: 

Routh, E. J. Advanced Rigid Dynamics. London, 1905. 

In this treatise the connected question of the oscillations of a dynamic 
system about a state of steady motion is also discussed in detail. 

CoURANT, R., and Hilbert, D. Methoden der mathematischen Physik. 
Berlin, 1924. 

This recently published book is also highly recommended. Modern mathe¬ 
matical methods are freely used in this text, which will be found to comple¬ 
ment the older work of Routh. 

Rayleigh. Theory of Sound. New York, 1926. 

This is particularly recommended for the physical insight which it gives 
into the mathematics of the subject. 



304 


THEORETICAL MECHANICS 


EXERCISES 

1 . Two particles connected by a rigid rod move on a smooth verti¬ 
cal circle. Rnd the time of a small oscillation. 

2. A uniform rod AR is suspended from a fixed point O by a short 
rod OC which is attached to it at right angles at its middle point. 
Equal weights are suspended from A and B by strings of equal 
lengths, the whole system forming a somewhat sluggish balance. If 
one weight is drawn slightly aside from the vertical and allowed to 
oscillate, the system starting from rest, find the subsequent motion. 

3. A uniform bar is suspended by tw’o equal parallel strings from 
two points in the same horizontal line. Find the period of the small 
oscillations of the bar when it is turned through a small angle about 
the vertical through its middle point and is let go. 

4. A homogeneous hemisphere performs small oscillations on a 
perfectly rough horizontal plane. Find the motion. 

5. A homogeneous sphere makes small oscillations inside a fixed 
sphere so that its center moves in a vertical plane. If the roughness 
is sufficient to prevent all sliding, prove that the length of the equiv¬ 
alent pendulum is seven fifths of the difference of the radii. If the 
spheres were smooth, the length of the equivalent pendulum would 
be equal to the difference of the radii. 

6 . Discuss, in the manner of the example on page 302, the complex 
torsional pendulum, where two rods are supported by a vertical 
fiber connecting their centers of mass, so that each rod vibrates in 
a horizontal plane. The moments of inertia of the rods about the 
vertical axis are given. 



CHAPTER XHI 


THE PRINCIPLE OF LEAST ACTION 

91 . An absolute description of the motion of a d5mamic system. 

Although Lagrange's equations (78.3) are general, in the sense 
that the q^s may be any coordinates (independent) which serve 
to give the position of the system, they have the disadvantage—- 
at any rate for a theoretical discussion — that they are second- 
order differential equations and not first-order equations. This 
defect was remedied by the introduction of the momenta p and 
the derivation of the canonical equations (80.7) and (80.13). 
However, these 2 m equations of the first order in which the 
dependent variables are the phase coordinates ( 7 , p), and the in¬ 
dependent variable is the time, have now lost some of the gen¬ 
erality which was such an important feature of the Lagrangian 
equations (78.3); for the phase coordinates (q, p) may not be 
any coordinates sufficient to describe the phase of the system. 
The q's are still arbitrary position coordinates, but the momenta 
are not at our free disposal. They are definitely defined by the 
equations (79.1). It is our purpose in the present paragraph to 
state the laws governing the motion so that the differential 
equations may be written down as soon as we have any coor¬ 
dinates whatsoever specifying the phase of the system. These 
coordinates may be any 2 m distinct functions (s, r) of the 
original phase coordinates {q, p), and they may also involve 
the time variable explicitly. Thus 

Sn = SniQy p, 0, rn = p, t). (n = 1, 2, • • •, w) (91.1) 

Since these functions of the (g, p) are supposed to be distinct, 
we may solve equations (91.1) for the (g, p) in terms of the 
(s, r), the solutions involving the time variable explicitly if equa¬ 
tions (91.1) involve t explicitly. The argument followed will not 
make any use of the fact that t is chosen as the independent 
variable in the canonical equations, and that the phase coordi¬ 
nates are to be expressed in terms of U All the state coordinates 
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(g, p, 0 (see § 79) may be regarded as on an equal footing, and 
our problem is to state the laws governing the motion of the 
dynamic system so that the differential equations may be imme¬ 
diately written down as soon as we have any 2 m +1 coordinates 
which serve to tell the state of the system, that is, its phase-time. 
These coordinates may be any 2 w +1 distinct functions (s, r, r) 
of the original state coordinates {q, p, t). Thus 

Sr^ = s„(q, p,t), r„ = r„{q, p,t), (n = 1 , 2 , • •m) 2 ) 

r = r{q, p, t). 

Since these functions are supposed to be distinct, we may solve 
them and express (g, p, t) as functions of (s, r, r); so that if 
the latter 2 rn -f 1 numbers are known, the state of the dy¬ 
namic system is also known. The desired statement of the laws 
of motion of the dynamic system may be called an absolute 
statement, since it has no reference to any particular system of 
state coordinates. There will exist no privileged systems of coor¬ 
dinates such as exist when we use the canonical equations, where 
the m momenta coordinates p must be related to the position 
coordinates q by means of equations (79.1). In order to give the 
absolute statement of the laws of motion of the system, it will 
be convenient to use the so-called geometric language described 
in § 79, no idea of measurement being, however, involved. In 
this language a point in a state space of 2 m + 1 dimensions 
represents a particular state of the system; and as the state 
changes we obtain in the state space a curve which represents 
the life history of the system. Such a curve may be called a 
path of the system; and the canonical equations (80.7) or 
(80.13), as the case may be, are the differential equations of 
these paths, the variables being the original state coordinates. 
Since there is only one solution of a system of differential equa¬ 
tions of the first order satisfying given initial conditions, there 
can be only one path of the system passing through any point 
of the state space. The particular property of these paths which 
we wish to prove is that they are the extremal curves for a cer¬ 
tain line integral known as the action integral. By this is meant 
that if we take two points lying on the same path and evaluate 
the action integral along that portion of the path lying between 
these two points, we shall obtain a result which is stationary 
when compared with the value of the action integral along 



THE PRINCIPLE OF LEAST ACTION 


307 


neighboring curves joining the same two points. Since two paths 
never intersect, these neighboring curves cannot themselves be 
paths. The action along any curve, whether it is a path or not, 
is, since it is a line integral, completely determined when we 
know the curve; and so this action may be called a function of 
the curve (see § 13, a). If we consider all curves joining the two 
points which lie on the same path, our theorem is that the action 
has a stationary value for the actual path itself. In other words, 
as we vary the curve from the path the rate of change of the 
action integral is zero. In terms of the original state coordinates, 
the line integral which we call the action integral is 

A = JPidqi-\-p2dq2-\ -h Pm dqm ~ HdL (91.3) 

(We are limiting ourselves to the cases where the canonical 
equations may be put in the form (80.7).) The linear differential 
form under the sign of integration may be called the action 
integrand. It will be observed that the differentials of the 
momenta p do not enter the action integrand (or, if we prefer, 
their coefficients are zero), and that the coefficient of the dif¬ 
ferential of each position coordinate q^ is the corresponding 
momentum coordinate p^. The coefficient of the one remaining 
state coordinate, the time, is the negative of the Hamiltonian 
function H, In order to prove the extremal character of the 
paths with reference to the action line integral, it will be con¬ 
venient to introduce, for the moment, a more symmetrical 
notation. 

Let us consider a space of n dimensions, the coordinates of any 
point being denoted by (xi, X 2 , * • •, Xn). Let us seek the curves 
which are extremal curves for a given line integral 

I=j'Cidxi + C2dx2 + --- + C„dx„, ( 91 . 4 ) 

where the coefficients C, are known functions of the coordinates x. 
When we want to return to the previous rather unsymmetrical nota¬ 
tion, we shall observe that 

n = 2m-fl, Xs = qs, Xm 4 ., = p„ X 2 m+i = t, (s = l,2, • •m) (91.5) 

Cm^s = 0 , C2m+1 = -H. (8= 1 , 2 , •• -, 711 ) r 91 . 6 ) 

It is important to notice that the number of dimensions n = 2 m -f 1 
of the state space to which we shall apply our results is odd. The 
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curve along which the integral (91.4) is to be evaluated may be 
supposed to be given by certain equations 

x.=.x.{6), (s = l, 2, (91.7) 

where 6 is the independent variable parameter whose r6le is to indi¬ 
vidualize the various points on the curve of integration. When the 
curve (91.7) and the limits do and 6i of integration are given, /, as 
defined in (91.4), is a fixed number and not a variable. In order to 
enable / to vary, we shall have to introduce another independent 
variable or parameter cj), whose role is to change, when the value 
assigned to it is changed, the curve of integration, this change of the 
curve of integration involving, in general, a change of the end points. 
Our equations (91.7) will, therefore, be replaced by equations of 
the type 

Xs=:x.{e,4>), (8 = 1,2, ...,H) (91.8) 

where 0 remains constant along any curve of integration. The 
reason for its appearance in equations (91.8) is that we are thereby 
enabled to vary the curve of integration and thus obtain variable 
values of I. The variables 0 and are quite independent, the r6le of 
the first being to individualize points on the curve along which the 
second remains constant, and the r6le of the second to individualize 
the curves of integration. The end points of these curves of integra¬ 
tion may be given by equations 

= Xs{d^, 0), x,* = X.id\ 0), (s = 1, 2, . . ., 7?) (91.9) 

where (^®, 0^) are certain constants independent of 0. If the end 
points of all the curves of integration are the same, the variable 0 
will not actually enter the expressions (91.9). The really important 
thing to grasp is that although the end points of the curves of inte¬ 
gration may vary, the limits of the integral (91.4), when this integral 
is expressed explicitly as an ordinary definite integral with the single 
variable of integration 6, do not vary from curve to curve, that is, 
as 0 is changed in value. The change, if any, in the end points is 
brought about through the explicit appearance of 0 in the expres¬ 
sions (91.9). 

Now since the x’s, as given in (91.8), are functions of two independ¬ 
ent variables, we have two partial differentials to distinguish. The 
first is the differential 

dx, = II dd, (s = 1, 2, •. ., n) (91.10) 

which occurs in (91.4) and is calculated on the basis that 0 is kept 
constant. The other partial differential may be denoted, in order to 
distinguish it from this one, by dXsy where 

Sx, = ||rf*. 


(91.11) 
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It is calculated on the basis that 6 is kept constant. Now the integral 
/, as defined by (91.4), is a function of the single variable </>, which 
enters it through the x’h, of which the coefficients C are supposed to 
be functions, and also through the differentials of these which 
are multiplied by the coefficients C, These are the only places where 
<j> enters the integral /, the limits of this integral being, as we have 
just remarked, independent of 4>. We find, therefore, the differential 
of I by merely integrating with respect to d the partial differential 
of the integrand with respect to 0; that is, 

8I = f^{C, 8dXr + 8CrdXr). (91.12) 

r 

Now Bdx. = de) d4> = de d<i>, 

and, since the order of differentiation in finding the second derivative 
may be inverted, this is equivalent to dbxr. Hence the first group 
of terms of the summation in the integrand of (91.12) may be inte¬ 
grated by parts, using 


J CrdhXr = Cr{8Xr)l -J dCrdXr. 


On developing the two partial differentials of Cr, that is, 

dC,.=y'~dx„ 8Cr=y'?fr8x„ (91.13) 

8 S 

we have the result 

81 = (Xc.Sx,);, +/^(|r ^^r8x. - Ig 8xrdx'^. 

r, s 

On collecting the terms under the sign of integration, we have 


5 / + f'^Cr,8XrdX„ 

r r,3 

where we have written, for the sake of brevity, 


C 


ra — 


da, 

'dXr 



= 1 , 2 , 



(91.11) 


(91.15) 


If we now make the stipulation that the end points of the curves of 
integration shall all be the same, the part of bl in (91.14) outside the 
sign of integration will vanish, since every bxr will be zero, at both 
the upper and lower limits. We have, then, in this special case the 
simpler expression 

bl=j ^Crsbxrdx,, (91.16) 

r, 8 


where the coefficients Cra are defined in terms of the given coefficients 
of the line integral I by means of equations (91.15). In order that bl 
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may be zero for arbitrary values of the partial differentials Sxr (that 
iSt the differentials with respect to the parameter </> which changes 
the curve of integration), it is necessary and sufficient that the coeffi¬ 
cients of each Sxr in the integrand of ( 91 . 16 ) should separately vanish; 
and we thus obtain the equations, n in number, 

^Cr. dx, = 0 . (r = 1 , 2 , • • •, n) ( 91 . 17 ) 

8 

Since the dx’s are the partial differentials of x with respect to 6 , 
that is, along the curve of integration, these equations may be 
regarded as the differential equations of the extremal curves for 
the given line integral /. Since we have exactly n linear homogene¬ 
ous equations for the n differentials we know that there will 
be no solution other than the trivial one dx, = 0 (s = 1, 2, • • •, n) 
unless the determinant of the coefficients is zero. This means that 
the given integral will not always have extremal curves. It will be 
observed, however, from the equations of definition ( 91 . 15 ), that 
Ctr = — Craf SO that an interchange of rows and columns in the deter¬ 
minant of the coefficients will multiply the determinant by (— 1)"; 
but this interchange of rows and columns cannot affect the value of 
the determinant. Hence the determinant of the coefficients of equa¬ 
tions ( 91 . 17 ) will be zero, no matter what the given line integral I is, 
provided n is an odd number. In the particular application that we 
have in view, this is the case, since n = 2 m + 1 (see 91 . 5 ) ,* and we 
are therefore assured of the existence of extremal curves for any line 
integral L 

We find, then, that the extremal curves for the line integral 



are the integral curves or solutions of the set of n linear homo¬ 
geneous differential equations 

'^Cr.dx, = 0, (r = 1, 2, • • •, n) 

8 

where the coefficients €„ are defined by the equations 
^ _ dC. dCr 

" dXr dx. 

and are therefore alternating, that is, C„ = — These n dif¬ 
ferential equations are not independent, so that one of them will 
be automatically satisfied by a solution of the remaining n — 1 
eqtiations. Let us now apply this result to the action integral 
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Upon substituting the values given in (91.5) and (91.6), we 
have the following results : 

Crs •“ 0, (Tf S 1, 2, ' * * , 

Cr, m-fr ~ 1> (r == 1, 2, * • • , ?7l) 

Cr, 7n-f« ~ 9, (T f S = 1, 2, * * * , J 7* 7*^ S) 

a, 2 „+i = -|^. (r = l, 2, 

CQr 

Cm + r„2m + \ = - (r = 1, 2, * • *, W) 

CPr 

In deducing these results it is, of course, to be remembered that 
the partial differentiations involved in the definition (91.15) of 
the expressions Cr« are made on the basis that all the variables x, 
here {qy p, t)y are independent, so that the partial derivative of 
any one of them with respect to any other is zero. The differen¬ 
tial equations of the extremal curves for the action integral are 
accordingly, by (91.17) 


-dpr-^dt^ 0 , 

cqr 

dqr-^dt = 0, 
CPr 


(r=l,2,-- 

•, m) 

(r = 1, 2, • • 

■ , m) 



Our general theory shows us that these 2 m + 1 equations are 
not independent, and it is, in fact, apparent that the last one 
is a linear combination of the other 2 m equations. These 2 m 
equations are, however, exactly the canonical equations (80.7) 
governing the motion of the dynamic system; and so we have 
the fundamental result 


Any dynamic system possessing a Hamiltonian function H will 
move so that its representative point in the 2m+ ^ dimensional 
state space will trace out an extremal curve of the action integral 

A ^^p\ dq\ + P2 dq2 + • • * + Pm dqm — H dt. 

By this is meant that when we compare the action along the 
actual path followed with the action along all other curves in 
the state space joining the initial and final states of the system, 
the action has a stationary value at the actual path. If now we 
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wish to write down the d 3 mamic equations when any state 
coordinates (s, r, r) whatsoever are used, we have merely to 
write out the action integral in these coordinates. .This is done 
by substituting for each p its expression in terms of the new 
state coordinates and by writing for each dq its value 


k 

and similarly for H and dt. Let the new form of the action 

integral be r. 

A =J ^{Sk dsk + Rk dvk) Kdr. 


Then the dynamic equations are the equations (91.17) of the 
extremals of this integral. 

92. The Hamilton-Jacobi partial-differential equation. We have 
seen in the preceding section that the partial differential of the 
action integral, with respect to the parameter which serves to 
vary the curve of integration, is zero when the curve of inte¬ 
gration is a path of the dynamic system, provided the initial 
and final states of the system are prescribed. If the initial and final 
states may be varied, this partial differential, instead of being 
zero, has the value ^ m 

5A = (XpkSqk-HSt)l (92.1) 

k 

when the curve of integration is an actual path (see (91.14)). 
Now the action along a path of the system is completely de¬ 
termined by the initial and final states, since the initial state 
determines definitely the path. Only one of the final state 
coordinates is at our choice when the initial state is given, the 
other final state coordinates being determined by this one. In 
other words, the action integral is a function of 2 m + 2 inde¬ 
pendent variables. The equation (92.1) suggests that a good 
choice of independent variables in terms of which to express the 
action integral might be the initial position and time coordi¬ 
nates (q^\ P) and the final position and time coordinates (q, t). 
If this could be done, we should have, as an equivalent way of 
stating equation (92.1), the set of equations 



dA 

dqk^ 


= - Vk^y (k = 


1 , 2 , . 


• w) 







(92.2) 
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The function H is given to us as a function of the state coordi¬ 
nates (g, p, t)y and we may eliminate the momenta p from it by 
means of the equations (92.2). In this way we get 


dt 



(92.3) 


where we understand by the right-hand side of the equation 
the result obtained when each in the given function H is 

O A 

replaced by the corresponding partial derivative Equa- 

dqs 

tion (92.3) is a partial-differential equation of the first order 
and second degree for the single function A oi m + \ inde¬ 
pendent variables {q, t). Now a partial-differential equation 
may have many solutions, and the action integral A is dis¬ 
tinguished from the many other solutions of (92.3) by the fact 
that it involves certain arbitrary constants in such a way that 
the partial derivatives of A with respect to these constants are 
exactly the initial momenta pAr^, the arbitrary constants them¬ 
selves being the initial position coordinates. If we were able 
to determine this particular solution of equation (92.3), or, in 
other words, if we were able to express the action along a path 
as a function of the initial position and time coordinates (g®, f) 
and the final position and time coordinates (g, f), the equations 

dqk oqk^^ 

of (92.2) would enable us by algebraic methods, involving no 
integration whatever, to express all but one of the final state 
coordinates in terms of this remaining one and the initial state 
coordinates. In effect, we should have solved the problem of 
the motion of the system; for we should be able to tell the phase 
at any time from a knowledge of the initial phase. However, 
the problem of determining that special solution of the partial- 
differential equation (92.3) whose partial derivatives, with re¬ 
spect to the arbitrary constants it contains, are exactly the 
initial momenta when the constants are given the values of the 
initial position coordinates, baffled Hamilton; and his remark 
that the action integral, when expressed in terms of the initial 
and final states of the system, satisfies the first-order partial- 
differential equation (92.3) remained unused until Jacobi showed 
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that it is entirely unnecessary to limit ourselves to the action 
integral in order to determine the motion of the system. Any 
solution of the partial-differential equation (92.3) involving 
the right number of arbitrary constants, provided these enter 
the solution in the proper way, will serve the purpose just 
as well as the action integral, which is a special solution of 
this equation. For this reason the partial-differential equation 
(92.3) is known as the Hamilton-Jacobi partial-differential equa¬ 
tion, the situation being that Hamilton was the discoverer of 
the equation, whereas it remained to Jacobi to make the dis¬ 
covery useful. 

In order to prove Jacobi's contention it will be convenient to 
return to the absolute form of statement of the laws governing the 
motion of the dynamic system which has been given in § 91. Let us 
suppose that we are able to find a transformation of state coordi¬ 
nates {q, p, t) to (s, r, r), say, such that the action integrand 

^Vk dQk - H dt 
k 

transforms into one of the same form, 

dsk - J dr, 

k 

It then follows that the dynamic differential equations, which ex¬ 
press the fact that the paths of the system in the state space are 
extremal curves for the action integral, will have exactly the same 
form in the new state coordinates as in the old; for the action inte¬ 
grand has exactly the same form. They will be, therefore, 

It is evident, furthermore, that (92.4) will still be the dynamic equa¬ 
tions even when the form of the action integrand is not preserved, 
provided that the change in form amounts only to the addition of 
an exact differential; that is, when the new^ form of the action inte¬ 
grand is 

Jdr + dS, (92.5) 

k 

where 3 is any function of the state coordinates (s, r, r). For the 
addition of this exact differential to the previous form of the action 
integrand changes the action integral by a function of the end 
points only, and not of the curve of integration. As the end points 
are supposed to be held fixed in finding the extremals, the extremal 



THE PRINCIPLE OF LEAST ACTION 315 


curves for the action integrand (92.5) must be the same as the extremal 
curves for the first part, 

k 

of the action integral. We have, then, the result that the canonical 
equations (80.7) preserve their form under any transformation of 
state coordinates {q, p, t) to (s, r, r) which sends the action integrand 
'^Vk dqk — H dt into the form (92.5). By analogy with similar trans¬ 
it 

formations in the geometric theory of surfaces, such transformations 
are known as contact transformations. We shall now try to find 
those particular contact transformations which give a form (92.5) 
of the action integral in which the differential of the time variable 
is missing, that is, J — 0. The advantage of such special contact 
transformations is that the dynamic differential equations become 
immediately integrable. They are, in fact, 

^^ = 0, ^ = 0, {k=\,2, ■ . ■,m) (92.6) 


so that all the coordinates (s, r) are constant along the path. The 
equations of the paths in terms of the original state coordinates 
{q, p, /) follow at once by making the 2 m symbols (s, r) each equal 
to a constant in the equations of transformation from (q, p, t) to 
(.S-, r, r), thus expressing the 2 m -h 1 state coordinates (q, p, t) in 
terms of the single parameter r and the 2 m arbitrary constants (s, r). 

It remains to show how to find a reversible transformation of 
state coordinates which will send the action integral into the form 
'^TkdSk 4- dS. We have the equation 

^Pkdqk - Hdt =^rf,dsk + dS, (92.7) 

k k 

which is very similar to (92.1). On supposing S to be expressed as a 
function of the variables (g, s, /, r) instead of the variables (s, r, f, r), 
we have the equations 



ds 

dsk 

dt 


= - Tky (I' = 1, 2, • • •, m) 

= -H. 1 = 0. 


(92.8) 


Upon eliminating the p's from H by means of these equations, we see 
that the function S of (g, i) must satisfy the partial-differential equa¬ 
tion of the first order, / Pe 

| = (92.9) 

where in the partial differentiations the other variables which appear 
in S are regarded as constants. Equation (92.9) is exactly the 
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equation, (92.3), which Hamilton showed was satisfied by the action 
integral when this was expressed in terms of the initial and final 
state cofirdinates. It has one dependent variable S and m + 1 inde¬ 
pendent variables (^, t). What is known as a complete integral of 
such a partial-differential equation is one involving as many arbitrary 
constants as there are independent variables. These constants enter 
the integral in such a way that the initial values of the dependent variable 
and its partial derivatives with respect to the independent variables may 
be given initially any values whatsoever consistent with the partial- 
differential equation. 

In the particular case of (92.9) — which is of a special type, 
inasmuch as the dependent variable does not enter the equation 
explicitly but only through its partial derivatives — one of the arbi¬ 
trary constants is plainly an additive constant which may be used 
to fix the initial value of S. As we shall be interested only in the 
partial derivatives of S, and not at all in the actual values assumed 
by S itself, we shall not trouble to use this additive constant. We 
shall try to find, then, a complete integral of (92.9) — that is, an inte¬ 
gral involving m arbitrary constants, none of which is purely addi¬ 
tive, in such a way that the m partial derivatives of S with respect 
to the position coordinates q may be given arbitrary initial values. 

dS 

The initial value of the remaining partial derivative ~ is then 

ct 

determined by the differential equation (92.9) itself. If we denote 

the initial values assigned to the partial derivatives ^ by pi? 

oqk 

(A: = 1, 2, • • •, m), our condition as to the way the constants must 
enter the solution of (92.9) amounts to the fact that we must be 
able to solve the m equations 

QfJ=P>‘° = (92.10) 

for the SkS in terms of (qk^, Pt®, t). Mathematically expressed, the 
criterion by which we know that this solution is possible in any 
particular case is that the Jacobian determinant of the m partial 

dS 

derivatives ^ with respect to the m arbitrary constants s must not 

vanish identically. The element in the zth row and jih column of 

d^s 

this Jacobian determinant is the mixed derivative 7 ;—As the 

as, aqj 

order of differentiation is immaterial, this shows us that if the equa¬ 
tions (92.10) can be solved for s*, the new set of equations 

— = - r* (A; = 1, 2, • • •, m) 

can be solved for the q*s in terms of (s*, rk, t). 


(92.11) 
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We are now able to state the fundamental result: 

A knowledge of a complete mtegral of the Hamilton-Jacohi 
partial-differential equation (92.9) determines a reversible trans¬ 
formation of state coordinates from (q, p, t) to (s, r, t) by means 
of the two sets of m equations 

M — Vky o — (92.12) 

oqk csk 

to which we may add, if we like, the identical relation t^t, to 
show that we are not changing the time coordinate. 

This transformation of state coordinates is a contact trans¬ 
formation of the special type characterized by the fact that the 
differential of the time variable is missing from the action inte¬ 
grand when this is expressed in the form (92.5). Hence the laws 
governing the motion of the system are simply 

^ = 0 , ^ = 0 ; = 

so that, in terms of the new state coordinates, the paths are 
Sk = constant, rk = constant, (fe = 1, 2, • • •, m) 

In terms of the original state coordinates {q, p, t) the paths 
representing the motion of the system are found by solving the 
reversible transformation (92.12) for the phase coordinates (g, p) 
in terms of the constants (s, r) and the time variable t. These 
constants can be so chosen that for any initial time t^ the system 
may be given any phase (g®, we wish. After the determi¬ 
nation of a complete integral of the Hamilton-Jacobi equa¬ 
tion, no further integrations are necessary to write down the 
equations of the paths. All we have to do is to solve equations 
(92.12), which are ''finite'' and not differential equations. In 
general, it will not be necessary to give the explicit form of the 
equations of the paths, and these may be left in the implicit 
form (92.12). 

The truth of the statements just made follows at once from the 
previous argument. The transformation is reversible, since the sec¬ 
ond set of equations, that is, (A: = 1, 2, • • *, m), can be 

solved for the q*s in terms of (s, r, t), and the substitution of these 
results in the other set, that is, ^ = pA: (A: = 1, 2, • • •, m), then gives 
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us the p's directly in terms of (s, r, 1). In a similar way, on inter¬ 
changing the r6les played by the two sets of m equations, we can 
express first the s’s and then the r's in terms of (q, p, t). That the 
transformation is a contact transformation of the special type desired 
is evident since, by (92.12) and (92.9), 

^ ~ — H d/; 

k k ^ 

SO that '^'Pk dqk — H dt =^rk dsk + dS. 

k k 

93. Reduction of the Hamilton-Jacobi equation when some of the 
coordinates are cyclic. We have already seen that when a posi¬ 
tion or time coordinate does not enter the Hamiltonian func¬ 
tion //, considerable simplification of the problem results. Let 
us see how this appears in the finding of a complete integral of 
the partial-differential equation (92.9). First we may consider 
the case where the time variable does not appear explicitly 
in H. We have, then, the energy integral H ~ constant, (80.8), 
and we shall denote this constant by h. It is possible, in this 
case, to find a complete integral of (92.9) involving the time 
linearly. In fact, if we make a change of dependent variable 
from S to W, say, by means of the substitution 

S^-ht + W{q), (93.1) 

where the new dependent variable W does not involve ty our 
equation (92.9) becomes 

h=H{q,^-^y (93.2) 

since the partial derivative of 8 with respect to / is — h, and since 
its partial derivative with respect to any position coordinate q 
is the same as the partial derivative of W with respect to that 
coordinate. The new partial-differential equation (93.2) has one 
dependent and m independent variables, so that there is one less 
independent variable than in (92.9). The equation will, then, be, 
in general, much easier to deal with. A complete integral of (93.2) 
will be a function, W, of the m variables q, satisf 3 ing the equa¬ 
tion and involving m — 1 arbitrary constants, none of which is 
merely additive, in such a way that the m partial derivatives 
of W with respect to the g’s may, for any initial values (f of these 
variables, be given any values whatsoever satisf 3 dng equation 
(93.2). Let us suppose we have found such a complete integral. 
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and let us denote the m — 1 arbitrary constants by (S 2 , S 3 , • • •, Sm)* 
Besides these, W will involve the constant h, which takes the 
place of the missing constant Si. Then S, as defined by (93.1), 
will be a complete integral of (92.9). It involves, in fact, the 
proper number m of arbitrary constants (h, S 2 , • • •, Sm). Since 

each ^ is equal to the con*esponding the last m --1 of these 

can be so chosen that the ^ may be given any initial values, 

dq 

the constant h being then determined by equation (93.2). In 
other words, the m + 1 partial derivatives of S with respect 
to the m + 1 independent variables {q^ t) may be assigned 
arbitrary values consistent with equation (92.9). This is the 
characteristic property of a complete integral. 

If, in addition to, or instead of, the absence of the variable t 
from the Hamiltonian function H, one or more of the position 
coordinates are absent from //, the method of procedure is just 
the same. Let us suppose that, in addition to the absence of 7 , 
qi does not appear in H. We have, then, the momentum integral 
Pi = constant. Denoting this constant by we write 

S — ht -{• pi^^q\ + W{q2y q:h * * ‘^ 9m), (93.3) 

where now the W function does not involve either t or the coor¬ 
dinate qi. Our equation (92.9) is replaced by the equation 

h=H(q 2 ,---, Qn. 1^’ • • •. 1^)’ (93.4) 

\ ^92 dqm/ 

which is a partial-differential equation with one dependent 
variable and m — 1 independent variables. A complete integral 
of this equation will involve, in addition to the two constants 
{h, pi^^), m — 2 arbitrary constants none of which is merely addi¬ 
tive. It is, as before, evident that if W is a complete integral of 
(93.4), then S, as defined by (93.3), will be a complete inte¬ 
gral of (92.9). If the function H contained 7, while qi remained 
absent, we should write, instead of (93.3), the equation 

S = pi^qi + W{q2y • • •, 9m, t); 

and our differential equation (92.9) would reduce, as before, to 
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which is again simpler than the original equation, since it in¬ 
volves one less independent variable. A complete integral of 
the equation for W gives, as before, a complete integral S of the 
Hamilton-Jacobi partial-differential equation. 


EXAMPLE 


We shall consider first the motion of a single particle in a plane 
under a central force whose magnitude is a function of the distance r 
to the attracting center alone. 

If we use polar coordinates with the origin at the attracting center, 
the expression for the virtual work may be written /(r)5r, so that the 

potential energy of the system is y = — /(^)dr, and there are no 

dissipative forces. The kinetic energy is r = — (r^ + whence 
we derive Pr = mr, p^ = mr^O, so that the Hamiltonian function H is 

+>'<'>• 

Since neither t nor 6 appears explicitly in H, we write 
S = -ht-h Pq^B + W(r) 

in the Hamilton-Jacobi partial-differential equation 

\de} 


(93.5) 


dt'^ 2 rr. 


m 


+ ■ 


r" J 


+ y(r) = 0. 


We obtain in this way the ordinary differential equation for the 
function W of the single independent variable r. 




from which W follows, by the quadrature 


W 


= I* ^ [2 mr^(h -V) - 


dr. 


(93.6) 


(93.7) 


The momenta along the path are given by the formulas 

IhzlUt. 


-0 _dw [2 mr^{h 

Ve-Vv, Pr-g^-dr- T 


and the equation of the path in the position-coordinate space, that is, 
the relation between the position coordinates (r, 6), is 

= constant, or 0 = constant, 

r dpg^ 


dPi 
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The time at which the particle is at any point (r, B) of its path is 
given by the final equation 

ds . . , dw , ^ ^ 

= couwstant, or t = -f constant. 
ch dh 

In order to carry out the solution to a completion it is necessary to 
evaluate the integral (93.7) for W. We can tell by inspecting this 
integral just what kind of functions will enter the solution. For 
example, if the law of force toward the center is a power law / = 

_ k.T*^ ^ 

we have V = - - - » unless n~ — l, when V — — k\ogr. On making 

the substitution r = i» we see that we have to integrate an expres¬ 
sion of the type ^ ^ 

J (a -I- 6^2 -f duy 

where a, 6, and c are constants. (When n = — 1, the last term in the 
expression under the radical must be replaced by c log w.) When the 
expression under the radical is of the first or second degree, the inte¬ 
gration will not involve anything more complicated than the trigo¬ 
nometric or logarithmic functions. This will be the case if w = — 2 or 
— 3. To these cases we may add the case w = 1, as the substitution 
will bring the quadrature to a form in which the expression 
under the radical is of the second degree. These are the only cases 
which are, in general, soluble with the aid of the elementary func¬ 
tions. If we look for the cases which are soluble in terms of the 
elliptic functions, the expression under the radical must be of the 
third or fourth degree at most (or must be reducible to such). This 
gives us the cases w = 0, •- 4, and — 5, to which we may add the cases 
n = 3, 5, — 7, obtainable by means of the substitution = v, 

94. The solution of the Hamilton-Jacobi partial-differential equa¬ 
tion in the case where the variables are separable. In the case, 
just treated, of the motion of a particle under a central force, 
the special feature of the problem which made its treatment 
easy was that, two of the variables being absent from the 
Hamiltonian function H, the par^mZ-differential equation could 
be replaced by an ordinary differential equation. There is a 
rather wide class of problems in which a similar simplification 
occurs. This class is distinguished by the fact that the variables 
q are separable from one another in the expression on the right- 
hand side of (93.2). (The time variable is supposed not to enter 
H in the class to which we refer.) If we suppose that the kinetic 
energy T of the system is given by an expression of the form 

T = (94.1) 
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in which each of the functions (/>r and Ar involves only the cor¬ 
responding position coordinate (r = 1, 2, • • m), we have the 

momenta p given by the formulas 

and so the Hamiltonian function H is 


In order that the variables may be separable in H, we shall have 
to suppose that V is expressible in the form 


V 



(94.2) 


where, like the </)'s, each of the functions ypr is a function of the 
corresponding coordinate qr alone. In this event the Hamilton- 
Jacobi partial-differential equation can, after the time is elimi¬ 
nated as in (93.2), be reduced to 


- = 2X ih<l>r + (94.3) 

r 

A complete integral of this equation may be found in the form 


W=^Wi + W2+- ’ + Wmr (94.4) 

where each Wr is a function of the corresponding position coor¬ 
dinate Qr alone. In fact, we have merely to write down the 
ordinary differential equations 

(^^J=2Arih<l,r + ^r)+ar, (t = 1, 2, ■ ■ ■, m) (94.5) 

the a's being constants subject to the single relation 

= 0 , 

r 

so that m — 1 of them may be chosen arbitrarily. Let us 
suppose that is regarded as dependent on the other inde¬ 
pendent a’s, so that it may be replaced where convenient 
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by — (ai + a 2 + • • • + cum-i)- Then IF is a complete inte¬ 
gral of (94.3), depending on h and m — 1 arbitrary constants 
(ai, ■ • each of these constants entering it through the 

corresponding Wr and also through IF™, and we have the relation 

dar dar dam dar dar dam ’ ’ ’ 


Hence the solution of the dynamic problem is implicit in the 
equations 


dWr 

dqr 


= Pr, 


or [2 Ar{h(f>r -I- ^r) + a,A,]’ = (r = 1, 2, • • •, m) 
dWr dWm 
dar 


da„ 


i = (r=l,2, 


m 


1 ) 


dh ' 


-I 




(94.6) 


where the /3's are arbitrary constants, as are also h and the a's, 
the latter being, however, subject to the condition that their 
sum is zero. The values to be attributed to these constants are 
determined by the initial state of the system. 


EXAMPLE 


Determine the motion of a system with two position coordinates, 

for which T=\ + q 2 ^)(qi^ + and V = — 5 )' 

\Qr-^Q2^/ 

Solution. Here H = -j-- —and Wi and W 2 are 

2(9i 2 -h q2^) qi^ + q2^ 

given by the quadratures 

Wi = J^\2 hqi^ + a - D^dqu W 2 hq2^ - a - 

where a is an arbitrary constant. The paths of the system in the 
(qu q 2 ) space are given by = p. This gives 

r -= constant, 

(9i“ - J ( 92 =“ - 

where we have taken 1* = This gives 

2h 2 h 

cosh~^ ^ + cosh“^ 22 ~ constant. 

I m 

On taking the hyperbolic sine of this equation, we get 

= constant. 

Im Im 
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Upon clearing of radicals by squaring, this can be put in the form 
m^qi^ 4* 2 Zm cos y qiq 2 -f l^q 2 ^ = sin^y, 

where y is an arbitrary constant. On a Cartesian-plane diagram, 
with qi and q 2 as rectangular coordinates, these curves are concen¬ 
tric ellipses. 


96. The problem of two gravitating centers. Here we wish to 
determine the motion of a particle in a plane under the influence 
of two centers of attraction situated at two fixed points in the 
plane and attracting according to the inverse-square law. This 
problem is of interest as an introduction to the three-body prob¬ 
lem, which is so important in celestial mechanics. It affords a 
good illustration of the method of separation of variables. 
Taking the a:-axis along the join of the attracting centers, and 
the 2 /-axis halfway between them, the coordinates of the two 
attracting centers will be (± c, 0), 2 c being the distance between 
them. Let us consider the system of confocal conics 


a^ + e 


b^+e ^ 


c2, 


with foci at the two attracting centers. Through any point 
(Xy y) of the plane there pass two conics of this confocal system, 
the corresponding values of 0 being X and /x. These are the 
roots of the quadratic equation in B 

( y'' -1 

a^ + e^b^+ 6 


so that we have the identity in B 


y2 _ (g^X)(g-M) 

t n , / o 1 n 1 ^ 


02 + 0 62 + 0 (a^^9){b2 + e) 

where (X, n) are regarded as functions of (x, y) in this identity. 
Upon multiplying through by a2 + 0 and then setting 0 = — o^, 

we find / o , 2 , V 

2_ (a2 + X)(a2 + M) 
a2 - 62 


and, similarly, on multiplying through by 62 + 0 and setting 
0 = -62, wefind (h 2 j-\\(h 2 j. ^ 

«2 _ — ( 62 + X )(62 + / i ) 

^ a2 - 62 


It will be convenient to use, as the position coordinates {qi, g,) 
of the particle, the semiaxes — major and transverse respec* 
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tively — of the ellipse and hyperbola of the confocal system 
passing through (x, y), (If we suppose X > )u, 6^ ^ is nega¬ 

tive, from the expression for ; so that the root 0 — ju gives 
a hyperbola, the other root X giving the ellipse.) We have, 

then, qi^ = + X, ^^ 2 ^ = ; so that x- = We may 

write X = jf agree to regard qj as negative when x is nega¬ 
tive. For y^ we find at once the expression ^ ~ , 

c- 

and we readily derive the distance ri of the point (x, y) from the 
attracting center (c, 0); thus rr — x'^ — 2cx + c- + y^— (qi — g 2 )^, 
whence ri = gi — q 2 . This value of the radical holds for all points 
(x, y) on account of the convention as to the sign of qo- Similarly 
we find, for the distance r 2 to the other attracting center, the 
result r 2 — qi+ qo- The quantities qi and qo are known as the 
elliptic coordinates of the point (x, y). These expressions for 
n and r 2 could have been written down at once if use had been 
made of the elementary geometric properties of the ellipse and 
hyperbola (we refer to the constancy of the sum or difference 
of the focal radii). 

Now the kinetic energy of the moving particle is T = | mv^, 
m being its mass and r- = + y- the square of its velocity. 

On substituting for x and y their values in terms of qi and q 2 
given above, we find 



The potential energy is given by 

_jUl_^ 

n r2 qi —q2 qi + q2 

where jjli and 112 are constants. It appears at once that the 
variables are separable, so that the determination of a complete 
integral of the Hamilton-Jacobi partial-differential equation 
may be reduced to quadratures. We write S = — + W 2 , 

where h is the energy constant and Wi and W2 are determined 
by the equations 

(gi 2 - 2 mqii/jii + 1x2+ hqi)+ a, 

(c* - q(22)(^^y= 2 mgaCMi - M 2 - hq2) - a, 
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where a is an arbitrary constant. The actual path of the par¬ 
ticle in its motion in the plane is given in terms of the elliptic 
coordinates by the equation 

dWi , dWo _ Q 
da da 

where (3 is an arbitrary constant. The time at which any point 
on the path is occupied is found by putting t equal to the sum 
of the derivatives of Wi and W 2 with respect to the energy 
constant hy plus an additive constant. It will be observed that 
the quadratures involved in the determination of Wi and W 2 
bring in the radical of a pol 3 nnomial of the third degree. The 
solution therefore requires the use of elliptic integrals. 

It will be observed that if, in addition to the two centers 
attracting according to the inverse-square law, there were an 
attracting center located at the mid-point of their join, attract¬ 
ing according to the direct-distance law, there would be added 
to F a term of the type — § jjl 3 {x^ + y^); and since, in terms 
of the elliptic coordinates, this is | _ ^^2), the vari¬ 

ables are again seen to be separable. Similarly, forces parallel 
to either of the coordinate axes, and each inversely proportional 
to the cube of the distance from the other axis, may be added 
without affecting the separability of the variables. The prob¬ 
lem of the motion of a particle, under the attraction of two 
fixed centers, is treated in detail in the treatises on celestial 
mechanics; and we may refer in particular to Charlier's "Me- 
chanik des Himmels,'" Vol. I, chap. iii. 
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EXERCISES 


1. Discuss the motion of a particle on a surface of revolution when 
the potential energy is a function of the distance from the axis alone. 
Use the Hamilton-Jacobi method. 

2. The velocity of a particle in its orbit is found to vary as the 
inverse square of its distance from a fixed point. Apply the principle 
of least action to find the orbit, and thence the law^ of attraction. 
Deduce the same results from the law of conservation of energy. 

3. Discuss the motion of a projectile by the Hamilton-Jacobi 
method. 

4. Show that the transformation defined by the equations 




Pi 




— arc tan ( 


Q2 = q2^ + 

P 2 = X arc tan 


is a contact transformation, and that it reduces the dynamic system 
whose Hamiltonian function is §( 771 ^ 4- 7 ) 2 ^-f 4 -X- 2 ^ 2 ^) to 

the dynamic system whose Hamiltonian function is Q 2 . 



CHAPTER XIV 


NONHOLONOMIC SYSTEMS; THE PRINCIPLE OF 
LEAST CONSTRAINT 


96. Nonholonomic dynamic systems. In the discussion of 
generalized coordinates we have said that the coordinates 
{Qif 92 , * * *, Qk) of a dynamic system are distinct when there 
exists no functional relation f(qu 92 , * • *, Qk; t) = 0 , possibly 
involving the time, connecting them. It was remarked that it 
is frequently convenient, for reasons of symmetry or ease of 
manipulation, to introduce a number of superfluous coordinates; 
and the method of undetermined multipliers for dealing with 
these was explained. When the coordinates are not distinct, 
the geometric, or virtual, differentials bq are connected by a 
number of relations 


591 + • • • + ^ 59 a ; = 0 , 
dqi dqk 

obtained by differentiating the relations/( 91 , •• ^^qk I 0=0 con¬ 
necting the generalized coordinates, the time being regarded as 
constant in the differentiation. The coordinate velocities are 
connected with each other by the corresponding linear relations 


f ?,+■ 

dqi 


dqk 8t 


The important thing to notice is that these relations are inte- 
grable; that is, the finite relations /( 91 , 92 , • • •, 9 jfc, 0 = 0 can 
be deduced from them. Now it sometimes happens that the 
coordinate velocities 9 are connected by one or more linear rela¬ 
tions of the type 


ai9i + ci2q2 + • * • + cikik 4* &* = 0, (96.1) 


which are nonintegrable. In other words, it is impossible to 
set up a number of finite relations f{qu 92 , • • •, 9 *^; 0 = 0 , con¬ 
necting the coordinates and the time, which are equivalent to 

328 
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the relations (96.1) connecting- ^Jie coordinate velocities and the 
time. The coordinates are, accordingly, still distinct; that is, it 
is impossible to find a fewer number of coordinates which will 
serve to describe the dynamic system. If there are p distinct 
linear relations (96.1) connecting the velocities of the distinct 
coordinates, the system will be said to have k — p degrees of 
freedom and will be called nonholonomic, a holonomic system 
being one where there are no nonintegrable relations connecting 
the coordinate velocities. In a holonomic system, therefore, the 
number of degrees of freedom is the same as the number of dis¬ 
tinct coordinates, whereas in a nonholonomic system the num¬ 
ber of degrees of freedom is less than the number of distinct 
coordinates by the number of independent nonintegrable rela¬ 
tions connecting the coordinate velocities. 

The simplest examples of nonholonomic systems occur in 
problems dealing with the rolling motion of one body upon 
another. If there is no slipping, we have to express the fact 
that the relative velocity at the point of contact is zero. Con¬ 
sider, for example, the simple case of a sphere rolling upon a 
plane. Taking the plane as the 2 :-plane of a Cartesian reference 
frame, the sphere has five distinct coordinates: the two Car¬ 
tesian coordinates (x, y) of the projection of its center on the 
plane on which it is rolling, and the three Eulerian angles 
( 0 , (j), }f/) of § 23. To express the fact that the drag velocity of 
the point of contact of the sphere with the plane is zero, we 
have the two relations 

X — acorj = 0, y -j- awt = 0. 

Here a is the radius of the sphere, and (o?^, aj„) are given in 
(26.11). This yields the two nonintegrable relations 

X — ad cos 4) — a sin 0 sin ^ = 0 , 

y -- ad sin (f) + a sin d cos 0 ^ = 0 

connecting the five coordinate velocities (x, 0 , 0). The 

problem is nonholonomic, with three degrees of freedom. 

97. Appell’s equations for a dynamic system. We shall now 
outline a mode of treatment of the motion of a dynamic sys¬ 
tem, due to Appell, which has the advantage that it is equally 
applicable to holonomic and nonholonomic systems. Nonholo¬ 
nomic systems may be treated by Lagrange's method if suitable 
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modifications are made; but AppelTs method applies without 
any modification to either case. The new method has also the 
advantage, from a physical point of view, that it deals directly 
with the accelerations of the various points of the system, and 
not immediately with the velocities which enter so prominently, 
through the kinetic energy, in Lagrange's discussion. The fun¬ 
damental laws of dynamics tell us that the accelerations are of 
primary importance, the velocities being secondary. On the 
other hand, it must be admitted that, as an offset to these 
advantages, the mathematical difficulties are usually greater in 
Appeirs method than in Lagrange's method, — at any rate in 
the simpler cases of holonomic systems. 

In order to treat any kind of situation that may arise, we 
shall suppose that, in addition to the k distinct coordinates 
(^ 1 , - j Qk) of the system, certain superfluous coordinates 

Qk+i, — • y Qk+H may appear in the discussion. Let us denote, for 
the moment, by (tti, Tra, • • *, ttJ certain linear expressions in the 
differentials of the coordinates (gi, • • *, qk+u • * Qk+ 9 ) and, pos¬ 

sibly, also the time differential dt. Then we may have p distinct 
relations of the type 

drl dqi + • • • + drkdqk + dr.k+lT^l + dr,kJr 2 T ^2 

4- • • • + ar.yt+sTTfl + = 0, (t = 1, 2, * • *, j?) (97.1) 

connecting the A; + s 4-1 expressions {dq\, • * -.dqu] tti, • • •, 7 r«; dt). 
The system has k s coordinates, of which s are superfluous, 
and k + s — p degrees of freedom. If p = s, all the relations 
(97.1) are integrable, and we have merely the holonomic case 
with superfluous coordinates. If p = s = 0, we have the sim¬ 
plest case, holonomic with distinct coordinates. In the nonholo- 
nomic case the number p of relations (97.1) is greater than s, 
and the number n = k + s — p of degrees of freedom is less than 
the number k of distinct coordinates. 

Corresponding to the relations (97.1) we shall have a set of 
p relations on the virtual, or geometric, differentials dq obtained 
by setting dt = 0 wherever it occurs in equations (97.1). The 
p relations obtained in this way being independent of one 
another, it is possible, from (97.1), to solve for p of the quan¬ 
tities (dqu dq 2 y • * *, dqkl tti, 7 r2 , • * tt,) in terms of the remain¬ 
ing k + s -- p = n. Denoting these n quantities, in terms of 
which the remaining p's are supposed to be linearly expressed. 
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by (Xi, X 2 , • • •, Xn), and the others by {K+u • * *, X^+p), we have 
the p equations 

Xn+r = ari\i-\ - h ctmK + ar dt. (r = 1, 2, • • ', p) (97.2) 

In these expressions the values to be assigned to the n quan¬ 

tities (Xi, X 2 , • • •, Xn) are quite arbitrary. Now the Cartesian 
coordinates (x, z) of any particle of the system being given 
in terms of the generalized coordinates q by equations 

X — * * *, Qk+Bf i) etc., 

we have dx = ^ dqi + • • • + ^ dty etc. ; 

dqi dt 

and by means of (97.2) we are able to write dx in the form 

dx = UiXi -f- U 2 X 2 “}" ■ * ■ “h tt^Xn ~|“ (xdi. 

Similarly, = ^ 1 X 1 + 62 X 2 + • • ♦ + b„Xn + hdt (97.3) 

and dz = CiXi + C 2 X 2 + • * • + c^Xn + cdt. 

The geometric differentials being obtained from these kinematic 
differentials by dropping the terms involving dt, we have, for 
the virtual work of the forces acting on the system, 

(X bx ” 1 “y by -j- zbz) = riXi"f'^^ 2 X 2 "f‘• • • ■kr'r>Xn» (^7*4) 
where Tr = 2(Xar + Ybr + Zcr). (r = 1, 2, • • •, w) (97.5) 

The principle of virtual work gives 

2m(x bx + yby + zbz) Z{Xbx + Yby + Zbz), (97.6) 

where, if the system is assumed frictionless, the right-hand side 
is the virtual work of the active forces acting on the system. 
Since the n quantities (Xi, X 2 , * • X^) are arbitrary, we can 

equate the coefficients of each of these quantities on both sides 
of ( 97 . 6 ). Let us find the coefficient of X on the left-hand side 
of (97.6). From (97.3) we have for this coefficient the expression 

27n(xar + yhr + ^Cr), (97.7) 

but this can be put in a much better form. Thus, if we denote 
by Pi the quotient of Xi by dt, with a similar notation for the 
other X's, we have 

X = CLlPl + (^2P2 -!-*••+ CtnPn + J 

whence 

X = aifll + CI 2 P 2 + dnPn + + diPl 
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Hence, if we regard i as a function of the variables (/x, ix), 

ttr = and (97.7) takes the form 

OfXr 

dflr 

where 2 S = 2m+ ’z^). (97.8) 

The expression S is formed from the acceleration vectors of the 
system in exactly the same way as the kinetic energy is formed 
from the velocity vectors of the system. For this reason it is 
referred to as the energy of the accelerations.” The differen¬ 
tial equations governing the motion of the system now have 
the form 

= (r = l, 2,..-,n) (97.9) 

dfJLr 

The expressions fir are linear functions of the coordinate accel¬ 
erations, Any terms in S depending only on the coordinate 
velocities may be neglected when we are writing out explicitly 
equations (97.9), since the /x, or, equivalently, the coordinate 
velocities, are regarded as constant in the differentiation with 
respect to /t- 

98. The principle of least constraint. Equations (97.9) lead at 
once to a method of statement of the laws governing the motion 
of a dynamic system which is known as the Gaussian principle 
of least constraint, or, alternatively, as the Hertzian principle of 
least curvature. The position and velocity of each particle 
of a dynamic system at a certain instant being known, it is 
desired to know the acceleration that each particle has at that 
instant, the forces acting on the system being given. It is at 
once apparent, from equations (97.9), that the accelerations of 
the various particles of the system are such that the partial 
derivatives of the function 

S - Fi/Xi ~ r2/i2- Fn/Xn (98.1) 

with respect to each /x are zero, the coordinate velocities being 
regarded as constant in the differentiation. Now 

2{Xx + Yy + Zz) 

is, by (97.3), equal to 

Fi/xi + r2M2 + • • • + r„/x„ +i:(xa + + zc). 
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On taking the time derivative of each of these modes of express¬ 
ing the rate at which the forces acting are doing work on the 
system, we see that the difference between 

X{Xx + Yy + Zz) 

and Tl/Xi + r 2 /i 2 + * * • + TnMn 

depends merely on the position and velocity of the various 
particles of the system, and not at all on their accelerations. 
We see, therefore, that the accelerations assumed by the vari¬ 
ous particles of the system are such as to give the expression in 
(98.1), or, equivalently, the expression 

S-i:{Xx + Yy + Zz), (98.2) 

a stationary value when regarded as a function of the acceler¬ 
ations alone, the position, time, and velocity coordinates not 
being allowed to vary. Instead of the function in (98.2) we 
may take the slightly different function, R, defined by 

2 K . Z..[(i -(j,- - rj+ {i - 1)“]. (98.3) 

as R differs from the expression in (98.2) merely by 

jy i (A'2 + y2 + Z2), 

2 m 

which does not involve the accelerations. Each term in the 
summation (98.3) is the quotient, by the mass m of the particle 
in question, of the square of the magnitude of the vector dif¬ 
ference between the active force on that particle and its kinetic 
reaction, that is, the product of its mass by its acceleration. 
If all the particles were free, each of these vector differences 
would be zero, and R would have the value zero. When the 
particles are not all free, R will have a positive value; and we 
may regard R as measuring in a certain sense the ''constraint'’ 
to which the system is subjected by its connections. The ac¬ 
celerations assumed by the various particles of the system under 
the given forces, are, then, such as to give the constraint a 
stationary value when regarded as a function of the accelera¬ 
tions alone. This is known as the principle of least constraint. 

As an example of this method of treating dynamic problems, let 
us consider the motion of a particle in a plane. Using plane polar 
codrdinates (r, ff), the problem is holonomic with two degrees of 
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freedom, k = 2, s = 0, p = 0, n = k. Let us adopt, as the independent 
quantities (Xi, Xo) in terms of which dr and dO may be expressed, 
Xi = dr, \ 2 ~r-dd. Then = /i 2 = and wehave, from = r cos 

• • n ’ a M 2 sin 0 

X =: r cos 0 — r sin u u Mi cos o — — -» 

’ d ^ 

jc = fi I cos 6 — - - - + terms independent of the accelerations. 

r 

Similarly, y — ft i sin 6 -h unessential terms. 

Hence = — ^Mi^ + + unessential terms. 

The virtual work being written in the form 

X dx -j- Y by = R dr -i- Q rbO, 

we have Fj = /i^, r 2 = —» 

r 

and the equations of motion are 

w/i] = R, m/i2 = rO. 

If jU 2 is constant, - - that is, if the rate of description of areas is 
constant, — the second of these two equations shows that 0 = 0, 
so that the active force is a central one. 
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EXERCISES 

1 . Use Appell’s equations to discuss the motion of a circular hoop 
rolling on rough ground but not necessarily in a vertical plane. 

2 . Investigate the form of the energy of the accelerations of a rigid 
body turning about a fixed point. Deduce Euler's equations. 

3. A uniform sphere rolls on a perfectly rough horizontal plane 
under forces whose resultant passes through the center. Show that 
the motion of its center is the same as that of a particle acted on by 
the same forces reduced in the ratio 5:7. 
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4. Determine the motion of a perfectly rough sphere of radius a 
and mass m which rolls on a fixed sphere of radius fe, the only external 
force being gravity. 

6. A circular disk, capable of motion about a vertical axis through 
its center perpendicular to its plane, is set in motion with angular 
velocity cu. A rough uniform sphere is gently placed on any point 
of the disk other than the center. Prove that the sphere will describe 
a circle on the disk, and that the disk will revolve with angular 

velocity „ , where I is the moment of inertia of the disk 

7 / + 2 mr^ 

about its axis, m is the mass of the sphere, and r is the radius of the 
circle traced out. 

6. A perfectly rough sphere of radius a is made to rotate about a 
vertical diameter, which is fixed, with a constant angular velocity n. 
A uniform sphere of radius b is placed on it at a point distant aa 
from the highest point: investigate the motion and determine in any 
position the angular velocity of the sphere. Show that the sphere will 
leave the rotating sphere when the point of contact is at an angular 

10 /V 

distance d from the vertex, where cos 0 = — cos a -f --rr-rr” 

17 119(0-b6)(7 

7. If T, y, and S denote, respectively, the kinetic and potential 
energies and the energy of the accelerations of a dynamic system, 

show that ^ -f- S differs from 



by a quantity which does not involve the accelerations; and hence 
d'ZT 

that -r— — S is stationary when the accelerations have the values 
at^ 

corresponding to the actual motion, as compared with all motions 
which are consistent with the constraints and satisfy the same inte¬ 
gral of energy, and which have the same values of the coordinates 
and velocities at the instant considered. 
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99. First integrals of the dynamic equations. We have seen, in 
(80.4), that the laws governing the motion of any holonomic 
dynamic system may be expressed by means of 2 m differ¬ 
ential equations of the first order, where m is the number of 
degrees of freedom of the system. In the general case these 
equations are 


dt dp s' dt dqs 


(s = 1, 2, • • •, m) 


where the q's and the p's are, respectively, the coordinates and 
momenta of the system, the Q's are the generalized-force com¬ 
ponents, and K is defined by (80.2). In the case where the 
forces acting on the system are derivable from a potential func¬ 
tion V' the equations take the simpler form 


dt aps dt oqs 


•, m) 


where H = K -\-V. ^Evidently it is definitely understood here 

that the function V does not involve the coordinate velocities. 
It is a function of the position coordinates q and, possibly, of 
the time. If the coordinate velocities q entered it, it would 

involve the momenta p, and ^ would not be the same as 

dp. dps / 

In the case of a natural dynamic system, K = T, and H is the 
sum of the kinetic and potential energies of the system. In any 
event, the solution of the dynamic problem is obtained by inte¬ 
grating 2 m first-order differential equations of the type 


dq\ ^ dqo ^ ^dqm _ dpi 

Ql Q2 Q,n 
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This series of equalities is unaffected if we multiply each expres¬ 
sion in the line by the same function say^ of {q^ p, t), so 
that our equations can always be put in the form 


^ = . . . = ^ ^ — — (99.1') 

Ql Qrn ^ 

(The Q's and P's in this series of equalities are the products of 
the Q's and P's in the preceding series by the arbitrary function 
Ty and 6 is an arbitrary parameter, or independent variable. 
This parameter may be varied at will by varying the choice of 
the arbitrary function T.) The problem is to express the state 
coordinates (q, p, t) of the system in terms of the parameter d 
and the initial state coordinates {q^, po, that is, the values 
assumed by {q, p, /) when d is assigned some convenient numeric 
value do. In the case of a natural dynamic system, which is the 
case in which we are mainly interested, we note the values 


OPs 


P« = 


dH 

dqj 


T=l, (s = 1, 2, • • ., m) (99.2) 


For convenience of reference let us rewrite equations (99.1) in 
the form 

dxi _ cfe _ _ dx^ 


dd, 


(99.3) 


so that 2 m + 1 = n and 


qs — 

Q. = X,, 


Ps — 

Ps — Xm + Sf 



(s=l, 2, •••,m) 


(99.4) 


If we arbitrarily assign the values (?/i, P 2 , '••,?/«) to the depend¬ 
ent variables (X], X 2 , • • - , x„) when 0 = 0, equations (99.3) define 
the x's uniquely in terms of d and the ?/’s, it being understood 
that the n X\s are functions of the n x's. In other words, the 
solution of equations (99.3) is of the form 


Xs=fs{d; Vu 2 / 2 , • • 2/n)- (s = 1, 2, - • n) (99.5) 

For a given set of numeric values 2 /, these equations may be said 
to define a curve in a space of n dimensions in which the coor¬ 
dinates are the x's. For each numeric value assigned to d, 
equations (99.5) define a point on this curve; and, in particu¬ 
lar, when 0 = 0 we have the point y. We call these curv^es 
integral curves of equations (99.3), so that there is one and only 
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one integral curve through each point y of the space of n dimen¬ 
sions in which the coordinates are the x's. 

As we move along any one of these integral curves the x's 
themselves and, in consequence, any function of them will, in 
general, take variable numeric values. There are, however, cer¬ 
tain special functions of the x's which do not vary as we move 
along any integral curve, and these functions are known as first 
integrals of the differential equations (99.3). The criterion for 
first integrals is easy to set down. In fact, if F{x\y J 2 , • • •, Xn) is 
a first integral, it must have a constant value when we substi¬ 
tute for each of the x's its expression in terms of the parameter 0 
and the y*s given in (99.5). In other words, the resulting func¬ 
tion of 0 and the y's must not actually involve 0. The test for 
this is that the derivative of F with respect to 0, the y's being 
held constant, must vanish identically. Differentiating F with 

dx 

respect to 0 , and using the information ^ = Xs, we have the 

du 

result that F{xu 2 ^ 2 , • • •, Xn) is a first integral of equations (99.3) 
if, and only if, it satisfies the homogeneous first-order partial- 
differential equation 

+ X 2 1^ + • • • + = 0 . (99.6) 

dxi dX 2 dXn 

We shall have to refer to this equation so frequently that it will 
be convenient to use the abbreviation Z(E) for the left-hand 
member of it. 

It is at once apparent that if F is a first integral, any func¬ 
tion (j>(F), say, is also a first integral. For if the argument F 
remains constant along any integral curve, then the function 
(f)(F) will remain constant along any integral curve. It is also 
evident that there cannot be more than n — 1 functionally 
independent first integrals. For if there were n first integrals 
(Fi, F 2 , • * *, Fn), we should have n homogeneous linear equa¬ 
tions of the type (99.6); and for these to be consistent (the X's 
not all vanishing) the determinant of the coefficients would have 
to vanish identically. But this determinant is nothing but the 
Jacobian of the n functions (Fi, F 2 , • • •, F„) with respect to the 
x's, and the vanishing of this Jacobian implies a functional rela¬ 
tionship <^(Fi, F 2 , • • •, Fn) = 0 connecting the n first integrals 
(Fi, F 2 , • - •, Fn). 
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That there actually exist n—1 functionally independent first 
integrals and no fewer is readily seen as follows. Let us suppose 
equations (99.5) solved for the y*s in terms of the parameter 6 
and the x's, thus: 

Vs = gs{d; Xu • * •, Xn). (s = 1, 2, * • *, n) (99.7) 

Solving for 6 from one of these equations, — the first, let us say, 
— and substituting the resulting value in the remaining equa¬ 
tions, we have n — 1 equations of the type 

Vs = K{yi; Ji, • • •, Xn), (s = 2, 3, • • n) (99.8) 
The functions /?« are first integrals, since A 2 , for example, has 
the constant value ^2 along the integral curve determined by the 
initial point (yi, ?/ 2 , • • •, Vn), That these n — l first integrals 
(^ 2 , • • hn) are functionally independent is evident from the 
fact that the values assigned to (yo, ?/ 3 , • • •, yn) may be chosen 
arbitrarily. Conversely, let us suppose that we know n — 1 
first integrals of the differential equations (99.3), and let us 
denote these first integrals by (Fi, F 2 , • • •, Fn_i). Upon sub¬ 
stituting arbitrarily chosen numeric values y for the x's, these 
first integrals take certain numeric values which we may denote 
by (Cl, C 2 , • • •, Cn~i). Then the w — 1 distinct relations 

Fs(Xu X 2 y • • •, Xn) = Cs (s = 1, 2, • • *, 71 - 1) 
among the x's imply that only one of the x's can be chosen arbi¬ 
trarily and that the others are functions of this one. Expressed 
in a more symmetrical manner, each of the x's is a function of 
a single independent parameter d. Implicit in these functions 
of the parameter 6 are, of course, the n arbitrary constants y. 

That the functions of 6 obtained in this way actually satisfy 
the differential equations (99.3) is at once evident. For on 
differentiating the equations 

F,{Xu X2, • ' •, Xn) = Cs 

with respect to d, through the x's, we have 


I_L 

dxi dd^ ^ 


^Fs _ 0 (0 — 12 

dxn dd ^ 


*, w- 1) 


But we are given at the start the w — 1 relations X(Fs) = 0; 
and since the n — 1 functions F are functionally independent 
(so that at least one of the determinants of order n — 1 out of 
the Jacobian matrix of the w — 1 F's with respect to the n x's 
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does not vanish), these two sets of n — 1 equations must sield 

dor 

the same values for the ratios of the 3 —, in the first case, and 

do 

of the Xrf in the second case. We have, then, 


To secure 


dxi . d£2 
dd ' dd 


dXn _ Y • Y • 


:Xn. 


dx] 

dd 


= Xu etc., it is merely required to make, if neces¬ 


sary, a change of parameter in the equations (99.3). The effect 
of this change of parameter is to multiply each of the X^s by 
the same function of the xs. 

We see, then, that the solution of the equations (99.3) implies 
and is implied by a knowledge of w — 1 functionally independent 
first integrals. Expressed geometrically, the equations (99.3) 
assign a direction to each point x of our representative space. 
The problem before us is to collect these directions into curves, 
so that at each point the direction is tangent to the integral 
curve through it. A first integral F, when set equal to a constant 
C, is a spread of n — 1 dimensions made up of integral curves; so 
that if an integral curve has a single point in common with the 
spread, the entire integral curve lies in the spread. If we know 
the integral curves, we can find the families of integral spreads ; 
and, conversely, if we have n~l functionally distinct families 
of integral spreads, these give, by their mutual intersections, 
the integral curves. For example, if n = 3 and Xi 0, A 2 = 0, 
X 3 = 1 , the integral curves are straight lines parallel to the 
2 ;-axis. The equation determining the first integrals is simply 
dF 

XiF) or = 0, of which Fi = x and F 2 = y are two functionally 

distinct first integrals. The integral curves may be found as 
the intersections of the two families of integral spreads x = Ci, 
V = C 2 . 

Assuming that the problem has been solved, — that is, that 
we are in possession of n ~ 1 functionally distinct first integrals, 
— we may introduce a change of variables which will give the 
equations (99.3) a particularly simple standard form. All we 
have to do is to set 


Fl^ZXy F2 = Z2, • • •, Fn..l = Zn-u (99.9) 

We can solve these equations for n — 1 of the x's in terms of 
the remaining x and the z's. In this way we obtain a new set 
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of differential equations in which the dependent variables are 
the n — 1 2 :'s and one x. Let us suppose that Xn is the remain¬ 
ing Xy the others having been eliminated as indicated. Since 
{Fly F 2 , • ' are first integrals, the n--\ z's are constant 

along an integral curve; and so our differential equations are 



’ dd 


dx — 
dd ” 


where the bar has been placed over Xn to indicate that it is 
expressed in terms of the n — 1 constants 2 : and the one vari¬ 
able Xn. Introducing the new variable z,, defined by 





our differential equations take the form 


dzi 

dd 


= 0 , 


dZn— 1 _^ dZfi 

dd “ ^ dd 


1, 


which may be written in the form 


dZj ___ _ dZn-l _ d^ ^ .n 

0 ■" 0 0 ““ 1 ' 


(99.10) 


Expressed geometrically, the integral curves are straight lines 
parallel to the Zn axis, and the integral spreads are'' hyperplanes'' 
parallel to the coordinate hyperplanes 2:1 = 0, • • •, Zn^i = 0, 
assuming, of course, that the z's are rectangular Cartesian 
coordinates in the representative space. 

Even if we are not in possession of the requisite number 
n — 1 of independent first integrals, we can proceed as above 
and reduce the order of difficulty of the problem without, per¬ 
haps, being able to solve it completely. For example, let us 
suppose that we know two distinct first integrals Fi and F 2 . 
Setting Fi = 2 : 1 , F 2 = 2 ^ 2 , we can eliminate two of the x's (xi and 
X 2 , say) from our problem; and there remains the integration 
of the n — 2 differential equations 


dxs 

^3 



where the bars have been placed above X 3 etc. to indicate that 
they are now expressed in terms of the two constants Zi and 22 
and the n — 2 variables (xs, X 4 , • • •, Xn). The order of difficulty 
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of the problem is considerably less than it was previously, since 
we have now only w — 2 equations instead of n. 

From what has been said it is clear that if a problem in 
dynamics proves too difficult for an immediate solution, a sys¬ 
tematic mode of attack is to search for first integrals. If the 
number of degrees of freedom of the system is m, the number 
of equations is 2 m + 1; and a knowledge of 2 w first integrals 
is necessary for the complete solution of the problem. If, how¬ 
ever, the system is a natural one, — that is, one such that the 
time variable t does not enter H, so that it is absent from the 

denominators ^ of the canonical equations, — we may 

dps uQs 

omit until the end the equation involving t, and need consider 
only the 2 m equations 


dqr 

dH 


dp, 

dH 


= d6. (r, s = 


1 , 2 , ■ 


• m) 


dpr dq. 

Furthermore, the function H is now obviously a first integral. 
In fact, the partial-differential equation X {F) = 0, which deter¬ 
mines the first integrals, is now 


Z ”' (^^_^ iF \=,0 

\0Pr dqr dqr dpr) 

r^l 


(99.11) 


of which an obvious solution is F = H, Hence, instead of a 
knowledge of 2 m first integrals, we need, in order to solve the 
problem completely, merely a knowledge of 2 m — 2 first inte¬ 
grals other than the energy integral H = C, Hence the fact 
that the time variable does not enter explicitly into H reduces 
by two the order of difficulty of the problem. This is but a 
particular instance of what always happens when we have an 
ignorable coordinate, that is, a coordinate q which does not 
enter H explicitly. Thus, for instance, if H is free of qu we have 
at once the first integral pi = C; and we need only consider the 
2 m equations left when we omit the fraction whose numerator 
is dqi. A knowledge of 2 m — 2 first integrals, in addition to the 
known one pi = C, is needed to express the 2 m variables 
(Q 2 f * • *, 9 m, Pi, * * •, Pm, 0 in terms of the independent parameter 6. 
Then the remaining coordinate qi is determined from the equa¬ 
tion ^ of which the right-hand side is expressible as a 

dd dpi 
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function of d alone. A simple integration, accordingly, gives 

as a function of 6. If the student reviews the dynamic prob¬ 
lems he has already solved, he will observe that it was gener¬ 
ally the presence of ignorable coordinates which made the 
solution possible. For instance, all natural d 5 mamic problems 
with one degree of freedom require merely definite integration 
to solve them. When there are two degrees of freedom, an addi¬ 
tional ignorable coordinate — that is, one other than the time 
coordinate which is ignorable in a natural system — suffices to 
reduce the difficulty of the problem to mere integrations. 

The summation on the left-hand side of (99.11) is of fun¬ 
damental importance in the treatment of natural dynamic 
systems, and it is written (F, H). It is known as Poisson's 
bracket. When the system is not a natural one, the equation 
determining the first integrals is 

^ + (F, H) = 0. (99.12) 

100. Methods for the determination of first integrals. We have 
seen that the solution of any dynamic problem rests essentially 
upon the determination of the proper number of independent 
first integrals; and that even when the requisite number of first 
integrals cannot be found, the knowledge of one or more first 
integrals materially reduces the difficulty of the problem. It 
remains to show how first integrals may be obtained. One 
method which is often applicable is connected with the theory 
of continuous groups. We have seen that the general solution 
of a system of equations of the type (99.3) is given by a set 
of equations of the type (99.5). For a fixed value of 0, (99.5) 
may be regarded as defining a transformation from the n vari¬ 
ables y to the n variables x, the transformation reducing, when 
0 = 0, to the identity x, = 2 /* (^ = 2, • • •, n), since the y's are 

the initial values of the x's. When the numeric value assigned 
to 6 is changed, we get an entirely new transformation; and if 
we regard 6 as changing continuously, the transformation from 
y to X may be said to vary continuously. If we introduce the 
canonical variables (zi, 22 , • • ^n) of (99.10), the transformation 

from 2 ^ to X takes a very simple form. In fact, the integration 
of equations (99.10) is immediately seen to be 


( 100 . 1 ) 
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where the f’s are the initial values of the z's. It is at once 
apparent that if we follow a transformation corresponding to 
the value ^ by a transformation corresponding to the value 
0 = $ 2 , the net result is the same as the single transformation 
corresponding to the value di + 62 - The transformations (99.5), 
whose standard form is (100.1), are accordingly said to consti¬ 
tute a continuous group. Let us now consider the system of 
equations (99.3) and the continuous group of transformations 
defined by a second system of equations 

^ ^ = d</>. (100.2) 

El En 

The system of equations (99.3) is said to admit the group defined 
by the system (100.2) if the points of any integral curve of the 
system (99.3) are sent, by the transformations of the group 
defined by (100.2), into the points of an integral curve, not neces¬ 
sarily the same, of (99.3). f^or example, it is evident that every 
system of differential equations of the type (99.3) admits the 
group defined by itself. For this group sends the points of an 
integral curve into points of the same integral curve. In fact, 
the various points of an integral curve are, by definition, ob¬ 
tained from any one of them by varying continuously the 
parameter d of the group (see (99.5)). Since the integral 
spreads determine and are determined by the integral curves, 
we may give the definition in an alternative form by saying 
that the system (99.3) admits the group defined by the system 
(100.2) when any first integral of the system (99.3) is sent by 
each of the transformations of the group into a first integral. 
On expanding any one of the transformations defined by (100.2) 
as a power series in the parameter </>, we have 


^r = Vr + 



-, (r=l, ••■,«) 


where rjr denotes the value of when 0 = 0. If these initial 
values are denoted by Xr, we have, since 



Er(Xu 0 : 2 , • • Xn). 
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The application of the group defined by (100.2) to any function 
X 2 i ' • •, Xn) amounts, then, to replacing Xr by 


= Xr + Er{xiy • * Xn)4> + higher powers in 0. 


For F we then have the value 


ii \ </>2 + .... 

d ( t >)(^=0 2 - 0 


Since 0 enters F indirectly through the we have 


dF\ _ ^ d|i 1 . . I ^ d^ 
d4)) d(t> d^n d4> 




Putting </) = 0 amounts to replacing the by the x/s; and so 
we have 

(^L.= 


the variables in the operator E and in F being the x's. The 
second derivative, when 0 = 0, is accordingly found by apply¬ 
ing the operator E twice, and so on. We see, then, that the 
result of applying any transformation of the group defined by 
the system (100.2) to any function F{xi, X 2 y * • - , Xn) is to replace 


F by the series 


F+E(F)<p+iEHF)<p^+-- •. 


If F is a first integral of the system (99.3), and if the result of 
applying any transformation of the group defined by (100.2) 
to F is to be also a first integral, the various coefficients of 0 in 
the power series just given must be first integrals; for 0 can 
be chosen arbitrafrily. As a first result we see that in order that 
the system (99.3) may admit the group defined by (100.2), it is 
necessary that if F is any first integral of (99.3), then E(F) 
shall also be a first integral. That this condition is not only 
necessary but also sufficient then follows. For if the fact that F 
is a first integral implies that E(F) is also a first integral, then 
the fact that E(F) is a first integral implies that E-(F) is a 
first integral. This, in turn, implies that E^(F) is a first integral, 
and so on for the various repetitions of the operator E, 

We see, then, that if we know beforehand that our system 
of equations (99.3) admits a certain group of continuous trans¬ 
formations, we have a method of deriving from a given first 
integral of our system a set of first integrals. All we have to do 
is to calculate E(F), E-(F), and so on. Of course, we have no 
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guarantee a priori that the first integrals so obtained are func¬ 
tionally independent of the one already in our possession. In 
fact, E{F) may reduce to a mere constant, thus becoming trivial. 

The test by which we know whether the system of equations 
(99.3) admits the group defined by the system (100.2) may be 
put in a form which is frequently very convenient and which 
is due to Poincar^. Thus, if we operate on any function F of 
the x’s, — not necessarily a first integral of the system (99.3), — 
with the operator X, and follow this by an application of the 
operator E, we have 




8F dXr\ 
dXr dxj 


Upon interchanging the rdles played by the operators X and 
Ey and subtracting the result thus obtained from the expression 
just given, we obtain the identical relation 

E.xm-X.E(F) =^E.^-X.^)I^. (100.3) 

r,« 


If, now, F happens to be a first integral of the system (99.3), 
and if this system admits the group defined by the operator E, 
both X(F) and X.E(F) vanish identically, — the first by defi¬ 
nition, and the second since E(F) is a first integral when F is. 
The right-hand side of (100.3) vanishes, then, whenever P is a 
first integral; and so the equation obtained by setting it equal 
to zero is essentially the same as the equation X(F) = 0 which 
determines the first integrals. In other words, 

(r = l,2,---,n) (100.4) 

8 

where p is an arbitrary function of the x's. This result may be 
written more briefly in the form 

E(Xr) - X(Er) = pXr, (100.5) 

A particularly simple case occurs when p vanishes. Then we 
have 

E{Xr) = X{Er), (r = 1, 2, • • n) (100.6) 

and the two operators E and X are said to be in involution. 
In this case it is evident that either of the two systems (99.3) 
and (100.2) of first-order differential equations admits the group 
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defined by the other; for the right-hand side of (100.3) van¬ 
ishes identically. Equations (100.6) are known as Poincare's 
variational equations. Remembering that for any function F 
of the x*s we have 


dd Zm^ 'dXr dd 

r 


=1 


dXr 


Xr = X{F), 


we may write the variational equations in the form 


dEr 


dd 


■;^=E{Xr). (r=l, 2, 


n) 


(100.7) 


Now we have seen in (99.12) that the equation determining the 
first integrals of the canonical equations of dynamics is 

XiF) =^+{F,H) = 0 , ( 100 . 8 ) 

where (F, H) is Poisson’s bracket. If, now, we differentiate 
the identity (100.8) with respect to any of the position coordi¬ 
nates (q„ say), we find 

£.(M.\ ='y(iL ^ \ 

dd\dqj Z^Xdpr dqrdq, dqrdprdqj 

r 

Similarly, on differentiating the identity (100.8) with respect 
to p„ we obtain 

A (iL) = V/— ^ \ 

dd\dpj ZJ\dprdqrdp, dqrdprdp,} 

r 

These equations tell us that the 2 m + 1 quantities 

Er = ^, = E 2 ^+i = 0, (r = l,---,m) (100.9) 

dpr CQr 

satisfy the variational equations. Hence we have the theorem 
that the dynamic equations admit the group defined by the 
equations 

dpi dqi 

provided only that F is a first integral of the equations. If Fi 
and F 2 are any two first integrals of the dynamic equations, we 



348 


THEORETICAL MECHANICS 


may use Fi to construct the operator Eu as in (100.9); and 
then, operating on F 2 with Eu we obtain the new first integral 


Ei{F2) 


^ ^ ^ dF£\ 

dpr dqr dqr dpr) 


which is nothing but the Poisson bracket (F 2 , Ei). This proves 
Poisson's theorem, namely, 

The Poisson bracket of two first integrals of the dynamic equa¬ 
tions is itself a first integral of these equations. 


In particular, we see that if the system is a natural one, so 
that // is a first integral, then {F, H) is a first integral if F is. 

Since ^ + (E, H) ~ 0, and since (F, H), being a first integral, 

• d F • 

remains constant along any integral curve, — remains con- 

oF 

stant along any integral curve. In other words, is a first 

P -p 

integral. From this we derive, in turn, the integral 

cP 

so on. This result is also evident from the fact that since 
the time does not enter the equations of motion explicitly, the 
dynamic equations of a natural system admit the transforma¬ 
tions of the group 


q'l =^qu - Q'm = qm ; p'l =Pu - p'm ==Pm; F = t + (f), 
of which the differential equations are 





r\ 

The operator E defined by this group is simply ~; hence if F 

dF 

is a first integral, so also is —• 

ot 


101. Integral invariants and their connection with the determi¬ 
nation of first integrals. The system of equations (99.3) de¬ 
fines for each point y an integral curve having this point for 
its initial point, the equations of this integral curve being given 
in (99.5). If, instead of a single initial point, we consider a whole 
curve of initial points y, we shall have a whole series of integral 
curves forming a spread of two dimensions. Put mathematically, 
the numbers y are now functions of a single independent vari¬ 
able which we may denote by a, so that the variables x in (99.5) 
are now functions of two independent parameters 6 and a, the 
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latter entering through the y's. Denoting, for convenience, 
differentiation with respect to a by the symbol 5, the symbol d 
being reserved for differentiation with respect to the other pa¬ 
rameter, By let us consider the line integral 


/i 



+ A2 5X2 + • • ‘ + An 5Xn). 


The variable of integration is a, and the coefficients A are sup¬ 
posed to be functions of the x*s. The other parameter, 0, will 
enter Ii through the coefficients A and through the differentials 

Sxr ~ T-^ da. The limits of the integral, being two values of a, 
da 

will not, however, vary with 0, as the two parameters a and 6 
are supposed to be independent. If h is free from 0, so that it 
maintains a constant value as 6 varies continuously, the inte¬ 
gral Ii is said to be an integral invariant of the differential equa¬ 
tions (99.3). In order to find what conditions this imposes on 


the coefficients A, we calculate the differential dli = 


dh 



d dxi -f- 5xi dAi -f“ • 


•). 


dd 


ddy 


Now, since 6 enters Ai only through the x's. 


"-It 


dXn 


and ddxi=^^ddda = ddXi = dXide=('y^8x,]de. 

oBda dx, ] 


On collecting terms, we see that the coefficient of any one of 
the differentials (5x«, say) in the integrand of dl\ is 



dA.. \ 
dB ) 


dB. 


In order that dh may be zero, no matter what the curve of 
integration is, — that is, independently of the values assigned 
to the differentials 8 xsy — it is necessary and sufficient that each 
of the coefficients of these differentials in the integrand of dh 
should vanish separately. This gives us the n conditions for the 
coefficients A, 
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In precisely the same way, we may consider, instead of a curve 
of initial points y, a series of points y lying on a spread of two 
dimensions. Then, starting from each of these points y, there 
will be an integral curve, and the whole aggregate of integral 
curves will fill a spread of three dimensions. Mathematically 
the y*s will now be functions of two independent parameters 
a and ^8, and the x’s, as given in (99.5), will be functions of 
three independent parameters 8, a, and /8, the two latter enter¬ 
ing through the y's. We may now set up an integral 





where the coefficients Ar» are supposed to be functions of the 
x's. Then I 2 will be a function of the parameter 6 which enters 
it through the coefficients Ara and through the differentials hxr. 
If it turns out that 1 2 is free of 8, so that it maintains a constant 
value as 6 varies continuously, the integral 1 2 is said to be 
invariant. The conditions imposed on the coefficients are found, 
as before, by calculating d/2, it being observed that the limits 
of the integral are independent of 6 since the parameters 0, a, 
and /3 are assumed to be independent of each other. It wall be 
sufficient to state the result: 

The coefficients must satisfy the equations 



p p 


( 101 . 2 ) 


This result may be extended to an invariant integral of any 
order. There wall be just as many separate summations as there 
are labels on the coefficients of the integrand. In writing these 
equations it will be remembered that the coefficients of these 
integrals are always alternating. It will be useful to woate out 
the criterion for invariance in the case where the order of the 
integral is the same as the number n of dimensions of the space, 
that is, when the integral is a regional one. Here there is but 
one coefficient A123 • • and this may be denoted by the single 
symbol A. On account of the alternating character of the coeffi¬ 
cient, there will be only one nonvanishing term in each of the 
n summations. Hence, in order that the regional integral 



X2, 


• •, Xn) 
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be an invariant integral for the equations (99.3), it is necessary 
and sufficient that A should satisfy the equation 

dA , JdXi , , dXn\ 


Observing that ^ 
dd 

^ {AXi) + ^ (AZz) + 

(jXi 0X2 


dXn \ 

dXn/ 


(101.3) 


X(A), this may be written in the form 

a ^ . .a 


+ ^(AXn). 

OXn 


(101.4) 


If A is regarded, for the moment, as the density of a supposed 
distribution of matter, this is the equation of continuity which 
is the mathematical expression of the principle of conservation 
of mass. 

Before proceeding to some applications of these general results 
to the equations of dynamics, it may be remarked that it is fre¬ 
quently convenient to consider what are known as relative inte¬ 
gral invariants. The only difference is that here the spread over 
which the integral is being extended must be closed. The con¬ 
ditions imposed on the coefficients of a relative invariant are 
readily found by first using Stokes's theorem to replace the given 
integral over a closed spread by another, but equivalent, integral 
over the open spread of one higher dimension bounded by the 
closed spread, and then applying the results already obtained. 
One illustration will suffice. 

Thus, let us find the conditions on the coefficients A so that 
the integral may be a relative integral invariant of 

the equations (99.3). We have, from Stokes's theorem. 


ArbXr=J"'^'Ar.diXr, X,), 


where 


A _ 

” dXr dx,' 

Using (101.2) we find, after a little reduction, the equations 






1=0. (101.5) 


S l dA^dX, dAr,dXr, \_ 

V^Xr dx, dx, dXrj 

V 

This result may be used to check the fact that the integral 
I (pi dqi + p2 5q2 + • • • + Pn 5gn H dt) 
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is a relative integral invariant of the canonical equations of 
dynamics. It is, however, more instructive to see how this 
relative integral invariant was discovered. 

We have seen, in (92.1), that the variation of the action 
integral along an integral curve of the dynamic equations, when 
the end points are varied, is given by the formula 


SA = {XPr5qr- 


If we take the beginning point around any closed curve, the 
final point, corresponding to a given value of 0, will also trace 
out a closed curve, and the path along which the action integral 
is extended will return to its original position. Hence the integral 


^8A will be zero, showing that the integral^(^p, — H8t) 


has the same value when taken around the closed curve traced 
out by the end point as it has when taken around the closed 
curve traced out by the initial point. Since the value of 6 
determining the end point may be chosen arbitrarily, this shows 
that the integral is a relative invariant. The integral of order 
two, into which it transforms by an application of Stokes's 
theorem, and which is therefore an absolute integral invariant 
of the dynamic equations, is 


Pr) + || 8{qr, t) + ^ 0 j. (101.6) 

r 

When the system is a natural one, we may drop the time coordi¬ 
nate from consideration, and we have the relative integral 
invariant ^ 

y^Prbqry (101.7) 

the corresponding absolute invariant being 

fXHqr, Pr). (101.8) 


It may be remarked here that when the canonical variables of 
(99.10) are available, the conditions imposed on the coefficients 
of an integral in order that it may be an integral invariant take 
an extremely simple form. Since all the Z’s are constants, 

equations (101.1) reduce to ^ = 0; that is, ^ = 0. In other 

ad dz„ 
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words, a line integral of order one is invariant when its coeffi¬ 
cients are all free of the variable coordinate For the same 
reason, this result holds for an integral of any order. The im¬ 
portance of this result is that it assures us that if we are able 
to build up from two integrals a third integral whose coefficients 
are functions of the coefficients of the first two, the new integral 
will be invariant if the two original integrals are invariant. For 
the coefficients of the new integral will be free of the variable 
coordinate z^ if the coefficients of the two integrals from which it 
is formed are free of 2^. Now there is an operation called outer 
multiplication which enables us to construct from two given 
integrals, of orders p and q respectively, a new integral of order 
p + Qy which is called the outer product of the other two. We 
shall merely state the rule (for a proof see Bulletin of the Ameri¬ 
can Mathematical Society, Vol. XXXI (1925), pp. 323-329). If 
the coefficients of the two integrals are denoted by A and B 
respectively, with the appropriate suffixes, the coefficients C of 
the outer product are given by the rule 

^ ^1, rj, • • •, w • • •, lUpBu^, tin, (101.9) 


In the summation on the right, (mi, m.2, • • •, nip) is any group of p 
out of the p ■+■ q numbers (n, r2, • • •, Vp^ g) ; and (ni, n2, • • •, n^) 
are the remaining q numbers arranged so that it requires an 
even number of transpositions to get from the arrangement 
(mi, m2, • •mp, nu • * •, m,) to the arrangement (n, r2, • • *, 

If arranged otherwise, the sign before the term must be negative 
instead of positive. For example, if p = 1 and g = 1, the outer 


product of the two line integrals j and j ^Brdxris the 

^ ^ ^ r r 

double integral / ^ Cr,b{Xr, r.), where Cr« = ArBs — A,Br. The 

T, a 

negative sign before the second term is necessary here, since 
the arrangement sr requires an odd number (one) of transposi¬ 
tions to bring it to the arrangement rs. An application of this 
theorem of outer multiplication of integrals to the case of the 


integral invariant 


f X^(gr. 


Pr) 


of a natural dynamic system 


gives us, on forming the outer product of this integral by itself, 
the integral invariant of order four, 



q., Pr, p.)- 


( 101 . 10 ) 
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Taking the outer product of this, in turn, by the original inte¬ 
gral invariant (101.8), we get the integral invariant of order six 


/ Qs, Qh Pn Psf Pt)- Continuing this process we finally 

J T,S,t 


arrive at the regional integral of order 2 m, 


/s(«„ • ■ ■ , 9m, Pi, * • *, Pm). (101.11) 

This is an invariant integral of the equations of a natural 
dynamic system, the representative space being the phase space 
of 2 m dimensions. This result may be checked by showing that 
any constant, in particular unity, is a solution of (101.4) for a 
natural d 5 mamic system ; for then n — 2m, the determination of 
the time being postponed until the rest of the problem is solved, 

and the terms — (X) and 7 ^- (Xm+r) mutually cancel. 

dXr OXrn + r 

The solutions A of equation (101.4) are known as multipliers of 
the set of differential equations (99.3), for the following reason. Sup¬ 
pose that although the complete solution of the problem — that is, 
the knowledge of n — 1 functionally distinct first integrals — is not 
in our possession, we do know n — 2 functionally distinct first inte¬ 
grals. On introducing the variables z defined by the equations 

F 1 — Zif **’, Fn — 2 — 2, 

where the F*s are the known first integrals, and using these to elimi¬ 
nate w — 2 of the x’s, — (xi, X 2 , • • •, Xn- 2 ), say, — as explained in 
§99, our equations take the simple form 

dZi _ dZn — 2 dXn— 1 dXn in 

O’”"- 0 “ Zn-1 

where Zn-i and Z„ stand for Xn-i and Xn when expressed in terms of 
the n — 2 constants (21, 22, * • •, 2^n-2) and the two variables (Xn-1, Xn). 
The complete integration of the differential equations requires, then, 
merely an integration of the equation 

ZndXn- 1 - idXn = 0. (101.12) 

This can be done if we know an integrating factor, that is, a function 
/i of Xn-i and Xn satisfying the equation 

+ = (101.13) 

OXn dXn-1 


In fact, if this equation is satisfied, pZn and ~ pZn -1 are, respectively, 
the derivatives with respect to x„_i and Xn of a function F of the two 
variables Xn-i and Xn and the n — 2 constants {zi, Z 2 , • • •, Zn~ 2 )> 
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Equation (101.12) then yields, on integration, the first integral 
F = constant. Now equation (101.13) is exactly what equation 
(101.4) becomes when the variables {zu 22 , * * •, ^n- 2 f Xn^u Xn) are in¬ 
troduced, since then the denominators (Zi, Z 2 , • • •, Z„_ 2 ) are all zero. 

It remains to be seen what connection there is between a solution A 
of equation (101.4) and a solution ju of the similar equation (101.13) 
in the new variables. This connection follows at once from the geo¬ 
metric significance of the solutions A of (101.4), namely, that the 

regional integral J A5(xi, X 2 , * * •, x„) is an integral invariant of 
equations (99.3). When a change of variables from a: to z is made, 
this integral takes the form f iih{zi, 22 , * ■ ^n), where 

. ^{Xu X2, - Xn) 
d{Zx, 2 : 2 , * • *, Zn) 

, Zrt) is an integral invariant of the transformed 
dz\ _ dz2 __ _ d^ __ ^0 

Zi Z 2 Zfi 

/i will be a solution of the equation 

^ + ■■■ + £; = 0. 

Applying this remark to the particular case in hand, we see that 
by multiplying any solution of (101.4) by the Jacobian determinant 

we have a solution of equation (101.13). Calling 

any solution of (101.4) a multiplier, we see that the knowledge of 
n — 2 functionally independent first integrals and a multiplier suffices 
to complete the integration of equations (99.3). It is at once evident, 
from (101.3), that the quotient of two multipliers Mj and M 2 is a 
first integral; for we find 


Since f /u5(zu 22 , • • • 
equations 


n dlS/L 1 I,» cfiH 2_ 


0. 


or 


A 

dd 



which shows that ^ remains constant along an integral curve. 

M2 

These results have an immediate application to the problem of 
integrating the canonical equations of dynamics. Since now 

V ^ _ dH „ _. 

A 1 — * * * * » A m + 1 — * ***» A2m + 1 — J-, 

dA 

equation (101.3), determining the multipliers, is simply = 0, so 

au 

that the multipliers and first integrals are identical. This does not, 
however, make our results vacuous, since the trivial first-integral 
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unity is not trivial when regarded as a multiplier. The knowledge 
of this multiplier assures us that a knowledge of 2 w — 1, instead 
of 2 m, first integrals suffices to solve the problem. When the system 
is a natural one, the ignorable coordinate t reduces by two units 
the order of the problem, and a knowledge of 2 w — 3 first inte¬ 
grals, functionally independent and distinct from the energy integral, 
solves the problem. Thus any problem with two degrees of freedom, 
the system being a natural one, can be solved if one integral in addi¬ 
tion to the energy integral is known. The fact that unity is a multi¬ 
plier for the dynamic equations may be expressed in a rather striking 
form as follows: 

If we regard each state of the dynamic system as represented by a 
particle in the representative state (or phase) space^ these particles may 
be thought of as moving like the molecules of an incompressible fluid. 

The coordinates are assumed to be rectangular Cartesian coordi¬ 
nates in the representative space. 


102. Application of our general results to the problem of three 
bodies. In order to illustrate the general theorems obtained in 
the preceding i^ragraphs, we shall consider the problem of 
three bodies moving in the field of force determined by their 
mutual attractions. The potential energy of the system is 


T ij 


> there being six terms in the summation. The sys- 




tern has nine degrees of freedom, there being three positional 
coordinates for each particle. Denoting the rectangular Car¬ 
tesian coordinates of the ?th particle by (qsi- 2 y q-m-u Qsi), and 
the components of the linear momentum of this particle by 
(P 3 i~ 2 y P 3 i~iy P 3 i)y whcre ^ = 1, 2, or 3, the kinetic energy of 
the system, when expressed in terms of the momenta, is 


where mzi -2 = 

2L^mr 


== = ni, is the mass of the ith 


particle. The system is a natural one, with the Hamiltonian 
function - 

( 102 . 1 ) 

2jL^mr 4^ 


Since time is an ignorable coordinate, we postpone its determi¬ 
nation and consider only the remaining 2 m == 18 equations, of 
which H is a known first integral. Since unity is a multiplier of 
the equations, a knowledge of 2 m — 2 = 16 first integrals other 
than the energy integral would suffice to solve the problem. 
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A number of first integrals are evident from elementary con¬ 
siderations ; but as it is our purpose here to illustrate the gen¬ 
eral theory rather than to arrive at the results in this special 
problem in the quickest way, we shall not write these integrals 
down at once. Considering the equations 

^ - ■ ■ • = = • • • = de, (102.2) 

dH _ ^ 

dvi dqi 

there are certain groups which the nature of the problem shows 
that these equations must admit. For instance, if we displace 
the origin of measurement parallel to the a*-axis, none of the p's 
nor the r,; will be affected ; and so equations (102.2) will be un¬ 
altered. In other words, if the whole configuration of the three 
particles is moved a certain distance parallel to the a'-axis, the 
subsequent motion relative to a set of axes obtained by displac¬ 
ing the original set the same distance parallel to the x-axis will 
be the same as the motion of the undisplaced system with 
respect to the original axes. Hence the group of transformations 

+ </), ^-1 = q\ + 4 >, ^7 = <77 + 0 


(all other being equal to the corresponding q's or p's) sends an 
integral curve of equations (102.2) into an integral curve of these 

equations. For this group we have Ei = ^ = 1 etc., so that the 
operator of the group is ^ 

A + A + A. 

dqi dq4 dqi 


Calling this group the first group admitted by the equations, 
we have op op 


£^.(F) = + + 

fifiA rJi 


(102.3) 


Our general theory tells us, then, that Ei{H) must be a first 
integral; but we find, on performing the calculation, that this 
result is vacuous, since Ei (H) vanishes identically. By consider¬ 
ing, in turn, the groups of translations parallel to the y and z axes 
respectively, we find two other groups admitted by equations 
(102.2). Their operators are 

p (m ^dF ,dF ,dF 
E2{r) — o;-ho-h ^ 

Sq2 dqs dqg 


(102.4) 
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In addition to the groups of translations, equations (102.2) 
admit, for the same reasons, the groups of rotations. Thus, 
if we consider a rotation of angle a about the x-axis, its equa¬ 
tions are 

?3i-i = g3»-i cosa + g3» sin a, i o o^ 

y . A d) 

= — qsi-i sin a + qsi cos a, 

and six similar equations for the momenta. The remaining 
three position coordinates and their corresponding momenta 
are unaltered. Putting a = 0, we get the identical transfor¬ 
mation; and so the coefficients of the operator are found by 

calculating etc. and then putting a = 0. Calling this 

da 

group the fourth group admitted by equations (102.2), its oper¬ 
ator E 4 is found in this way to be 


E^F) 


dF 


dF 


qsi- - qzi-i ^ 

dq3i-i cqzx 

+ P3i -P3 i-13- 

dpzx.i dp^i 


( 102 . 6 ) 


Applying this operator to the energy integral //, we find that 
E^iH) vanishes identically, so that it does not furnish us a new 
first integral. By considering the groups of rotations about the 
y and z axes respectively, we have two other groups admitted 
by equations (102.2), their operators being 


E5(F)=^\ 

i 

and 


^3i-2 ^- qsi Z - 

dqzi oqsi-2 


+ P3i-2 — PSi (102.7) 

dpzi dp3x-~2/ 


93.-2 


Sqsi-i 


These six groups constitute, when combined, the entire group 
of rigid displacements in space. Any dynamic system in which 
the forces are merely functions of the relative distances of any 
two particles of the system will admit this group of rigid dis¬ 
placements. In order to find other groups admitted by our 
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d3aiamic equations, we shall consider the extended system in 
which the time is included, 


dpi dqi 

Now we know, from the Galilean or Newtonian principle of 
relativity, that if we impress on the system of three particles a 
uniform velocity in a given direction, the motion relative to a 
reference frame having this velocity relative to the original 
frame will be the same as the motion of the undisturbed system 
relative to the original frame (see § 34). Let us consider the 
group of uniform velocities parallel to the x-axis. The equations 
of this group are 


^1 = ^ 1 + t(f>f ^4 = 0^4 + t(i>y ^7 = 0^7 4 - 14) 


(with similar equations y)\=pi+mi(t) etc. for the corresponding 
momenta), the other position coordinates and momenta and t 
not being altered. The uniform velocity is 0, and the identical 
transformation is found by putting 0 = 0. The operator of the 

group is found, as before, by calculating the derivatives ^ and 

a0 

putting 0 = 0. Calling this group the seventh group admitted 
by equations (102.9), we have 


Ei{F) 


dF 


dq^x- 


■ mi-2 


dF 


dps 


( 102 . 10 ) 


Similarly, by considering the groups of uniform velocities par¬ 
allel to the y and z axes respectively, we have two other groups 
admitted by equations (102.9). Their operators are 


Es{F) =y (t + mg.-i (102.11) 

dqsi-i dpsi-i/ 

i 

and + (102.12) 

t 

If we apply the operator E? to II, we get the new first integral 

i 

Similarly, on operating with Es and Eg, we obtain two other 
first integrals. These are simply the momentum integrals 
expressing the fact that the total linear momentum of the 
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system is constant. Denoting them by Fu -^2, and Fa, we have 
+ + i^2 = P2 + P5 + ??8, + + (102.13) 

We may now proceed methodically to apply each of our nine 
operators to each of these three new first integrals, with a view 
to obtaining others. We find, however, that we do not get any 
new integrals in this way, the results of the operations being 
either numeric constants or multiples of the integrals already in 

our possession. However, on observing that pi = mi ^ etc., 
we obtain, on integrating Fu the new first integral 

F^ = miqi + m2g4 + m.3^7 -- (pi + P4 + P7)L (102.14) 
Similarly, we may obtain the other two integrals 

F5 = rtiiqi + m2^5 + mags — (P 2 +P5 + P8)t (102.15) 
and Fq = miga + m^qa + m-agg — (ps + Pe + Po)^. (102.16) 
It may be observed, in passing, that F 5 could have been ob¬ 
tained from F 4 by applying to it the operator Eo. 


We have indicated sufficiently the general method of search for 
first integrals; but the reader will, no doubt, have realized that the 
method outlined above, while systematic, is not sufficiently powerful. 
For instance, the apparently fortuitous manner in which F 4 was 
derived from Fi leaves one with the feeling that its derivation was 
a piece of luck peculiar to this problem. We shall therefore indicate 
a method of search for first integrals which is of general application, 
but without explaining all the details. 

We have seen, in § 101, that when the canonical variables 
( 21 , 22 , • • Zn) of (99.10) are introduced, the necessary and suffi¬ 
cient condition for an integral over a spread of any number of 
dimensions to be an invariant integral of the equations (99.3) is that 
none of the coefficients may involve the variable 2 „. We saw also, 
in § 100, that the necessary and sufficient condition for the operator 
E to be in involution with the operator X is that none of the coeffi¬ 
cients E involve the variable 2n. If, then, we take the inner product 
of the operator E, supposing it to be in involution with the operator 
X, and the coefficients of a line integral, — that is, if we form the 


sum of products]^ErAr, — we shall have a function which is free 

from 2„, provided the line integral is an invariant one. In other words, 

the function ^ 

F=XErAr. (102.17) 


arrived at in this way, will be a first integral of the equations (99.3). 
In particular, the function ^ ^^^2.18) 
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is a first integral (a result due to Poincarfe). Similarly, if we have an 
invariant integral of order two, with coefficients Ar„ and form the 
inner product 

a 

these will be the coefficients of an invariant line integral. On oper¬ 
ating upon this invariant line integral as just explained, using any 
operator which is in involution with X, we obtain a first integral of 
the equations (99.8). In the dynamic problem we always have the 
integral invariant of order two given in ( 101 . 6 ). The operator Ei 
is seen to be in involution with X, and the inner product of this with 
( 101 . 6 ) gives us the integral invariant of order one, 

f dpi + Sp4 + Spr. (102.19) 

On taking the inner product of (102.19) and the operator Es, we 
obtain the integral F 3 . We may refer the reader, if he is interested 
in this method of obtaining systematically the first integrals of a 
dynamic system, to M. Cartan's '^Le^^ons sur les invariants int 6 - 
graux’* (Paris, 1922). It may be remarked, in conclusion, that the 
integrals obtainable are ten in number, namely, the energy integral, 
the six linear-momentum integrals already given, and three angular- 
momentum integrals. By a proper choice of coordinates it is possible 
to get an ignorable coordinate, so that the order of the problem is 
reducible from nineteen to six, as follows: a reduction of four units, 
on account of the ignorable time coordinate and the ignorable posi¬ 
tion coordinate; a reduction of nine units, on account of the nine 
independent first integrals other than the energy integral. It has 
been shown that the problem has no other algebraic first integrals. 
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EXERCISES 


1 . Show that the Poisson-bracket expressions defined in (99.11) 
and (99.12) satisfy the equations 

(F, G) = - (G, F), (P, F) = 0, (F, C) = 0. (C = constant) 


2. If F and G are functions of the variables ((/, p) indirectly through 
certain functions (xi, X 2 , • • •, Xn) of these variables, show that 


3 . As a particular case of Exercise 2, show that 

(F,Xn) =^(Xr, X„) —■ 

T * ^ 

4. Show that (FrPP 2 , G) = (Fi, G) + (F 2 , G). 

5. Show that (F 1 F 2 , G) = ^ 2 (^ 1 , G) + ^ 1 (^ 2 , G). 

6 . Show that if A, /?, C are any three functions of the variables 
(q, p), and if we denote the Poisson brackets (F, C), (C, A), and 
(A, B) by A', R', and G' respectively, then 

(A, A') + (B, J5')+(G, C') = 0. 

7. Using the fact that if F is a first integral of the dynamic equa¬ 
tions, the line integral f dF is an integral invariant, show how to 

derive from a given number of first integrals an integral invariant 
of order equal to the number of integrals. 

8 . Let H = g'ipi —(/ 2 P 2 — 1 ^+ 692 ^ be the Hamiltonian function of 
a dynamic system with two degrees of freedom. Show that 

Qi 

is a first integral. Also show that qiqz and qi€~^ are first integrals. 

9. Using the integral invariant, (Qn Pr)f for a natural dynamic 

r 

system, state and prove Helmholtz’s reciprocal theorem. The surface 
of integration is so chosen that initially the derivatives of all but one of 
the phase coordinates {q, p) with respect to one of the parameters on the 
surface vanish, while finally the derivatives of all but one of the phase 
coordinates with respect to the other parameter on the surface vanish. 

10 . Show that a system of equations of the form (99.3), for which 

m 

n = 2 m, and admitting the relative integral invariant 

is of the type furnished by the canonical equations of a natural 
dynamic system. 

11 . Show how to deduce a first integral from an integral invariant 
of order one, whose integrand is an exact differential 5F. Apply this 

method to the invariant integral f dpi -h dpi + hpi in the problem of 
three bodies. 
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THE POTENTIAL FUNCTION 

103. The volume potential. If we have a particle of mass m 
situated at the point (^, rj, and attracting according to the 
inverse-square law, the force exerted by it on a particle of unit 
mass situated at the point (x, y, z) is the negative gradient of the 
function V defined by 



where n is the gravitational constant and r is the distance from 
the point (^,f) to the point (x, y, z). Similarly, if we have a 
series of particles of masses m, situated at the points {^-t, -rji, f,), 
the force exerted by them on a particle of unit mass situated 
at the point (x, y, z) is the negative gradient of the function 

(103.1) 

i 

This function V measures the potential energy of the unit par¬ 
ticle at the point (a:, y, z) in the field of force of the attracting 
particles. It is defined at all points of the field save the points 
occupied by the attracting particles, and it satisfies the equation 

A 2 V = 0 (103.2) 

at all points where it is defined. Furthermore, it has the 
property that it tends to zero as the point (x, z) moves off 
to a remote distance from all the attracting particles. Indeed 
we may say, more definitely, that as r tends to infinity the limit 
of the product rV equals — ijlM, where M is the total mass of 
the attracting particles. Here r is the distance of the point 
{Xy y, z) from any convenient origin; and as r tends to infinity 

each of the ratios ~ tends to unity. 

n 

If, now, we pass from a series of discrete particles to a con¬ 
tinuous distribution of matter throughout a volume, we find 
that the force of attraction of a volume distribution of density p 
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on a particle of unit mass at (x, y, z) is the negative gradient of 
the function 

(103.3) 

where r is the distance from the point of evaluation (x, y, z) 
to the variable point of integration (^, r;, f), and dr — r}, f) 

is the element of volume. This function V is defined at all 
points save those occupied by the attracting matter, and at 
the points where it is defined it satisfies the equation 

A2T=0. (103.4) 

In addition it vanishes at infinity in such a way that the 
product rV tends to the definite limit — fxM, where M is the 
total mass of the attracting matter. The components of attrac¬ 
tion on the unit mass at the point (x, y, z) are found, on taking 
the negative gradient of (103.3), to be 

x=j ~ dr, etc., (103.5) 

and, again, these are defined at all points save those occupied by 
the attracting matter. Now it is inconvenient to leave the po¬ 
tential function, and the resulting force components, undefined 
at points of the attracting mass, and the method of extending 
the region of definition so as to include the points of the attract¬ 
ing mass is as follows. Let P be any point either in the interior 
or on the surface of the attracting mass, and let us imagine a 
cavity 8 made in the attracting mass so that the point P and 
points in its immediate neighborhood are removed from the 
attracting mass. The function V will now be defined at the 
point P; but it will be the potential not of the original 
mass but of what this mass becomes when the cavity 8 is made 
in it. We can now visualize a whole series of cavities 5i, 62, • •, 6„, 
decreasing steadily in volume; and we shall have a correspond¬ 
ing series of potential functions ^5,, • • •, all defined 

at the point P. If this sequence of potential functions approaches 
a definite limit V as 8n tends to zero in volume, we may call this 
function V of the point P = (x, y, z) the potential of the original 
attracting mass at the point P, It must be borne in mind, how¬ 
ever, that with this definition the potential V is not a simple 
integral but an improper integral, that is, the limit of an inte¬ 
gral. The attraction components (X, Y, Z) are defined in the 
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same way. For example, X is the limit of so that (X, Y, Z) 
are really defined independently of V, The question then arises 
as to whether or not the vector (X, Y, Z) is the negative gra¬ 
dient of V, If the answer to this question were in the negative, 
we should give up the definition of the potential function just 
given as useless; for the role of the potential function is to 
furnish by its negative gradient the attraction components. 


In order to prove the existence of the two limits Lt and Lt Xg^, 
and also that these two limits satisfy the equation X = — »let us 

first consider any volume v and a point P external to it. Denoting 
by r the distance from a variable point (^, 77 , f) of the volume v to 

the point P, it is evident that both the integrals J ~ and J ^ are 


less when extended over the volume v than when extended over a 
sphere of the same volume having P as its center. The latter inte¬ 
grals are necessarily improper integrals, but their existence and, in 
fact, their actual values follow from the fact that dr = r^doidr^ 
where d(o is the element of solid angle at the point P. The first 

/ d'f 

—» when extended over a sphere of radius a about the 
point P, has the value 2 ttu^; and the second integral, J' — ♦ has the 
value 4 ttc. The volume of the sphere being v, we have a = 

\4 TT/ 


When the point P is internal to the volume r, the same argument 

holds; only now the integrals f— and f ~ are improper. We have, 
then, the results ^ ^ 


/ 






< 4 TT 



(103.6) 


where v is the volume of the region over which the integration is 
being extended. Thus, if we are dealing with the potential function 
V, we have 


Y 5 'n-Y 5 „< e. 


(103.7) 


where c depends only on the difference in volume between the two 
cavities 5'„ and and tends to zero with this difference. It is neces¬ 
sary only to assume that the density p is bounded in the region of 

integration. If it is definitely less than M, we may set y< M 

thus arriving at (103.7). Now the important thing to notice is that 
the € in (103.7) is quite independent of the position (x, y, z) of the 
point P, — a fact which is expressed by the statement that the con¬ 
vergence of V 5 „ to its limit V is uniform. This assures us that the 
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limit y is a continuous function of (x, y, z). The same argument 
shows us that A' 5 ,, converges to a continuous function X of (x, y, z) ; 
and it is this function which is called the x component of the force of 
attraction of the volume distribution at the internal point P, In order 
dV 

to prove that X =■ — — •> let us consider a cavity in the shape of a cir- 

vx 

cular cylinder with its axis parallel to the x-axis and passing through 
the point (x, ?/, z). The proof given above shows that the existence of 
the limits V and .Y depends merely on the infinitesimal nature of the 
volume of the cavity and does not demand that each dimension 
of this cavity should be infinitesimal. Let us avail ourselves of this 
fact to keep the length of the cylinder unity, say, the volume being 
made infinitesimal by making the radius of the cylinder infinitesimal. 

dV^ 

Then, for any point on the axis of the cavity, we have X^^= - 

both of the integrals being proper. Integrating this along the axis 
of the cavity, we have A\ dx = V^^^ixi^y, z) — y 5 „(x 2 , ?y, 2 ), where 

Xi and X 2 are any two points on the axis of the cavity. These points 
are external to the region of integration for and X^^y and may 
remain fixed as tends to zero in volume. On taking sufficiently 
small, we may make the difference between X^^^ and A" and between y^^ 
and y as small as we wish, the degree of the approximation not de¬ 
pending on the point of evaluation but only on the size of the cavity 6 ,^. 

This tells us that the expression dx~ y(xi, 1 /, 2:)4-y(x2, 2 /, z) 

Jxx 

can be made as small as we like by merely making 5n sufficiently 
small. But the value of this expression is quite independent of the 
size of dn; and as this value is smaller than any assignable number, 
it must be zero. We have, then, the relation 


f ""‘Xdx = V(xx, y, z) - V(x-i, y, z), 

Jx, 

which yields, on differentiation with respect to the upper limit X 2 , 

the result X{x 2 , yfZ) = — » or, since X 2 is any point, 

0x2 

X = -%- (103.8) 

Since X is continuous, this proves the existence and continuity of 
the gradient of Y at an internal point. 


104. The simple-layer and double-layer potential. Instead of a 
volume distribution of matter, it is often convenient to consider 
a surface distribution. The potential function is then 


7 = ~ 



( 104 . 1 ) 
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where a is the surface density and dS is the element of area of 
the surface. This function is defined at all points save those 
occupied by the attracting matter, and satisfies Laplace's equa¬ 
tion (103.2) at all points where it is defined. It vanishes at 
infinity in such a way that the product rV tends to — /xM, where 
M is the total mass of the attracting matter. In order to deal 
with points P on the surface itself, we have to imagine a sequence 
of cavities 5n, each of which includes the point P, and then con¬ 
sider the question of the existence of Lt as the area of the 
cavity 8n tends to zero. If we project the area of this cavity on 
the plane tangent to the surface at P and assume the density 
bounded, we find first that the integral (improper) over the 

/ d^' 

~p~ 

tended over the projection of the cavity on the tangent plane. 
For each r' is less than the corresponding r ; and, on the assump¬ 
tion that the direction of the normal varies continuously around 
P, we can find a fixed number N such that dS' > NdS all over 
the cavity {N being, in fact, the least value of the cosine of the 
angle between the variable normal and the normal at P). Now 

/ dS' • 

is less than the same integral extended over a 

circle of the same area with its center at P; and if a is the radius 
of this circle, the value of the integral over the circle is 2 wa. 
An argument exactly similar to that given for the volume poten¬ 
tial then shows that the limit V = Lt Vs,, exists, and that U is a 
continuous function of (x, //, z), the convergence to the limit 
depending only on the size of the cavity, and not on the point 
of evaluation. It is worthy of notice that since the improper 

/ dS' 

— does not exist for the circle, we cannot derive, as 

we did in the case of the volume potential, the existence of the 
force components (X, 7, Z) at a point of the surface. In order 
to examine the force components it will be necessary to say a 
word about what is known as the double-layer potential. 

The double-layer potential is an integral of the form 

W==Jm^^^dS, ( 104 . 2 ) 

where m is known as the strength of the layer and is, in general, 
a function of the variable point of integration, and where y 
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denotes the normal to the surface (its direction being named by 
saying that it goes from the negative side of the surface to the 
positive side). The quantity W is defined at all points not on 
the surface of integration, but it requires a little investiga¬ 
tion to see whether it can be defined at points on the surface 
or not. To carry this out we shall avail ourselves of a form of 
Green’s lemma. 


Starting from the fundamental result 
'du 


j'-^dr — ^ud{y, =f ludS, 


we set 


u = —* 

dx r 


so that + 


On forming the similar equations for the other two axes and adding 
them to this one, we get 

/(grad 4>.grad i) dr =fd> j dS, 

since A 2 ~ = 0. If, however, the point, of evaluation P = (x, i/, z) 
r 

is an internal point, we shall have to introduce a cavity which will 
have both a volume and a surface and which, for the sake of con¬ 
venience, may be taken as spherical. From our result on the force 
components of a volume distribution we see that the integral over 
the volume of the cavity vanishes in the limit. As for the integral 
over the surface of the cavity, we have 


dv r r 


where </> is a mean value of 4> over the surface of 6 , 1 . This has the 
value $ r do), where do) is the element of solid angle at the center of 

^bn ! 

the spherical cavity (the normal v being directed toward the center 

d d \ 

of the cavity, we have — = — If, then, the point P is an internal 

point, the integral over the surface of the cavity tends to the limit 
4 7 r 0 (P) as the size of the cavity is decreased indefinitely, since the 
limit of the mean value 0 is </)(P). If the point P is on the surface 
of the volume of integration, the integral over the surface of the 
cavity has the limit 2 7 r 0 (P), since the surface of the cavity is now 
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hemispherical instead of spherical. We have, then, the general result 


/(grad </>.gradi)dr = /</> ^ i dS + 


r 4 7rd> (P) 1 
^2 7r0(P)U 

I 0 J 


(104.3) 


according as the point P is inside, on the surface of, or outside the 
volume of integration. The normal u is supposed to be directed away 
from this volume. The only assumption on the function </> which is 
necessary for this result is that it be continuous, with continuous 
derivatives, throughout the volume of integration. Now let us sup¬ 
pose our origin at a noint P of the surface occupied by the double 
layer, and let us apply the theorem (104.3) to a portion of the volume 
bounded by the planes x ~ ±ay y = ±h, z = ± /?., the function 0 being 
the strength m{x, y) of the double layer, so that <p is free from z. 
The surface occupied by the double layer will divide our parallelepiped 
into two parts; and we choose, as the volume of integration to which 
we wish to apply (104.3), the part on the negative side of the double 
layer. We have, then, 

r d 1 Cl 1\ 1 

j mr^- (is =J ^grad wi.grad -jdT - 2 trmiQ) !•> (104.4) 


according as the point Q of evaluation is on the negative side of, on 
the surface occupied by, or on the positive side of the double layer. 
Now each of the volume integrals is merely one of the force com¬ 
ponents of a volume distribution of matter whose density is propor¬ 
tional to one of the components of grad m, and we have seen that 
these force components are everywhere continuous. If, then, we 
denote by W+ and W- the limiting values approached by W(Q) 
as the point of evaluation Q approaches the surface occupied by the 
double layer from the positive and negative sides respectively, we 
see, from (104.4), that both these limits exist, and that 


W^=A 7rm(P), (104.5) 

where P is the point on the ^surface which is being approached from 
the different sides. We see also that the potential W, defined as an 
improper integral, also exists at the point P, and that 

- W{P) = 2 7rm(P), (104.6) 

so that W(P) = -f W_). These results are expressed in the 

statement that there is a discontinuity of amount 4 7rrw(P) as we 
cross the surface at the point P, from the negative to the positive 
side, and that the value of the potential on the surface itself is the 
mean of its values on the two sides. 
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We are now able to determine the behavior of the force compo¬ 
nents due to a simple-layer distribution of density cr as we cross the 
surface occupied by the layer. Surrounding a point P on the surface 
by a small cavity, as usual, we apply Stokes’s theorem 

^(A.ds) =/(curl A.dS), 

where the vector A, to which we choose to apply this theorem, has 

components A = 0, Y = , 2 = — • In applying the 

r r 

theorem, or and the direction cosines cos (prj) and cos (p^) are treated 
as functions of the parameters (^, rj), say, on the surface, and r is 
treated as a function of the three variables (^, f). We readily 

derive the equation 

[cos {v^)dr)-cos {vr])d^]=f^iiS+f <TCOs{v^)^-^dS, 

where there is no particular interest in writing out the expression F, 
and we merely observe that it involves the first-order partial deriva¬ 
tives of the density function a. The second integral on the right- 

hand side can be written in the form — hr ^ — dS, so that, when 

J dx r 

multiplied by — /x, it is the integral for the ^-component of the force 
of attraction due to the simple-layer distribution over the cavity. 
The first and third integrals on the right-hand side are merely 
potentials due to a volume and double-layer distribution respectively. 
Our results on the double-layer potential show us that the force com¬ 
ponents due to a simple-layer potential approach definite limits as 
we approach the surface on either side, and that 

— X- = — 4 TT^tcr cos {px), (104.7) 

The normal p goes from the side of the layer which we denote arbi¬ 
trarily by — to the other side, which we denote by 4-. It will be 

remembered that V = — p f and X = — • Furthermore, 

the force components exist at the point P on the surface itself, and 
their values there are the means of the limiting values on the two 
sides. It will be observed that the tangential force components are 
continuous as we cross the surface, whereas the normal components 
suffer the discontinuity — 4 wpcr as we cross the surface in the direc¬ 
tion of the components. For these results it is necessary only to 
assume that the surface is smooth at the point in question, that is, 
that it has a continuously turning normal, and that the density cr 
has continuous derivatives with respect to the parameters of the 
surface. 
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We have seen that the derivatives etc. of the volume 


potential 




exist and that they are continuous everywhere. Now 


dv I 


p r - dr 

ox r 


“"/'’I?* 




SO that the force component 


may be represented as a 


combination of a simple-layer potential and a volume potential. 
The density of distribution of the simple-layer potential is 
p cos(^'x). If, now, at any internal point P of our volume dis¬ 
tribution of matter, we divide the volume into two regions, Ri 
and R 2 , by a plane passing through P, and denote the potentials 
of these two regions by Vi and Vj, we have V=V^ + V 2 ; and, 
from our results on the simple-layer and volume potentials, 
we have 

(S'), " (S)_ = - 4 ’tmp cos=^ (.X), (104.8) 


■ 4 TTJJLp COS“ (PX), 


(104.8) 


where the normal to the dividing plane at P goes from the 
negative side of the dividing plane to the positive side. It is 
immaterial which side of the plane we call the positive side. To 
be definite about it, let us call the side adjacent to the region 
R 2 the positive side. We have equations similar to (104.8) for 
the second derivatives with respect to y and z ; and, on adding 
these to (104.8), we have 

(A2Ui)+ — (A 2 U 1 )- = — 4 TT/Xp. 

Since, however, any point in the region R 2 is exterior to the 
region Pi, we have, for all such points, A 2 yi = 0; so that 
(A 2 yi)+ = 0, giving 

(A2yi)- = 4 TTMp. 

Moreover, (A 2 y 2 )- = 0, showing that 


(A2V)_ = 4 TT/Xp. 
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Similarly, (A 2 V)+ = 4 7r/xp; and as the force components due 
to a simple layer have at points on the layer itself the mean of 
the limits approached on either side, we are led to the result 

A 2 V = (A 2 F)- = (A 2 V)+ = 4 x/xp. (104.9) 
At points on the surface of the volume itself, 

A2V = 2xpp; (104.10) 

and at external points we have A 2 V = 0, as stated in (103.4). 
In proving this result it was necessary to assume that the den¬ 
sity p was continuous, with continuous partial derivatives 

dx dy dz 

Although they are not quite so important, we now give briefly the 
results for the derivatives of the double-layer potential. Using 
Green’s lemma in the form (14.5), we readily see, just as in the deri¬ 
vation of (104.3), that if \p is any function with continuous first and 
second partial derivatives with respect to (a:, 2 ), 

= |27r^(P)|. (104.11) 

according as the point of evaluation P is inside, on the surface of, 
or outside the volume of integration. Applying this result to the 
same region (portion of a parallelepiped) used in discussing the dis¬ 
continuity of the double-layer potential across the surface occupied 
by the layer, and putting xp equal to the strength m of the layer, we 
see that the double-layer potential may be replaced by a volume 
potential and a simple-layer potential. Using, then, the results 
already obtained, we find that the derivatives of the double-layer 
r d 1. 

potential = J m-^- dS satisfy the equations 



dm 

dx 


- 4 


dm f X 
TT COS (yx). 
dv 


Hence the normal derivative is continuous, 
(dW\ _(dW\ 
\dp/+^\dvJ~ 


(104.12) 


whereas the tangential derivative in any direction s is discontinuous, 
as indicated by the equation 


/aw;\ 

\d8/+ \ds /- 



(104.13) 


We conclude this chapter by giving a r4sum4 of the main 
results arrived at in the preceding sections. 
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a. The volume potential V ■ 




p dr 


The density p being 


partial derivatives 


exist and are continuous at 


assumed continuous, this exists everywhere and has continuous 
derivatives. These derivatives are the negative force compo¬ 
nents. If the partial derivatives of p exist and are continuous 
at an internal point P of the attracting matter, the second 
d-v d-v 

d:r:^' ()y-* ir)z- 

P, and their sum is 4 7rpp. The second partial derivatives with 
respect to x, y, and also exist at all points of the surface of the 
volume, and their sum is 2 Trap. 

b. The simple-layer potential V~--fx / This exists every¬ 
where, and is continuous everywhere on the assumption that 
the density a is continuous. The partial derivatives tend to 
definite limits as we approach a smooth point of the surface 
from either side, on the assumption that a has continuous deriv¬ 
atives with respect to the parameters on the surface near this 
point. The tangential derivatives are continuous as we cross 
the surface, whereas the normal derivative suffers a discontinu¬ 
ity 4 TT/xcr as we cross the surface in the direction of the deriva¬ 
tive. At a point on the surface itself the normal derivative is 
the mean of the two normal derivatives on either side. 

w ^ - dS. Assuming m 

to be continuous, this exists everywhere, but is discontinuous 
as we cross the surface occupied by the double layer. If we 
assume the strength m to have continuous derivatives with 
respect to the parameters of the surface near a point P, in the 
neighborhood of which the surface is smooth, the discontinuity 
in W as we cross from the negative side of the layer to the posi¬ 
tive side is 4 7rm(P). The value of W at the point P itself is 
the mean of the two values on either side of the layer. If we 
assume, further, that the strength m has continuous second- 
order derivatives with respect to the parameters of the surface 
near the point P, the normal derivative of W is continuous 
as we cross the layer, whereas the tangential derivatives suffer 

the discontinuity 4 •r ^ as we cross from the negative side to 

da 

the positive side. The values at the point P itself are again the 
mean of the values on either side. 
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EXERCISES 


1 . State and prove the theorems on the logarithmic potential analo¬ 
gous to those given in the text for the inverse-distance potential. 
Corresponding to the volume distribution, we now have a surface 
distribution over a plane area, and the point of evaluation is in the 
plane of the area. The definition of the logarithmic potential is 

V = C — 2 j a log - dSf where a is the density of distribution over 
the plane area. 


2. Taking the origin O at the center of mass of any volume dis¬ 
tribution of matter, the potential at a distant point P is approxi¬ 
mately — — ^11 , where M is the total mass, 

A, B, C are the principal moments of inertia at the center of mass, 
I is the moment of inertia about OP, and r is the distance OP. 


3. The potential of a uniform ellipsoid whose surface has the equa¬ 
tion ^-f^ + ^ = lis given, at an internal point (a, /S, 7 ), by the 

0 C ^2 R2 y2 Wg 


integral V = — iJLirpabcJ^ \1 — 


+ s 


JL^. 

2 -h s 


C2 -h 8 / A 


where 


A 2 = (a2 -f s)(b 2 -f s)(c 2 4 . s). Verify the fact that this satisfies the 
equation A 2 V = 4 7 r/xp. 


4. The potential of a uniform ellipsoid at an external point is 
given by the integral of Exercise 3; but the lower limit, instead 
of being zero, is X, where X is the greatest root of the cubic equation 

y2 

- v; ' . -f - a . k = 1* Prove that this satisfies the equation 

a2 -h X 62 4 . ^ ^2 4 . \ 

A 2 V = 0. Write down the expressions for the force components. 
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WAVE MOTION 


105. The vibrations of a tightly stretched wire. Let us consider 
a straight wire of length I which is so tightly stretched that we 
may neglect the effect of the weight of the wire in comparison 
with that of its tension when considering the small vibration it 
executes when it is displaced slightly from its equilibrium posi¬ 
tion. Choosing, as the x-axis of a system of rectangular coor¬ 
dinates, the equilibrium position of the wire, the origin being at 
one end, any particle of the wire may be identified by its coor¬ 
dinate X in the equilibrium position. When the wire is displaced 
from its equilibrium position, the particle x will undergo a vector 
displacement, (^, t?, f), say, the coordinates of the particle in its 
displaced position being (x + tj, f). Here the components 
Vy n of the vector displacement of the particle are functions 
not only of the variable x, which serves to identify the particular 
particle of the wire to which we have reference, but of the time 
variable L Denoting the element of length of the wire, when in 
its displaced position, by ds, we have 

{dsy={dx + d^)^+idrj)^+{dn‘^ 



X playing here the role of the independent variable, and t being 
treated as a constant. If we regard the displacement of the 


wire to be such that the three derivatives 
finitesimals, we have 



are in- 


dx 




dx 


+ * ' -r 


= p + . (105.1) 

dx ox 


where the sign + following an expression indicates that we are 
neglecting infinitesimals of higher order than those retained in 
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the expression. When the wire is in its displaced position, its 
tension at the position occupied by the particle identified by x 
is a vector T (x, /)> tangent to the wire at this point and depend¬ 
ing on the values of x and t. The direction of the tangent to the 
wire at the point occupied by the particle x is given by the 
direction cosines 

/ dx + dr] 

V ds ' ds’ds/' 

where t is regarded as constant during the differentiations. The 
three components of the vector tension are, accordingly. 


+ 7 


dx 


ds 

dx 


dt] 

K] 



T—, 

ds 

T — 

ds 

dx 

dxJ 


where T is the magnitude of the tension, and the partial signs 
indicate that t is regarded as constant in the differentiations. 

Since + ^=l —^ + we see that the 

\dx/ \ dx/ dx 

three components of the tension at the particle x, if we neglect 
infinitesimals of higher order than the first, are 



(105.2) 


Considering, then, a small element of length of the wire, whose 
beginning and end particles are identified by the numbers x and 
X + dx respectively, this element is stretched from a length dx 
in the equilibrium position to a length ds, given by (105.1), in 
the displaced position. The change in tension, according to a 
well-known experimental law known as Hooke's law, is propor¬ 
tional to the relative extension , the factor of propor- 

dx 

tionality E being known as the Young's modulus of the wire. 
We have, therefore, 

T = P+E^. (105.3) 

dx 

where P is the magnitude of the tension of the wire in its equi¬ 
librium position and is accordingly independent of x. Neglecting 
any forces acting on the element ds of the wire, when displaced 
from its equilibrium position, save the tensions at the ends of 
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this element, we have, for the components of the difference 
of these tensions, the expressions 


'dx 




and hence, if /x denotes the linear density of the wire, so that the 
mass of the element dx is dx, and /x is assumed constant, we 
have the equations of motion 






dt- ■" 

dx 

dx^ 


d-7} _ 


T P 

d^r, 

dt‘^ 

dx\ 

. dx) 

dx^’ 



't^)= p 

-J— ^ 

at- 

ax? 

V dx) 

dx^ 






(105.4) 


infinitesimals of higher order than those retained being neglected 
as before. The first of these three equations governs what are 
known as the longitudinal vibrations of the wire, the other two 
governing the transverse vibrations. All three equations are 
of the type ^^ 2 ,^ 

(105.5) 

ct- dx? 

and we shall proceed to a somewhat detailed discussion of this 
equation. It is essential to note that the coefficient is a con¬ 
stant depending on the intrinsic properties of the wire or, in the 
general case, of the medium through which the disturbance is 
being propagated. Equation (105.5) defines a particular kind 
of medium in so far as wave motion in it is concerned. 

106. The equation —■ = tti;- Let us first simplify the form 

of the equation as much as possible by making a linear change 
of the independent variables {x, t) of the type 
^ lx mty T = nx -f pt, 

du 


Then 


dt 


^du du 


du idu , ^du 
dx or 


and our equation takes the form 




■P‘ 






dr^ d^ ' d^dr 
If we put m = ± ai, p = =F cin, our equation takes the form 

d'^u 


dht 

dr^' 


/■% \ 
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provided I and n are both different from zero. They may, with¬ 
out lack of generality, each be put equal to unity, as a change 
in the values of I and n merely amounts to a change of scale in 
measuring ^ and r respectively. The values to be assigned to 
^ and r are, then, given by the equations 

^ — X ± a/, T at. (106.2) 

It follows, from (106.1), that the variables f and r must be 

separated from each other in the expression for u in terms of 

them. In fact, u is the sum of an arbitrary function of ^ and 

an arbitrary function of r. Hence the general solution of the 

d-u n (yhi ‘ 
equation —^ = a- 7 — is 
dt- ox- 

- at) +/ 2 (^ + at), (106.3) 

where /i and /2 are differentiable functions of their arguments, 
but are otherwise arbitrary. In order to see the significance of 
(106,3), let us consider the special case where /2 is identically 
zero, a being assumed positive. Then (106.3) becomes 

u =/i(x — at). (106.4) 

This special solution of (105.5) describes what is meant by 
''wave motion'' in the direction of the positive a:-axis; for if 
at the point Xi at time h the function fi has the value h, it will 
have the same value at the point X 2 at time tzy provided 

X] — a(i = J2 — atoy 

that is, = a. (106.5) 

t2 — h 

Since Xi may be any point, and since X 2 assumes continuously, 
as t 2 varies, all values greater than xu the wave form advances 
continuously with a constant velocity a. We may imagine that 
we are looking at the wire and that we run our eyes along it 
with the definite, uniform velocity a in the positive direction of 
the x-axis. Then the displacement u=fi(x — at) which we see 
remains constant. It should be clearly understood that the 
"wave velocity" a which has just been defined has nothing 
to do with the actual velocity of any particle of the wire. All 
that is meant by the term "wave velocity" is that the times 
and places on the wire where the disturbance expressed by 
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u=^Ji(x — at) repeats itself are connected by the relation 
(106.5). The fact that u maintains its values without decrease 
or modification is expressed by the statement that the wave is 
undamped. It advances continuously, keeping a definite form. 
Similarly, the special solution 

u ~ foix + at) (106.6) 

represents an undamped wave traveling with uniform velocity a 
along the r-axis in the negative direction. The complete solu¬ 
tion (106.3) indicates a superposition of two such waves. 

It is at once obvious that an equation of the form 

'U = f(7nx — pi) = 

indicates a wave traveling along the r-axis, the velocity of prop¬ 
agation being An important special case is 
m 

n = A cos (mr — ptoc). (106.7) 

For X constant this represents a simple harmonic vibration of 

2 TT 

amplitude A and period —> the phase being mx — pi + a. At 

V 

any given instant, (106.7) is a simple cosine curve, the distance 

9 _ 

between two consecutive corresponding points being —• This 

m 

is known as the wave length, and is usually denoted by the 
symbol X. The reciprocal of the period gives the number of 
vibrations per second at any given place, and is known as the 

frequency, the usual symbol being Vy so that v = • We have, 

then, the following relations: ^ 

Velocity, a = -^> 
m 

Wave length, X = (106.8) 

m 

Frequency, v = 

2 TT 

It follows that the velocity of propagation is equal to the prod¬ 
uct of the wave length by the frequency. 

In the general case the nature of the arbitrary functions/i and 
/2 of (106.3) has to be determined by two kinds of data. 
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1. The initial conditions, that is, the values of the displace¬ 
ment u and of the displacement velocity ^ as functions of x 

at 

when t — 0. For example, if the wire is initially displaced and 
started off from a position of rest, the initial conditions are 

u — Fix) when t = 0, 

and — = 0 when t = 0, 

ot 


for every x. An example is furnished by the vibrations of a 
plucked violin string. A different set of initial conditions holds 
when a piano wire is set in vibration by an impulse. Here 
we have, for every x, 


du ^ 


when t 


and — = G(x) when ^ = 0. 

ct 

2. The boundary conditions. For example, the values of u 

and of niay be given for all values of t at the two ends of 
dx 

the wire. As a special case the two ends of the wire may be 
held fixed, the boundary conditions in this case being 

M = 0, = 0 


for all values of t when x = 0 and when x = L The problem of 
determining the functions/] and /2 so as to satisfy the boundary 
conditions is usually the most difficult part of the question, and 
we shall consider first an ideal situation where this difficulty 
does not enter. 

107. Wave motion along an imbounded straight line. In this 
ideal case the wire is supposed to be extended indefinitely in 
both directions, and we shall suppose the initial conditions to be 


u = F(x), ^ = G(x), when ^ = 0. (107.1) 

ot 

It follows at once, from the general form of the solution 

w =/i(x - at) +/ 2 (x-f aO, 
that /i(x) 4 -/ 2 (x) = F(x), 

and - a/'i(x) + a/' 2 (x) = G(x), 
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where the prime attached to a function indicates differentiation 
with respect to the argument occurring in it. Integrating the 
second of these two equations, we find 


fl(x) -f2{x)=- 



the lower limit of the integral being arbitrary. It follows from 
this and the first of the two previous equations that 


2/i(x) F{x) - “ y G{s)ds, 

2MX) = F{x) + ~ G(s)ds, 
so that the solution of the problem is 


(107.2) 


u-fi{x- at) + f 2 (x + at) 

1 1 ^ X -f 

= ^ I F(x- at) + F(x + at)] j G(s) ds. (107.3) 


It is immediately evident from this expression that, at any 
instant t, the values of G{x) outside the interval x — at to 
X + at have no effect upon the displacement u at the point x, 
and that it is only the values of F{x) at the two end points 
X — at and a* + af of this interval that contribute to the value 
of u at the point x. It is also evident that if the functions F{x) 

and G{x) are so related that F{x) — j G(s) ds, there will be 

a wave in one direction only along the wire. Thus, if we take 
the positive sign, we have, from (107.3), 

u = ^[F{x — at) + F(x + aOJ + \ [F{x + at) ~ F(x ~ at)] 

= F(x + at), 

indicating a wave motion in the negative direction along the 
x-axis. 

In particular, if the vibration starts from rest, G{x) is iden¬ 
tically zero, and the solution is 

u = |1F(.t - at) + F{x + at)l (107.4) 

If, now, F(x) is zero outside the interval — h to + h and has 
the constant value C throughout this interval, we see that two 
equal waves are propagated in opposite directions, each being 
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a square-cornered 


'hump” of amplitude ^ and length 2h. At 


any point x the displacement becomes zero as soon as the two 
waves have passed over it. 

In the other extreme case, where there is an impulsive start 
from the undisplaced position, F{x) is identically zero, and 


u — 


hL 


G{s)ds 


2a 


\H{x + at) - H{x - at)\. i^H{x) = J’G(s)ds'j (107.5) 


Here we have again the phenomenon of two waves proceeding 
with constant velocity a in of)posite directions along the x-axis; 
but the amplitudes are opposite, as is seen from the negative 
sign before the second term. 

Let us now suppose again that the initial velocity of all 
points of the infinite wire is zero, and also that the function 
F(x) giving the initial displacement is a periodic function, the 
period being 2 /, say. Then F{x) has a Fourier development 

F{x) = ~ +^(^an cos nir j + bn sin nTTyj, 


and the displacement u at any time t is given by 
u = 2 |F(x — at) + F(x + at)\ 

— ^ WTT I + bn sin niT y)cos mra y (107.6) 

The situation is particularly simple when F(x) is an odd function 
of X, in which case all the coefficients an of the Fourier develop¬ 
ment vanish. The solution is 


X t 

u =^bn sin nir - cos mra y (107.6 a) 

J it 

This expression of the displacement is said to constitute its 
analysis into its various harmonics. The nth harmonic is said 
to have a wave length 

\ 21 
n 


its frequency being Vn — ’^y 

The velocity of propagation a is the same for all the various 
harmonics, — a fact which is expressed by the statement that 
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the wave form suffers no distortion. It is well to point out 
explicitly that (107.6) and (107.6 a), being the results of com¬ 
pounding two wave motions, — one in the positive direction 
along the x-axis, and one in the negative, — do not themselves 
represent a wave motion. Each conrjponent of (107.6 a ) repre¬ 
sents the composition of two trains of waves. It is these waves 
which have the wave length Xn, referred to above. 

The vibration given by (107.6 a) was the result of compound¬ 
ing two waves of equal amplitude traveling in opposite direc¬ 
tions along the a^-axis. It has certain peculiarities which are not 
possessed by either of these two waves. Thus, let us consider 
merely the nth harmonic, 

or t 

u = hn sin mr - cos mra -• (107.7) 

L V 


This was the result of compounding the progressive wave 
Wi = ^ sin 

w L 

and the regressive wave 

U2 = |sin 

In neither of these waves are there any points a* for which u is 
permanently zero, each particle having a vibration of the same 

amplitude ~, the phase of the vibration changing, however, 

continuously in the space of a wave length. On the other hand, 
it is apparent, from (107.7), that the result of compounding the 

two waves gives a vibration in which the points x~— (m — 

n 

any positive or negative integer or zero) remain permanently 
at rest. These points are known as nodes of the vibration, and 
the vibration is called a stationary or standing wave. The space 
interval between two consecutive nodes is one half the wave 
length. At the points midway between consecutive nodes the 
amplitude of the simple harmonic displacement has its maximum 
value 6n. Such points are known as loops. The particles x which 
do not remain permanently at rest all go through their equilib¬ 
rium and extreme positions at the same times. In a progressive 
or regressive wave the times at which any particle goes through 
its equilibrium and extreme positions vary with x. 
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108. The finite wire. The ends of the wire being x = 0 and 
X = Z, the functions F{x) and G{x) of (107.1) are given only 
throughout the range x = 0 to x = Z. So the formula (107.8) 
has no meaning for values of t carrying x — at or x + at outside 
that range, unless we extend appropriately the range of values 
of X for which F{x) and G(x) are defined. The boundary con¬ 
ditions indicate the appropriate definition of these functions 
outside the original interval x = 0 to x = Z. Assuming that the 
two end points of the wire are held fixed, we have, from (106.3), 
for every value of Z, 

M-at)+f2(at)^0, 

Ml-at)+f 2 {l + at) = 0. ^ 


Eliminating /o, we obtain 

/i {I - at) -- / 2 (Z + at) ~ at). 

As this relation holds for every value of Z, it follows that /i is a 
periodic function of its argument, the period being 2 Z. Simi¬ 
larly, /<> is a periodic function of its argument, with the same 
period. Since F(x) and G(.r) are known over the interval x = 0 
to X = Z, /i(x) and / 2 (x) are given over this same interval by the 
formulas (107.2). Then the first of the relations (108.1) defines 
fi over the range x = 0 to x = — Z, so that f\ (x) is defined for all 
values of x from -- Z to + Z; and as it is periodic, with period 2 Z, 
this suffices to define /i(x) for all values of x. Similarly, / 2 (x) is 
defined for all values of x. The formulas of the previous sec¬ 
tion are now applicable, it being observed that F{x) and G(x) 
are odd functions of x of period 21. In fact, 

F{x) =/l(x)+/ 2 (x) 

= —/ 2 (— x) — /i(— x) [By the first of the relations (108.1)] 
= - F{- X), 

and similarly for G{x). 

Using the Fourier developments 

F{x) =^hn sin nx y. 

1 f 

G{x^) ='^l3nsin niTj, 

1 * 

we have at once, from (107.3), the result 

u = Vsin wx 7 cos nira ^ sin wxo ■ (108.2) 

1 l\ I atiT U 
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If the vibration starts from rest, we have = 0, for every n, 
and we again have the analysis of the vibration of the wire into 
a series of harmonics. The frequency of the r^th harmonic being 

—, we see that the wire can vibrate in pure harmonics only 
when the frequencies of these simple harmonic vibrations are 
integral multiples The corresponding wave lengths are 

integral submultiples of 2 1. The first harmonic is called the 
fundamental note, and the other harmonics are known as 
overtones. 


The solution given in (108.2) indicates, for any given x, a 
sum of simple harmonic vibrations. Since u is not now a func¬ 
tion of either x — at or x + at, (108.2) does not indicate either a 
progressive or a regressive wave but, rather, a stationary wave. 

The points x for which x is an integral multiple of - are the nodes 

n 

of the nth harmonic. The quality of the note furnished by the 
vibrating wire is determined by the relative magnitudes of the 
amplitudes of the fundamental note and its overtones. Since 
for the longitudinal waves the velocity of propagation a is equal 

to which is for metals of the order of magnitude 10'\ 

\/JL/ 

these vibrations have such a high frequency as to be quite in¬ 


audible. It is the transverse vibrations, for which a ■ 
that furnish the audible notes. 




Either of the two waves, progressive and regressive respec¬ 


tively. 


L • X — at 
Ui = sin nir —-—? 


— ^ sin 7i7r ^ 

Zu t 


which yield, when compounded, the nth harmonic of the note 
issued by the wire, is usually referred to as a simply periodic 
train of waves. The essential difference between the train of 
waves and the stationary, or standing, wave is that in the latter 
all points have either the same or the opposite phase, whereas in 
the former the phase varies continuously over a wave length. 


109. The musical scale. The musical interval between two pure 
notes or simple harmonic vibrations is defined as the ratio of the 
frequency of the note of higher frequency to that of the other. If 



386 THEORETICAL MECHANICS 

this fraction, when reduced to its lowest terms, has small integers 
for its numerator and denominator, the combination of the two notes 
has a pleasant effect upon the ear, and the two notes are said to be 
consonant or in harmony. The simplest harmony is the octave, for 
which the musical interval is 2:1. In the vibrations of a tightly 
stretched wire with fixed end points, the frequencies of the various 
harmonics are in the ratio 1:2:3 :4 • • •, so that the lower-order 
overtones are in harmony with the fundamental note and with each 
other. It is for this reason that these overtones are called harmonics. 
Next to the octave in order of harmony comes the musical fifth, for 
which the interval is 3:2. We shall need to consider only those 
intervals which are less than or equal to 2, the interval 3:1, for 
example, being regarded as a combination of the octave (2:1) and 
the fifth (3:2). Two intervals whose product constitutes an octave 
are said to be complementary, so that the complement of the fifth, 
which is known as the fourth, is the interval 4:3. Next in order of 
harmony comes the interval 5:3, which is known as the major sixth, 
the complementary interval 6: 5 being known as the minor third. 
Then comes the interval 5:4, which is known as the major third, its 
complement, 8: 5, being termed the minor sixth. These are the only 
intervals which are usually regarded as harmonious. The next inter¬ 
val, 7:4, is sometimes referred to as the natural seventh, and is 
closely approximated to by the interval 9 : 5, which is a combination 
of the fifth and the minor third. Starting with low C on the cello, 
say, the various intervals may be indicated as follows: 

.-major 6th-► «---minor 6th- 

1 2 3 4 5 6 7 

C c g c' e' g' 

octave •—fifth—» fourth -► ♦ major 3d-^ minor 3d- 

The primes refer to the various octaves. 

The notes obtainable from any given note by means of consonant 
intervals form what is known as a natural scale. The fewer the num¬ 
ber of consonant intervals employed, the simpler is the scale. Thus, 
using only octaves and fifths, we can, from a fundamental note whose 
frequency is po, construct the natural scale consisting of the notes 
whose frequencies are given by the formula 

V = vq.2p.3^, 

p and q being either positive or negative integers or zero. This is 
known as the Pythagorean scale. It includes, in addition to the octave 
and fifth, on which it is based, the fourth (p = 2, g = — 1), The major 
third is not included, but is closely approximated by the interval 
^l(p = ~ 6, = 4), the interval for the major third being |f. The 
slightly greater interval is known as the Pythagorean third. When 
limits are placed on the values that the integers (p, q) may assume, 
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we obtain a natural scale consisting of a finite number of notes; but 
certain consonant intervals are, as we have just seen, missing from 
the scale. 

A simpler scale may be obtained if we alter slightly one of the inter¬ 
vals. In this way is constructed what is known as an artificial, or 
tempered, scale. The tempered scale in general use was advocated by 
Bach. The octaves are left pure, but it was noticed that twelve fifths 

are very nearly equal to seven octaves. I The ratio is, in fact. 

Each fifth is now shortened, so that twelve tempered fifths 
are exactly equal to seven octaves. (The interval of the tempered 
fifth is 1.498, instead of the 1.5 of the musical fifth.) The interval 2^ 
is called a semitone, so that there are twelve semitones in an octave; 
and the entire piano scale is built up from the semitone. The 
tempered fourth from g to c' has the interval 2**^ = 1.335, which is 
slightly greater than the natural fourth, 4:3. The tempered major 
third from c to e has the interval 2^ = 1.260, which is slightly greater 
than the natural major third but less than the Pythagorean third. 

110. The composition of wave trains having different frequencies. 
Let us consider two simply periodic wave trains having the same 
amplitude and velocity, but with different frequencies, propa¬ 
gated in the same direction along the x-axis. Writing the 
equations of the two waves in the form 

Ui = C cos 1^2 

U 2 = C cos 1^2 0-2 

where vi and P 2 are, respectively, the frequencies of the two 
wave trains, the result of compounding the two wave trains is 

u = 2C cos|^7r(j'i + ^ 2 )(^ — 

X cos[t(»i - - <)+ (110.1) 

This is a complicated wave form advancing without change of 
velocity a, since w is a function of x — at. At any instant t there 
are two series of points for which w = 0. The spacing of one 

series is —-—> and that of the other is —-— (we are taking 

Pi + P2 “ ^2 

p\ > V 2 )- If vi is only slightly greater than V 2 y the second factor 
in (110.1) does not change appreciably for a relatively small 
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interval of time, and we have the phenomenon known as beats, 
namely, a simply periodic wave train of frequency - with 

a simply periodic amplitude of low frequency « 

111. The energy and momentum of a simply periodic wave train. 
Writing the displacement in the simply periodic wave train in 
the form / ^ 

U = C cos 2 — tjf 

the velocity of displacement of the particle x at time t is 

^ = 2 ttpC sin 2 ttpI- — t\ 
dt \a / 

If p is the volume density, and a the area of cross section 
of the wire, the kinetic energy of an element of length dx is 

2 TT^pcTv'^C^ sin^ 2 J and hence the kinetic energy 

of a length equal to the wave length X = ~ is 

V 

2 T-pcrp'^C^J' sin“2 ~ = w-pap-C^X, (111.1) 

If X is small compared with the unit of length, the kinetic energy 
per unit of length is, accordingly, 

( 111 . 2 ) 


or 


The potential energy of the longitudinal vibrations of the wire 
is readily obtained from the first of the equations (105.4). The 

force of restitution on an element dxis — E tt-t; dx =--- dx, 


dx^ 


so that the work done against this force is 


4 ir ^p^Edx r* 

Jo 


udu ■ 


2 rr^p^Eu^ dx 


(111.3) 


The potential energy of a length of the wire equal to the wave 
length is, accordingly, 

2 ir^v^E 


r 

Jo 




(111.4) 


E E 

since = — = — On the average, then, the kinetic and poten- 

M per 

tial energies of the longitudinal vibrations are equal. The total 
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energy per unit of length is 2 ir-pcrC-v-. The discussion of the 
transverse vibrations is the same, the only difference being that 


P takes the place of E and that a- — — — — 

M 

Let us now consider the momentum of a simply periodic wave 
train with velocity of propagation a. Let the waves be incident 
normally upon a perfectly reflecting wall which is moving with 
a velocity c in a direction opposite to that of the incident waves. 
Let us denote the area of the wall by 8, and let P be a stationary 





F 


Fig. 36 


point in space which is at the instant ^ at a distance a + c from 
the wall (see Fig. 36). We shall consider two experimental ob¬ 
servations : 

1. Note the passage of waves past P for two seconds, and let 
2 N be the number that pass in this time. At the end of two 
seconds the wall has reached P, and the reflected waves are back 
at P. Calling X the wave length of the incident waves and X' 
that of the reflected waves, the space between P and R at the end 

of the second second contains incident waves and -y/ -- 
reflected ones. Hence ^ 


so that 



y __ Cl — c 
X a + c 


(111.5) 


2, Consider an instant when the wave front has just reached 

the wall. One second later, the energy in the space between P 

and the wall will have reached the latter, which is now at Q. 

The reflected waves will have reached a distance a — c to the 

right of Q. Assuming that the amplitude of the waves is not 

changed by reflection, the energy incident upon the wall in 

one second is o 9 / , n 

2 7r^p(a + c)SA'a- 

X2 


The energy leaving the wall in the same time is 
2 Tr^p{a-c)SA-a\ 
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The increase in energy of the medium per second as the wall 
continues to move is therefore 

2 Tr~pSA^a^(^^ - 4 n^pSA^ (111-6) 

This increase in energy must be due to the fact that work is 
required to move the wall; that is, that the waves produce a 
thrust against the wall, even when the wall is stationary. If the 
magnitude of this thrust is F and the corresponding pressure is 
p, the work per second required from without in order to make 
the wall move with velocity c is 


Fc = pSc = 4 ir^pSA^ ‘^')c; 

X'^ \a — c/ 

(111.7) 

and hence p = 4 )• 

X"^ \a — cj 

(111.8) 

If c is small compared with a, 


p = 4 7r->A2|!(l + ^). 

(111.9) 

If the wall is stationary, 


4 ir-pA^a^ 

^ X2 

(111.10) 


This is due to the change in momentum of the waves which is 
due to the wall. Therefore the momentum incident per unit 

( 111 . 11 ) 


2 TT^pA'-a^ 


X2 


in the direction of the wave propagation. So the momentum 
per unit area per unit length, that is, per unit volume, is 


2 ir-pA^a 


( 111 . 12 ) 


in the direction of wave propagation. 

If the cylindrical inclosure which contains the medium tra¬ 
versed by the waves has ends of any kind of material, it will 
not move as a whole; and therefore, since one of the ends may 
be conceived of as perfectly reflecting, leaving the other of any 
kind of material, it is clear that the use of a perfect reflector in 
the discussion does not limit the deductions. When the wall is 
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moving, the energy per unit volume of the medium traversed 
by both incident and reflected waves is 

2 i)= 2 g[l +(|^)‘]. (111.13) 

If c is small compared with a, this reduces to 

E = 4 ir2pA2 + —V (111.14) 

\ a / 

which is numerically equal to the value of p when the same 
simplifying assumptions are made. If the wall is at rest, 

Eo = ~ (111.15) 

It follows, therefore, that the kinetic energy per unit volume of 

the incident (or reflected) train of waves, that is, equals - 
times the momentum per unit volume. 

In the previous discussion a hypothetical case of plane waves 
incident normally upon a plane wall — that is, in a cylindrical 
inclosure closed by plane ends — was described. If the discus¬ 
sion is not so limited, and we consider waves of any undamped 
t3rpe, in all directions, in an inclosure of any shape and material, 

it may be proved that 

o 

112. The telegraphic equation. If, in the discussion in § 105, 
we had assumed, in addition to the factors there considered, a 
force on each element of length of the vibrating wire whose 
magnitude was proportional to the velocity of that element, we 
should have been led to the following generalization of the wave 
equation (105.5): 

= + ( 112 . 1 ) 

dt- dx^ (H 

This equation is also met in the problem of the propagation of 
electric waves along a conducting wire, and it has received the 
name ''telegraphic equation.Forces, such as those now under 
consideration, whose magnitude is proportional to the velocity 
and whose direction is opposite to that of the velocity vector 
are always dissipative. Mathematically this implies that b is 
always negative. This leads, as will be seen immediately, to the 
result that the amplitude of the vibration at any point decreases 
steadily as the time increases. For this reason the telegraphic 
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equation (112.1) is frequently referred to as the equation for 
damped wave motion along the x-axis. The positive constant 
•— & is then referred to as the damping factor. In order to sim¬ 
plify the discussion of equation (112.1), it is convenient to make 
a change of the dependent variable by means of a transforma¬ 
tion of the type 


Upon substitution in (112.1) and division by we get 

^ + 2 m ^ + m^t/ = ^ + 2 6mC/ + 2 6 

dt^ at ax/ at 

If we set m^by the terms involving the first derivative with 
respect to t cancel each other. The new form of the equation is 


dHJ 


= a 




( 112 . 2 ) 


As in the case of the simpler wave equation, the problem con¬ 
sists of finding a solution of this linear, second-order, partial- 
differential equation satisfying certain initial and boundary 
conditions. 

Before considering these additional requirements for the solu¬ 
tion of the problem, it is convenient to simplify the form of 
equation (112.2) by introducing the variables 

^~x — aty r = X + at (112.3) 

of § 106. We obtain 

||L + p.C.O. (p = ±) (112.4) 

Let us now suppose the initial conditions to be 

u = F{x)y ^ = C(x), when t = 0. 


This implies a knowledge of U and of each of its partial deriva- 

O TT ^T 7 

tives ^ and ^ at all points on the straight line ^ = t. Let us 

0^ CT 

assume for the moment that we know a particular solution of 
the equation (112.4), and call it V. Then it follows, from (112.4) 
and the assumption 

■ p!‘V = 0, 


d^V 


dkdr 
d^V 


u^~o. 


S(St didr 


that 
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An immediate application of Stokes's theorem then tells us that 

U.eH„e 

taken around any closed curve in the (^, r) plane, inside which 
the functions (t/, V) and their derivatives are regular, is zero. 
Taking as our closed curve the straight lines ^ == ^o, r = tq 
through the fixed point (^o, to), chosen to suit our convenience, 
and a continuous curve crossing these lines, we have 

*=0.(112.5) 


Here P is the point (^o, to), and A and B are the points where 
the straight lines through P parallel, respectively, to the axes 
of coordinates ^ = 0 and r = 0 meet the curve C (see Fig. 37). 
If we can so determine V that it has the value unity over the 
two parallels to the axes of coor¬ 
dinates, we find, from (112.5), 


n 


U^d^+V^dT 
dr 



+ Ua- rv = 0. (112.6) 

Equation (112,5) holds for any 
two solutions U and V of the 
differential equation (112.4), and 
hence the relation obtained from (112.5) by interchanging U 
and V is valid. From this new relation we find 


P^IG. 37 


.du 




£ (y^rf^ + t/|^rfr)+c/p-t/B = o. 


(112.7) 


From (112.6) and (112.7) we find 


2Up=Va + Ub + j \^U 

'B/ pirr _gv 








( 112 . 8 ) 


This result expresses the value of U at any point P in terms of 
its values at the points A and B and its values, together with 
those of its first partial derivatives, along the curve C, over 
which the integral in the formula is extended. The method of 
integration here indicated is known as Riemann's method. 
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In order that the formula (112.8) may be practical, it is necessary 
to be able to find a solution V of the differential equation (112.4) 
which takes the value unity along the straight lines ^ = ^o, r = tq. 
In order to find such a function V, we first introduce the function 

f = (^ “ &)(r - To), 

which vanishes along each of the straight lines in question, and find 
whether a powder series in f, whose constant term is unity, will 
satisfy the differential equation (112.4). Writing 

V=l + ait + cx2p + asP + • • •, (112.9) 

we have = (ai 4- 2 a 2 t + 3 + • • ^(t — To), 

= Q!i 4- 2 a2t 4- 3 a:it“ H-4- (2 0:2 4- 3.2 -}- • • •)(?"“ ^o)(t —To) 

= aj 4 . 2 a 2 f 4- 3 asP 4- • • • 4* (2 0:2 + 3.2 aaf 4- • • Of* (112.10) 

In order that (112.9) may satisfy (112.4) for all values of f, the va¬ 
rious coefficients of the powers 'of f in [the equation obtained by 
substituting (112.9) and (112.10) in (112.4) must separately vanish. 
We have, then, the series of equations 


Qji4-p2 = o, 4 q:2 4-P%i = 0, 4 -= 0, 4 ^ 0:4 4-= 0, etc. 

It follows that ai = -«2 = | 5 > “3 = - 3 ^’ “^- 42 . 32 . 22 ’ 

The desired function V is, accordingly, 

v =\- pH + ^ + 22^32.42-• (112.11) 


This series is well known in mathematical physics, and is named the 


Bessel function Jo of zero order. In fact, V is Jo 



Let US now avail ourselves of the initial conditions and leave 
out of consideration the boundary conditions, or, in other words, 
let us suppose that the medium in which the vibrations are 
taking place is indefinitely extended in both directions along 
the x-axis. The initial conditions being 

u=f{x), ^ = g{x), when < = 0, 


we have, from the relation u = the result that 

U = f(x), ^ = g(x) — bf{x), when t = 0. 


In terms of the variables ^ and t of (112.3), this says that 

u = m = m + 

dr 2 ^ 2 a 
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along the straight line ^ = r. Our curve C is now simply the 
straight line ^ = r; and so the coordinate ^ of the point A is 
^ 0 , and that of B is tq. Along the straight line of integration in 
the formula (112.8) = rfr, and so we have from that formula 


2t/($o, ro) = C/(^o) + f/(To)+j^"“|^C/( 
= /(?o)+/(To)+^J'“( 


V 


dV 

Bl. 

f)t 


dr) 


dt 


d^. 



We may now drop the zero subscript and revert to the original 
independent variables {x, t). We have 


2 lJ{x, t) ==/(x - at) +Kx + a«) + 1 T' “V|3(a - hm\di 


1 

a 




In the integrals on the right, V is given as a function of f which 
has, along the straight line ^ = r, the value — ^())(^ — to). 

Hence the term ^ in the second integral has the value 
dt 

dy___ldx 

di di,) 

= o ^ (f - to - T -t- To) 

= a(To - 5o) 

along the line $ = r, and the solution of the problem is 

2 U(x,t)=f{x — at) + f{x+(ii) + - f V{^)\g{^) — bf{^)]d^ 

- 2 at [f=«-^o)(^-To)l ( 112 . 12 ) 

Jx ~ at 


where V is given by the formula (112.11). 


It is convenient to remark at this point that the method of inte¬ 
gration outlined above for the telegraphic equation (112.1) is appli¬ 
cable without any modification to the simpler wave equation (105.5). 
The auxiliary function V is in this case simply the constant unity, 
p being zero; and we have the result (remembering that 6 = 0 ) 

2 U{x, t) =/(x - at) +f(x + at) + - 

CL *^x~at 
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which was obtained by a different method in (107.3). The advantage 
of the more general method outlined above is that we are not limited 
by it to ''initial conditions!'' implying a knowledge of the unknown 
function and its time derivative when / = 0. All we need to know are 
the values of the unknown and one of its partial derivatives along 
any curve C crossing the two parallels to the (^, r) axes that pass 
through the point (^o, to) at which the value of the unknown func¬ 
tion u is desired. For example, we may deal with a situation where 
an impulse of known magnitude (this magnitude being a function 
of x) is applied at known instants to the various points x. Such a 
situation arises, for example, when a railroad train passes over a 
bridge. If the motion of the train is given by x = K{t), the equa¬ 
tion of the curve C in the (f, r) plane is 


^-bT = 2 K 



and the "initial conditions’" are 
along this curve. 


w = 0, ~ = gix), 


In order to get an insight into the physical meaning of the 
formula (112.12), let us assume that the initial disturbance is 
confined to a finite portion of the wire, — say, from — h to + h. 
Then it is apparent from the formula (112.12) that, at any given 
instant /i, f/ is zero for all points x such that either x -- ati> h 
or X + cUi < — h. Both ends of the wave travel, therefore, with 
constant velocity a in opposite directions. This is the same 
phenomenon that takes place in the case of the simple wave 
equation. The situation is, on the other hand, quite different 
for points not at the ends of the waves. In the case of the simple 
wave equation a point x came to rest immediately after both 
waves had passed over it; but this is not the case here. In fact, 

let us consider an instant ti> - and a point Xi between h — ah 

a 

and — A + ah- Then, since xi ati > h and xi — ah < — h, the 
value of U at (xi, h) is given by the two integrals in (112.12). 
If, for simplicity, we assume the initial velocity to be zero, U 
will be given by the formula 


nx-¥at px-^ai jt / 

2U = -lf V(nmd^-2cU 

aJx-al Jx-at OS 


The displacement does not, therefore, become zero after the 
waves have passed over any point. In other words, neither the 
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progressive nor the regressive wave has a definite end, although 
they have definite beginning points. 

It is apparent, from the formula (112.12), that if / and g are 
odd functions of their arguments, U will be zero for x = 0 and 
all values of L This is the case in the reflection of an electro¬ 
magnetic wave, for example, by a metal surface. 

It is evident that a simple solution of (112.2) is 

IJ = C sin (mx — ni), 

where the relation n- = a-m- — h- (112.13) 

holds. This implies that the damping factor depends on the 
frequency, and involves the phenomenon known as distortion, 
where waves of different frequencies are unequally damped so 
that the character or form of the wave varies as it advances. 
In order to see clearly how the phenomena of dispersion and 
distortion occur, let us consider a solution of (112.1) of the type 
u = U being a function of x alone. Then we must have 

(112.14) 

Writing = (a + i&y-, (13 > 0) 

a* 

we have V = 

(Only one of the two solutions of (112.14) is allowable if u 
is to remain finite as x—y oo.) 

Then m ^ (112.15) 

Here a® — = ^> a/3 = — so that both a and (3 are 

a 

functions of p, that is, of the frequency. The fact that a is 
a function of the frequency implies dispersion. The fact that 
the damping factor /3 is a function of the frequency implies 
distortion. 

113. Group velocity and dispersion. Let us now consider the 
composition of two simply periodic wave trains of the same 
amplitude, but possessing different frequencies and vek^cities 
of propagation. This composition is of importance in con¬ 
nection with media for which the wave velocity is a function 
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of the frequency. The differential equations for the wave 
trains being 

dt'^ * dx'^ 

we may indicate the two wave trains by the equations 
ui ~ C cos [2 ~ 


U 2 — C cos I 2 ■“ <^ 2 j* 

The result of compounding these is 

U — Ui-\-U2=-2 C cos TTj/ — + —TT^ (z^i -f- P 2 ) + 

\ai a< 2 / 2 


W£i_iL2y 

~ 7rt(pi — 

,2) + 

\ai ao/ 


2 


(113.1) 


The frequency of the simply periodic wave train indicated by 
the first factor is 

1 / = (113.2) 


(113.2) 

and the velocity of propagation is 

a = ^mLEL±J^. (113.3) 

Pia2 + P 2 O} 

The other factor indicates a simply periodic wave train with 
frequency 

(113.4) 

and the velocity of propagation 

OlMnjrJla). (113.5) 

j'ia2 — ^2^1 


(113.5) 


If Pi is very nearly equal to P 2 , the period of this wave train is 
very long, and (113.1) indicates a simply periodic wave train 
with slowly varying amplitude. This amplitude is simply peri¬ 
odic, its period being ; and its maximum value at any point 

occurs at a time ^ later than it occurs at x = 0. The essential 
a' 

thing to notice is that the wave form changes as it advances, 
but that the maximum amplitude reappears at intervals. 
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If, now, we consider a wave train composed of simply periodic 
wave trains with frequencies between v and + Az^, the velocity 
a being a function of the frequency z^, we have what is known as 
the phenomenon of dispersion. The velocity a' with which the 
maximum amplitude is propagated is known as the group velocity 
of the wave train. Writing, in the formula (113.5), a 2 = a, 
ai == a + Aa, V 2 = p, z^i = z^ + Az^, and letting Az' tend to zero, 
we have, for the group velocity of a wave train of frequency Vy 


the result 


p ^ 

a dp 


(113.6) 



(113.7) 


if the rate of change of velocity of propagation with respect to 
frequency is small. 

The accompanying figure will illustrate the concept of group 
velocity. Two simply periodic wave trains with different wave 
lengths Xi = —, X 2 = ~ are shown with their crests in coinci- 

Pi P2 

dence at a point A at a given instant. This coincidence of 
crests will occur again at a later time, when the faster train 

has gained a distance Xi — X 2 r _ 

over the slower, that is, after \ 


a lapse of time ^In 

ai — 02 jtjq 3g 

this interval of time the crest 

B of the slower wave train will have advanced a distance 
^ 2 (^ 1 — , ^ 2 ) ^ gQ condition (of crest coincidence) which 

(Xi — CI2 

was at A at time t = 0 reappears at a distance beyond A equal to 
C^2(Xi — X2) _ = ^1^2 — X2CI1 

ai — 02 Ui — a2 

after the lapse of time ^1— » The quotient of this distance 
ai — a2 

by the elapsed time, that is, is the group velocity 

of the two wave trains. Putting Xi = —> X 2 = we find again 

Pi P2 

the formula (113.5). It should be observed that the "group,'" 


Fig. 38 
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as such, does not advance. It exists at a certain place, fades 
away, reappears reversed in a new position, again fades away, 
then reappears in its original form at another place, and so on. 

J, J. Thomson's model to illustrate dispersion. This consists of a 
row of beads, each of mass m, on a cord whose tension is T and at 
a distance I apart. Suspended from the beads are a series of bobs, 
each of mass M, having the same free period. Let ?y„ be the hori¬ 
zontal displacement of the nth bead, and Zn that of the nth bob. 
Denoting by p the force required to displace a bob a unit distance 
sidewise from its equilibrium position, we have the equations 

= m( 2/. - ~n). 


However, Vn being a function of x, we may put 

Vn- 1 =yn-l- 




dx 


dx‘^ 




so that, on the assumption that I is an infinitesimal, the two equa¬ 
tions of motion simplify to 


m 


dhjn 

dt^ 


dx^ 


p(Zn - 2 /„), 


M 


dt'^ 


P-iVn ^n)» 


Writing m = pi, M = p'l, p = p'l, and using the sign of partial differ¬ 
entiation, since ?/„ is a function of the two independent variables 
(X, t), we have 

^ dt^ ~ ^ dx^ 


If waves y = C cos {rx — st — a) pass along the row of beads, 
= — rhin- There are similar equations for 

or cx^ 

Equating the two values obtained for the ratio ^ from our two 
equations, we have o/ ^ 

^^ ^ s^jpp's^- p'p- p'p') 

T(pV - p') 


The velocity v of propagation of the waves is The velocity of 

waves in the cord, if there were no suspended bobs, would be Vo = 
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Hence 


32 _ + P 'l 

»o* PP' 



But the period of vibration of a bob, if allowed to swing freely, is 

2 ir (Call this r, and let = n^, so that Then 

Vm7 P 

g2 _ + P') „2 PL 

^ _ P _ ,_P_. 


The suspended bobs may be regarded as corresponding to particles 

of matter suspended in the ether. Then ^ is the square of the index 
of refraction. ^ 


114. The general wave equation. 


The equation %— = a 


2 


which was discussed in § 106, is a particular instance of the more 
general equation 




, g% , d‘^u\ 


(114.1) 


which is known as the wave equation, and which dominates the 
propagation of waves, such as sound waves, electromagnetic 
waves, etc. Before discussing equation (114.1) in any detail, it 
will be convenient to make some general remarks on the linear 
partial-differential equation of the second order in which there 
are n independent variables and one dependent variable. This 
may be written ,, / ^ x 


In our applications the coefficients will be constants; but it 
will be seen that the discussion is valid if they involve the inde¬ 
pendent variables x, provided they do not involve the dependent 
variable u. Adopting the notation 


_ du _ _ d'^u 

Vr — r. y Prs — ^ O * 
dXr OXr dXg 


(r, s = 1, 2, • • •, n) 


(114.3) 


our equation takes the form 


^arsPrs + F(x, u, p) = 0. (114.4) 

The problem is to find a function u of the n independent vari¬ 
ables X satisfying the equation such that u and one of its partial 
derivatives {pu say) take assigned values over a given spread 

0(Xl, X2, • • Xn) = 0 
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of w — 1 dimensions in the space of n dimensions constituted by 
the n independent variables x. It is at once apparent that a 
knowledge of u and one of its partial derivatives at all points 
of the spread (/> = 0 implies a knowledge of the other partial 
derivatives of the first order. For the points x on the spread 
cj) ~Q are expressible as functions oi n—1 independent param¬ 
eters, iai, ao, • • ctn-i), say; and the identical relation 

du == Pi + P2dX2 + • • • + PndXn, 
where u and the x's are given functions of the parameters a, is 
equivalent to n—1 distinct equations expressing the p’s in 
terms of the a’s. If one of the p’s is given in terms of the a’s, 
these relations enable us to solve for the others. 

To illustrate these general remarks, consider the case, already 
treated, of the vibrations of an indefinitely e.'itended wire. Here 
n = 2, xi = X, .T 2 = b a u = a-, ai 2 = 0, a 22 = — 1, P = 0. The spread 
0 = 0 is, in the simplest case, i or — 0, and the single parameter q:i 
on this spread may be taken as x or Xi, We are given the values of u 

and of ~ when t = 0, and this implies a knowledge of the values of 

du ^ 

— when < = 0. In fact, since x and t are independent, t may be put 

equal to zero before differentiation with respect to x is performed; 

and so ~ is found by merely differentiating, with respect to x, the 

given function of x which yields the values of u when f = 0. Of course, 
this example is trivial, but it may serve to illustrate the general idea. 


The values of all the first partial derivatives (pi, P 2 , • • •, Pn) 
being known as functions of the n — 1 independent parameters 
{aua 2 y • • •, i) on the spread 0 = 0, we may use the identical 
relations 

dpr ='^Vr,dXs, (r = 1, 2, • • •, w) (114.5) 

8 * * 

to calculate the values of the second-order partial derivatives 
Prs over this spread. We have, in fact, from (114.5), for each 
value of r the n — 1 equations 





1 , 2 , 


n — 1) 


Writing these in the form 


da,~da. 


-Pr 


dXn 

da’ 


(114.6) 
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we can solve for {pru Pr2, • • *, Pr n-i) as functions of the param¬ 
eters a and Pm- Denoting by Jr, for the moment, (~ 
times the determinant formed by erasing the rth column of the 
matrix of n — 1 rows and n columns whose element in the /th 

row and mth column is the solution of (114.6) has the form 
oai 

Prs = + a known function of the a’s. 

(r = l, 2, s - 1, 2, • •-, n - 1) (114.7) 

Putting r = n in these equations, we have 

Pna = + a known function of the a's, 

and as substitution of this in (114.7) gives 

Prs = Pnn + a known function of the a’s. (114.8) 

Hence all the second-order derivatives are expressible, on the 
spread 0 = 0, in terms of one of them (pnn, say) and the param¬ 
eters a. 


We have tacitly assumed that Jn does not vanish identically. If 
it did, the argument would apply by merely making one of the other 
coordinates x play the r6le assigned above to Xn, unless, indeed, all 
the Jacobian determinants Jr vanished identically on the spread 
0 = 0. This contingency cannot, however, arise, since then the 
spread would have less than n — \ dimensions, the functions x of 
the parameters a not being distinct. 


If we substitute the expressions which we have given in (114.8) 
for the second-order derivatives in the differential equation 
(114.4), we have an equation of the type 

Apr^n + 5 = 0, (114.9) 

which serves to determine pnn, A being given by the equation 
A =^ar.JrJ,. (114.10) 

Now the n — 1 equations ‘ 


dan 

i!= 1 

obtained by differentiating the equation 0 = 0 of the spread 
with respect to the parameters a of the points on it, tell us that 

dX\ 0X2 OXn 
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Hence pnn, and from it all the second-order derivatives Pra, 
may be determined on the spread 0 = 0, unless A = 0, or, 
equivalently, „ . 


The spreads 0 = 0 satisfying this first-order, second-degree, 
partial-differential equation are known as the characteristic 
spreads of the second-order partial-differential equation under 
discussion. The third-order partial derivatives may be treated 
in the same way; and it develops that, provided only that 
0 = 0 is not a characteristic spread of the differential equation, 
the third-order partial derivatives, and, in succession, the par¬ 
tial derivatives of any order, may be calculated on the spread 
0 = 0. An application of Taylor’s theorem giving the expansion, 
in a power series, of a function of several variables then tells 
us that there is a unique solution of the problem and, in fact, 
indicates a method of approximating the value of the unknown 
function u at any point (xi, X 2 , • • •, x,,). 

115. The physical significance of the characteristic spreads. 
When the spread 0 = 0, over which the values of u and its 
first-order partial derivatives are known, is a characteristic 
spread, the problem set is either impossible or indeterminate. 
To be possible, it is necessary that the B which occurs in equa¬ 
tion (114.9) be zero. If this is true, the values of Pnn over the 
characteristic spread may be assigned arbitrarily. The physical 
significance of the characteristic spreads may be clearly seen if 
we consider again, for a moment, the case of the vibrations of 
an indefinitely extended wire. There is the obvious, if trivial, 
solution of the differential equation, namely, u = 0, correspond¬ 
ing to a state of rest of the wire. If, now, the wire is set in 
vibration by striking it at a point, the disturbance will travel 
in both directions along the wire. A point x, remote from the 
center of disturbance, will remain at rest until the wave reaches 
it at a time ^ = 0(x), say. Using a plane on which we plot the 
variables (x, t), the curve 


0(x, = 0 (116.1) 

divides the plane into two regions. In the region below the 
curve we have t < 0(x), and the displacement u of the point x 
is zero for these times, since the wave has not yet reached the 
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point. In the region above the curve, on the other hand, 
t> \p(x), and u is, in general, different from zero, at least for 
points near the curve (115.1). Assuming that u varies contin¬ 
uously, with continuous partial derivatives of the first order, 
from the undisturbed to the disturbed state, we have 


tt = 0, 


dx 


= 0 , 



on the curve <^)(x, t) = 0. Corresponding to these '"initial con¬ 
ditions’" there exists, in addition to the actual solution giving 
the wave, the trivial solution = 0. Hence the curve (115.1) 
which represents the wave front is a characteristic curve of the 
wave equation; for the problem of determining u does not have 
a unique solution. 

The same argument applies without modification to any wave 
propagation. Thus, for the general wave equation 


dH 

dt- 


«=(?? + T? + ^V 

\c)x^ r)y- cz-/ 


the wave front is a moving surface which is a characteristic 
spread of the differential equation. The wave front satisfies, 
therefore, the first-order partial-differential equation 



(115.2) 


If </) = 0 is solved for t in the form cf^t — \j/{Xy y, z) = 0, yp 
satisfies the equation 



2 


2.. 

a- 


(115.3) 


A particular solution of (115.3), having the property of being 
symmetrical about the origin, is found by first introducing space 
polar coordinates, when (115.3) takes the form 

(m\ i/MV+ _JL_/MV= 1. 

\drl ^ r'^Kdd/ ^ sin^ d\dct>l 

If is a function of r alone, this gives ^ = ± so that 

dr a 

^ — + constant. The additive constant is of no significance; 
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and we see, then, that a solution of (115.3) which has the 
property of being symmetrical about the point (a, /3, y) is 

^ --«)!. „ (^ - T)-f , (115 4 ) 

CL 

the corresponding moving wave front being the spherical surface 

<^ = <- ^ = <-1 = 0, (115.5) 

where r is the distance from the point {a, /3, 7 ) which is the 
center of disturbance. The integral (115.5) of (115.2) involves 
three arbitrary constants (a, 7 ) and is a complete integral of 

the equation. The general integral corresponding to a wave 
front F{Xy 2 ) = 0 at time ^ = 0 is found by getting the enve¬ 
lope of the spherical wave fronts (115.5) as the point (a, /S, 7 ) 
traces out the surface FiXy 2 /, z) = 0. It is, in fact, evident that 
as t tends to zero this envelope tends to the surface F[Xy z) = 0 . 
Only that portion of the envelope which is on the side of F = 0 
toward which the wave is being propagated is to be considered. 
This method of obtaining the successive positions of the wave 
front from its position at any instant (/ = 0 , say) is known as 
Huygens's principle. 
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EXERCISES 

1 . Discuss the small vibrations of a mass m at the end of an 
elastic wire, treating separately the two cases (1) horizontal vibra¬ 
tions, the effect of gravity being neglected, (2) vertical vibrations. 

Hint. The displacement of any particle of the wire being denoted by 

^ ^ ^; and a solution of this is f = A sin qx cos pt, provided q — pl 

dt^ P ox^ \Ej 

The tension in the wire is Ea- p. At the end x — L of the wire we have to 

dx 

equate the tension to the product of the mass of the attached particle and 

its acceleration ^; and we derive tan qh — , an equation serving to 

ct'^ Mp‘^ 

determine p. Successive approximations may be arrived at by first setting 
tan qL = qL (which implies that qL is small) and then, for a better approxi¬ 
mation, setting tan qL = qbll 4- A graphical solution of the equation 

may also be employed. ^ ’ 

2 . One extremity of a stretched wire is fixed in space, and the 
other is agitated so as to have the obligatory motion ^ = A sin qt. 
Determine the forced vibration of the wire. 

3 . Show that when a tightly stretched wire is plucked aside at 
one of its nodes, those harmonics which also have a node at that 
point are not sounded. 

4. The ends of a stretched wire of length I are fastened to two 
equal masses M controlled by springs of strength ju allowing trans¬ 
versal vibrations. If the string is plucked at its middle point, the 

period p of vibration will be given by ma tan ~ ^ ~ , 

pa 2 TT p 

where m is the linear density and md^ the tension of the wire. 
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THE LORENTZ-EINSTEIN TRANSFORMATION; TENSORS 

116. Measurement of fundamental quantities. Many funda¬ 
mental questions concerning the concepts involved in mechan¬ 
ics — namely, space, time, and matter- have been purposely 
ignored in the previous chapters. Attention must now be called 
especially to them. 

One group of questions arises in connection with the concepts 
of the distance between two points, the length of a material rod, 
the duration of an interval of time, the mass of a moving body, 
etc. The first point to emphasize is that by the words " length,'' 
either of a space interval or of a time interval, and '"mass" 
there is meant necessarily a measured quantity. So we must 
describe how the measurements are made, that is, how numbers 
are assigned to lengths of space and time and to mass. 

Another group of questions arises in connection with the 
nature of the geometry of the space in which we live. This 
space appears to us to be three-dimensional, but the question 
arises as to whether it is Euclidean or not. The only way to 
decide this question is to make deductions from the axioms of 
Euclidean geometry concerning the metric properties of plane 
and solid figures, and then to make measurements of actual 
figures. If there is agreement between the results of our meas¬ 
urements and the theorems deducible from the axioms of 
Euclidean geometry, it will be convenient to assume that our 
space is Euclidean; if there is disagreement, this assumption is 
not legitimate. In the latter case it is possible that our meas¬ 
urements may give a clue as to the type of geometry we should 
develop in order to describe satisfactorily the phenomena we 
observe. All the questions, therefore, refer ultimately to meas¬ 
urements. Methods of measurement must be postulated. 

In the previous chapters the frame of reference selected was a 
Euclidean inertial one, that is, one for which the law of inertia 
holds. Another way of expressing this condition is to say that 

408 
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an observer in such a space would not be conscious of any con¬ 
straints. This would obviously exclude a gravitational field and 
a frame of reference attached to a body rotating with respect to 
an inertial frame. By definition, all observers in this space are at 
rest in it, and we shall make our postulates with reference to it. 

We shall postulate, first, that if one point is visible from 
another, a ray of light may be traced from one to the other. 
The trace of this ray we shall call the straight line joining the 
two points. We shall further postulate that there is a definite 
property of a specified monochromatic beam of light, called its 
wave length, and that this can be compared with the length of 
a straight line. Therefore this wave length is the primary 
standard of length. 

To secure secondary standards, we postulate the existence of 
rigid bodies. One of these may be in the form of a bar or rod, 
and its length may be compared with the standard wave length. 
This length may be subdivided etc. Then, to measure the 
length of any straight line, the method of superposition is pos¬ 
tulated, it being definitely understood that there is no relative 
motion between the material body on which the straight line is 
described, the-standard bar, and the observer. If there is such 
relative motion, the method cannot be applied. 

It is necessary to note that if the orientation of the beam of 
light in the frame of reference, or that of the object on which the 
straight line is described, is changed, we are, strictly speaking, 
dealing with a new problem. We postulate that the same num¬ 
ber would be obtained for the length of the line as before. In 
other words, there is no change in the length of an object when 
it is oriented differently, — the space is isotropic. (This does 
not say anything at all about possible changes in the object, 
but emphasizes that by 'Tength'' we always mean the result 
of a measurement.) 

The fundamental problem concerning time is to devise a 
method for giving a number to an interval of time. We have 
recourse to our intuitive concepts. Certain motions appeal to 
us as periodic ; for example, the motion of a pendulum, of the 
balance wheel of a watch, of a weight suspended by a spiral 
spring, etc. We could choose arbitrarily one of these motions 
and define the word "periodic'' by reference to it. Again, 
certain rectilinear motions appeal to us as uniform; and we 
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could choose one of these and define the word ''uniform'' by 
reference to it. Either of these definitions would lead to a 
method for giving numbers to intervals of time. It is interesting 
to consider each process in some detail. 

1 . Let us define "periodic" by reference to the vibrations of 
a particular pendulum in vacuo. By means of it a clock may be 
driven, and thus time intervals may be measured. Other clocks 
may be made (driven by pendulums, springs, etc.) which have 
the same rate as the standard clock, and, in addition, the hands 
may all be set alike. These clocks may then be distributed 
among the various observers in any one system. 

One use of such clocks might be to measure velocities of 
moving objects, or of sound, of light, etc. An interesting ques¬ 
tion would be whether the velocity of light is the same in differ¬ 
ent directions, for different distances, when the source of light 
is in the system and outside, etc. Actual experiments indicate 
that this velocity in vacuo is always the same, that is, that all 
observations give the same number if the same units are used. 
In the centimeter-second system this number is 3 x 10^®. For 
purposes of comparing (or standardizing) two clocks which are 
at a distance apart, we are led to make the postulate that if ob¬ 
servers in any one system measure the velocity of light in a 
vacuum, regardless of the location or character of the source, the 
same number is obtained. With this postulate, two observers 
at a distance apart can synchronize their clocks, even if they 
have not been compared previously (as described above). Let 
the observer at the point A, say, have the standard clock, and 
let an observer at any point B have any clock; let the former 
send a light signal to the latter, the signal being supposed to be 
immediately reflected at B so as to return to A. Let the ob¬ 
server at A note on his clock the readings Ia and repre¬ 
senting, respectively, the time when the signal is sent and the 
time when it returns. Let the observer at B note the reading 
Ib on his clock when the signal is received and reflected. Then, 
if the latter alters the rate of his clock and the setting of its 
hands (if necessary), so that whenever the test is made, 

Ib Ia 1 a tsy 

that is, 2tB = Va + (116.10 

the two clocks are synchronous. 
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2. Let us define "uniform velocity" by reference to the veloc¬ 
ity of light in a vacuum, in a specified direction, from a speci¬ 
fied source stationary in the system. Then equal intervals of 
time are those required for this light to traverse equal lengths 
in this direction, and a clock may be rated accordingly. The 
time scale would depend upon the number arbitrarily assigned 
the velocity of light. Observers could investigate the velocity 
of light from different sources, in different directions, etc.; 
and, finally, they would be led to make the same postulate as 
before concerning the velocity of light. Then two observers 
could synchronize their clocks by the same method as that 
described above. 

117. Measurement of space and time intervals in a moving 
system. If there is relative motion between the observer and the 
object whose length is to be measured, or on which phenomena 
in time are occurring, new problems arise. For example, certain 
phenomena occur in a moving railway car and are noted by 
observers on the car and on the ground. What conclusions can 
be drawn as to the connection between the two sets of observa¬ 
tions? If a man walks along the car with a velocity v' as noted 
by observers on the car, and if the car has a velocity v as noted 
by observers on the ground, is the velocity of the man, as 
noted by these latter observers, v + v'^. This particular ques¬ 
tion involves the following problem : If observers in the car lay 
off a measured distance L, what number for this would observers 
on the ground obtain when the car is moving with velocity 
Nothing has been said up to the present about a method for 
measuring the length of a moving body. An obvious method 
is to have a number of observers along the path of the moving 
object, and for two of these to mark on the ground simuUane- 
ottsly two points which coincide with the two ends of the object 
as it passes, and then, later, to measure the distance between 
these two marks. To simplify the problem, we make the postu- 
late that a system K' having a uniform velocity with reference 
to an inertial system is itself an inertial system. (Thus observers 
*in K' may introduce the same system of measurement, both of 
distance and time, as we have described above.) We assume 
that observers in K' have obtained their standard bars and 
clocks from observers in K, so that they are using the same 
units and are using the same number for the velocity of light. 
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We postulate, further, that if observers in K measure the length 
of a certain body, and if this is transferred to observers in 
the latter would, by their measurements, obtain the same num¬ 
ber for its length. Or if observers in K measure the length of 
a certain body in K\ and if the body is transferred to K and 
its length measured by observers in K\ the same numbers are 
obtained, provided that the orientation of the length measured 
with reference to the line of relative velocity is the same in both 
cases. In more general language, our postulate is that the only 
fact concerning two systems which have a uniform relative 
velocity, that observers in the two systems can ascertain, is that 
there is such a uniform relative velocity. Nothing can be learned 
about the absolute motion of either one — the words have no 
meaning; and both sets of observers would deduce the same 
"laws of nature." 

118. The Lorentz-Einstein transformation. If some "event" is 
seen and noted by both sets of observers, it will be given certain 
coordinates, (x, y, /), say, by those in A, and {x\ y\ z\ t') by 
those in A'. It is important to deduce the mathematical con¬ 
nection between the two sets of numbers: 

x'=fiix, y, z, t), y' ==Mx, y, z, t), etc., It 

X = F,{x', y', z', n, y = F^ix', y', z', V), etc. ^ ^ 

In order to do this let us choose as the axis of .Y (and A') a line 
parallel to the line of relative motion and common to both sys¬ 
tems, and let us take the axes of Y and Z (and of Y' and Z') 
perpendicular to this line and to each other. The axes Y and 
y' (and Z and Z') are parallel, meaning that if observers in A 
draw a series of planes perpendicular to A, and if observers in 
A' draw a series of planes perpendicular to X\ both series of 
planes will appear to both sets of observers to be parallel to each 
other. The origins may be chosen anywhere in the common 
line X and X\ When, in the course of the motion, the two 
origins coincide, let all the clocks in both systems be put at 
"zero time," At the same instant let a light signal be flashed 
in the common direction of OX and O'A'. Its progress may be‘ 
noted by observers in both systems. When the signal reaches 
an observer in A at the point A, at a time t as observed by him, 
it will be perceived by the observer in A' at the point A' (coin¬ 
cident with A in the space A). Let us denote his clock reading 
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by t\ If V is the number adopted for the velocity of light 
(it being the same in both systems), we have 

a = Vty a' = Vt\ 


Here a and a' are the coordinates in the direction of motion, in 
the systems K and K' respectively, of the point A (or A'), If, 
now, we assume that the coordinates perpendicular to the direc¬ 
tion of motion have no effect upon the connection between (x, t) 
and (x', V)y the problem is a two-dimensional one, and the most 
general assumption we can make about the connection between 
the space-time coordinates of an event in the two systems is 


x' = /(x, ty v)y y' = 2/, 0' = 2:, t' = g(Xy t, v). ( 118 . 2 ) 

We have indicated explicitly that the magnitude of the relative 
velocity may be expected to enter the equations of connection. 
It is usual to assume immediately that the functions / and g are 
necessarily linear functions of the coordinates (x, t), but this is 
not necessary.* 

Thus, from the relations (118.2), we have 


dx' 

dV 


dx dt ^ dt 
dx dt dt 


(118.3) 


dx 


Assuming, as above, that to the velocity = V of light corresponds 

dr' 

the velocity -377 = V, we find, on using (118.3), that 
dt 


y2^ . . §/■. 

dx^ dt dx^ dt 


(118.4) 


The assumption that the systems have a relative velocity v means 
that when ^ ^ ~ ~ when ^ = 0 , ~ = r. Using 

these postulates in (118.3), we find 


and 


dt 

dt 


-I 

^’fx 


(118.5) 

(118.6) 


* See Alonzo Church’s article entitled "Uniqueness of the Lorentz Transforma¬ 
tion,” American Mathematical Monthly (1924), Vol. XXXI, pp. 376-382. 
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On integrating (118.5) with respect to t, we find that f + vg is a 
function of x alone. Using (118.5) and (118.6) in (118.4), we find 

= (118.7) 

which yields, on integration with respect to x, the result that 


is a function of t alone. Hence / and g are each the sum of a function 
of X and a function of t. In other words, the variables x and t are 
separable in each of the functions / and g. Writing / in the form 
Xi-fTi, and g in the form X 2 + ^ 2 , and denoting by attached 
primes the derivative of a function with respect to its argument, we 
have, from (118.5), T'l + vT '2 = 0; whence 


Ti + vr2 = tt, (118.8) 

where a is a constant. From (118.6) we have T'l = -- vX'i ; and, as 
different variables enter the t^o sides of this equation, each of these 
sides must be a constant. This tells us that Ti and Xi are linear 
functions of t and x respectively. It follows immediately, from 
(118.7) and (118.8), that T 2 and X 2 are linear functions of t and x 
respectively. We have so chosen our origins of measurement of 
(x, t) and (x', f) that when x = 0 and t = 0, then x' = 0 and t' = 0 , 
and so there are no constant terms in the linear functions giving x' 
and t' in terms of x and i. In fact, if we write 


then 


Xi = /5x + a, 

Ti = — v^t 5 , 

T2 = -f c, 

X2 = ^I3x + v, 


where (a, 6, c, rj) are constants of integration. 

From these results we have 

x' = /(x, t, r) = Xi + Ti = 0{x ~ vt) + (a + 6), 

«' = g{x, t, v) = X 2 + T 2 = |3(< - ^) + (e + r,). 

The choice of our origins of measurement enables us to set a -f- 5 = 0, 
6 4- 7; = 0, and it only remains to determine the value of the con¬ 
stant This is done by means of the postulate that there is no way 
of distinguishing between the two systems. In other words, any 
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equations derived by observers in K would apply also to observations 
made by observers in K' if is replaced by ~ v. Thus the equations 

a:' = /3(a: - vt), = /3 (« - ^) (118.9) 

must imply the equations 

x = y{x' + vt'), < = + (118.10) 

where 7 is the same function of — v that /3 is of v. If we formally 
solve equations (118.9), we get exactly equations (118.10) with 

If we assume that there is no way of distinguishing between the two 
directions on the x-axis, it follows at once that jS must be an even 
function of v, that is, that 7 = For equations (118.9) must still 
hold when we change the signs of x, x\ and r, the value of being 
unaffected. Putting 7 = jS in (118.11), we find 

^ (118-12) 

Equations (118.9) and (118.12), giving the connection between 
the space-time coordinates of an event in the two systems of 
reference K and K', are fundamental and are known as the 
Lorentz-Einstein formulas of transformation. The physical 
significance of the determination of the value of which we 
have given in (118.12) will be clearer from the following argu¬ 
ment. Starting from equations (118.9), which are a consequence 
of the fact that there is no way of distinguishing between the 
two systems and that the velocity of light is the same in both, 
let us imagine a rod stationary in K, along the axis of X, one 
of its ends being at the origin and the other falling at a: = L, so 
that the length of the rod as measured in the system K is L. 
To find its length as observed in K\ two observers in K' must 
note the values of x' corresponding to its two ends simultane¬ 
ously, that is, at the same instant V — r\ say. For the end 
a: = 0 we have x' = — vr', from (118.10); and for the end 

x=L we have x'= ^(l — --vt', from (118.10) and 

(118.11). Hence the length of the rod, as measured in K', is 

1-^(1-:^)- (118.13) 

If the same rod is placed in K' along the axis of X', one end 
being at the origin, the other will fall at x' = L, since we have 
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made the fundamental postulate that the two systems have 
identical properties. To find the length of the rod as measured 
in the system K, two observers must note the positions of its 
two ends simultaneously, that is, at the same instant t = r, say. 
For the end x' = 0 we have x = vt, from (118.9), and for the end 


x' = L we have x — vt + ^\ so that the length as measured in 
X is — • The postulate that there is no way of distinguishing 
between the two systems forces us to take 

-!:)=?• 

giving again the value for 0 which appears in (118.12). 

119. Immediate consequences of the Lorentz-Einstein transfor¬ 
mation. There are several immediate and important conse¬ 
quences of the formulas 


x' = vt), 'i/ = y, 


z =, 






vx\ 

VV' 


(119.1) 


to which attention must now be called. 


(1) x'2- = - 

or, more generally, 


x'^ + = x2 + y^ + z^- VHK (119.2) 

This says that the velocity of light in each system has the same 
numeric value V, It is therefore closely connected with one of 
the fundamental postulates from which the formulas (119.1) 
were derived. The postulate itself tells us that when 


x‘^ + y- + z^- = 0 , x '-^ + 2/'2 + ^ 0 . 

It does not of itself furnish the relation (119.2). 


(2) If ^ 

whence ^ 
V 


X = 0 then x' = ~ I3vt, and V = ; 

— — V, which merely expresses the fundamental pos¬ 


tulate that if the velocity of the system K' relative to K is r, 
the velocity of the system K relative to X' is — v. In each case 
the velocity of the moving system is measured by observers 
in the other system. 

(3) The rod referred to in § 118 has the length L when meas¬ 
ured by observers in the system with respect to which it is 
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stationary; whereas if its length is measured by observers in 
the other system, the number obtained is ~ So long as v < \% 

^ is greater than unity. If r = V, /3 is infinite. If it were possible 
for V to be greater than F, /3 would be imaginary. This means 
simply that, by the system of measurement specified, it is im¬ 
possible to have a motion so rapid that v ever comes out 
greater than V (V has the properties of an infinite number). 
In general language, then, a body in motion with reference to 
an observer will appear to him to be contracted along the line 
of motion. Lengths perpendicular to the line of motion will, 
on the other hand, appear to be unaltered. 

(4) Let there be a man in K' who is doing something requiring 
a certain interval of time; for example, smoking a cigarette. Let 
him begin at time /' and finish at time / ' + r'. A man in K who is 
a cigarette-smoker may be supposed to associate this same time 
interval r' with smoking a cigarette. But let the observ^ers in K 
note on their clocks the time taken by the man in K' to finish his 
cigarette. Using the equation 

we have, since x' is constant, 

= /3A/' = /3r'. (119.3) 

That is, since /3 > 1, the observers in K would say that the man 
in K' took a longer time to smoke his cigarette than that to 
which they were accustomed. 

120. Measurement of the mass of a moving particle. We can 
now discuss the questions raised concerning relative motion, or 
at least some of them. 

Let there be a particle in motion whose velocity, as measured 
by an observer in K\ has the components w'y, w',). What 
are the components Wy, Wz) of the velocity as noted by an 
observer in X ? We find at once 


dx 

dt 




so that 


w, 


( 120 . 1 ) 
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Similarly, Wy 




( 120 . 2 ) 


The important fact to notice in connection with these formulas 
is that it is only when v and are infinitesimal in comparison 
with V that the denominators in the expressions given above 
can be put equal to unity. In this case, however, 


Wx = w'x + V, Wy == 


These are the classical formulas for the composition of simul¬ 
taneous velocities. 

It has been proved that the numbers assigned to lengths, 
intervals of time, and velocities depend upon the relative motion 
between the object measured and the observer. The question 
at once arises, Does the value obtained for the mass of a body 
depend upon the relative motion between it and the observer ? 
The experiment by which mass is defined is one involving the 
interaction (impact) of two spheres moving along the same 

straight line. It is postulated that the ratio is a con- 

u'l — Ui 


stant for the two bodies, where {uu U 2 ) and (u'u u' 2 ) are the 
velocities of the two bodies before and after impact respectively. 
This ratio is written 


U2 — u'2 _ 2 ^. 
u'l — Ui m2 


(120.3) 


so that miUi + 7 / 12^2 = miu'x + m 2 u' 2 - (120.4) 


Then, if a number mi is assigned arbitrarily to one body, the 
corresponding number m 2 is defined by (120.4) for the other. 
This mode of defining the method of determining the mass of 
a body is equivalent to saying that we assign an arbitrary num¬ 
ber to the sum mi + m 2 and specify that miUi + m 2 U 2 remains 
unchanged during interaction. That is, we write down the two 
equations! 

mi + m 2 = C, m\Ui + m 2 U 2 == constant, (120.5) 


in which C is a specified arbitrary constant. Now, ui and U 2 are 
to be observed before and after interaction (impact); and since 

(120.4) holds, the ratio — is calculable. The first of the equa- 
m2 

tions (120.5) determines mi and m 2 separately. 
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If this experiment is observed by observers in K and K\ the 
former would determine the masses by the equations (120.5), 
and the latter by the similar equations 

m'l + m '2 = C', m\u'i + m'ou'o = constant. (120.6) 
The primes are now reserved to distinguish the two systems, 
and do not refer to the situation after impact. If there is no 
relative motion between the two systems, — that is, if in the 
transformation equations z; = 0, — then C' — C, Let the line of 
interaction (impact) be parallel to the x-axis, so that 

u' = . (120.7) 

I nv 

V'2 

(This equation is derived from (120.1) by interchanging the 
role of the two systems K and A'.) It is convenient to obtain 

a symmetrical expression for Let dt^ be the measure for 

an interval of time occurring on a body having the velocity u 
as measured in K (and u' as measured in K'), dto being deter¬ 
mined by observers on the body. Then it follows, from (119.3), 
that if dt is the measure of the same interval of time as deter¬ 
mined by observers in X, 

dt = a dto, a =(l - p)" • (120.8) 

Similarly, dt' = a'dto, (l~^) • (120.9) 

Hence ^ = 41. it follows, from the equations (119.1), that 
a a 

dt' = 13 dt(l- fidt [By (120.7)] 

Hence ^ (120.10) 

u' pa 

Returning now to the equations for mi and m 2 , we have, since 
is determined by the relative velocity of the two systems 
K and K' and is independent of the velocities of the two inter¬ 
acting masses, , , . ^ ^ ^ . . 

(mi + m 2 )^v = jSvC = constant. 

Since /3 is independent of the velocities of the two masses, 
(niiUi +m 2 U 2 )^ is unchanged by the impact. Hence, on sub¬ 
traction, ^miiui - v) + 0 m 2 {u 2 - v) remains unchanged by 
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the interaction. Therefore, on substituting from (120.10), we 

have — - + —unchanged by the interaction. But 
ai a2 

m'lU'i + m' 2 u '2 remains, by definition, unchanged. Hence, since 
u\ and u '2 are arbitrary, we must have 

'rriiax _ m2a'2 

- 9 7n 2 - f 

ai a2 

m' = (120.11) 

a 

If the particle were at rest in K\ u' would be equal to 0 and 
a' would be equal to 1. Denoting the corresponding value of 
m' by mo, and calling it the rest mass of the particle, we have 


m'l = 

or, in general, 


m = anio. 


Here, however, u ~ v, since u' = 0 (see (120.7)), so that a ~ 13; 
and we have, finally, 

m - ( 120 . 12 ) 


That is, the measure of the mass by the observers in K is (3 
times as great as the measure by the observers in the system 

K' in which the particle is at rest. As /? = ^1 — ^ we see 

that, as V approaches V in value, m becomes very large. This 
means that the force required to increase the velocity becomes 
very large when the velocity is near that of light, and becomes 
infinite when the velocity of light is reached. In other words, 
the velocity of light cannot be exceeded, — a result which 
was previously obtained from other considerations. 

If the ratio ^ is small, m = m-o, giving the classical result that 

the mass of a particle is independent of its velocity. Carrying 
the approximation a stage further, we have 

m = /3wo = (l-:^) = + (120.13) 

The ''additional mass’" is therefore—, where T is the kinetic 

energy of the particle as noted by the observers in K. 

It should be observed that no matter how the velocity of a 
particle relative to a system K is changing, its rest mass at any 
instant may be defined by the introduction of a system K' 
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which has at that instant the same velocity as the particle rela¬ 
tive to the system K, — there being, however, this difference, 
that the velocity of the particle relative to K is changing, 
whereas the velocity of K' relative to K is, of course, constant. 
In other words, in order that the a' of (120.11) may be unity, 
it is sufficient that u' be zero at the instant in question without 
being permanently zero. We shall make the postulate that the 
rest mass of a particle is always the same. Thus, when a par¬ 
ticle changes its velocity relative to a system A, so that a new 
system K' must be introduced in order to measure the rest 
mass, we postulate that there is no change in rrio. In other words, 
the rest mass of a particle is a property of the particle, and has 
nothing to do with the system in which it is measured. 

The velocity of a particle of mass m being denoted by w (and 
the magnitude of the velocity being ?c), the linear momentum G 
is defined by the equation 

G = mw = amow, (120.14) 

where mo is the rest mass of the particle and a = (1 — — j • 

The force on the particle, measured by observers in the system 
K, will therefore be 

F = ^ = Wo|(aw). (120.15) 

(it dl 

Two special cases may be considered: 

Case I. The force is in the direction of motion. The time 
rate of change of the vector aw is, accordingly, directed along 
w, and this implies that w has a constant direction. Taking 
w along the x-axis, we have 

w„ = 0, «Jz = 0, a=(l-^) 

and = Wo ^ (awJ = Woa'* ^ = wa-' ^ • (120.16) 

at at at 

The ratio of the force to the acceleration is accordingly ma-. 
Case II. The force is perpendicular to the direction of motion. 

The scalar product of (aw) by w is here zero, so that 
dt 

dt 

yielding, on integration, 

= constant; 
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so that the speed w is constant, or, what is the same thing, a 
is constant. Then 


F = moaf = m5, 
cH ctt 


(120.17) 


and the ratio of the force to the acceleration is m, as in the 
classical theory. 

In general, the activity or power of the force — that is, the 
rate at which it does work on the particle — is 

(F.w) = ^ + I TMoa —• [By (120.15)] 

Upon substituting for a its value (l — , we find, for the 

activity (F.w), the expression 

(120.18) 

at 


Defining the kinetic energy T of the particle by the equation 

t 

(F.w) = (120.19) 

at 

we have T = TUoV^a + C, 

where C is a constant of integration. When the particle is 
at rest, a = 1; and, denoting by To the corresponding kinetic 
energy, we have 

To = moV^ + C, 

whence T — To = moV^a — moV^, (120.20) 

If the kinetic energy is measured from the condition of rest, — 
that is, if To is put equal to zero, — we have 


T = nioV^a - = mV^ - (120.21) 

It follows immediately that 

m = mo + :^, ( 120 . 22 ) 

showing that mass and energy are of the same nature. 

121. Transformation of Maxwell’s equations for the electromagnetic 
field. We leave to the reader the proof of the fact that the equations 
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of Maxwell for the electromagnetic field in empty space, namely, 

div H = 0, 


curl H = 

c dt 

o„rlE 

c dt 

C2 

where y 2 — —, transform into 
CM 

1 TTf ^ 

curl H' = - 

c dt 


div E = 0, 


div H' = 0, 


curlE' =-^^, divE' = 0, 

c dt 





\ C / 

E',= l: 



( 121 . 1 ) 


If V is small compared with V, so that we can neglect squares of 
we have = 1, and the equations (121.1) simplify to ^ 


H' = H--lv.El, E' = E + ^|v.Hi. (121.2) 

c c 

If Maxwell’s equations are regarded as the fundamental equations of 
electromagnetism, the equations (121.1) tell us that when observers 
in K find the electric and magnetic intensity vectors to be E and H 
respectively, observers in K' will measure these as E' and respec¬ 
tively. Thus, when observers in K find that there is no magnetic 
intensity, observers in K' will not agree with them in general. If 
we postulate that the laws of nature must be the same for the two 
systems, this tells us that the statement ” The electric intensity is 
zero” cannot be the expression of a physical fact. The statement 
that both the electric and magnetic intensities are zero is, however, 
a possible statement; for if they are zero in the system /i, the equa¬ 
tions (121.1) tell us that they will be zero in any system K' possessing 
a uniform velocity relative to K. 


EXERCISES 


1. Show that the equations of Lorentz for a stationary system K 
in which a charge pd(x, y, z) has the velocity w, namely, 

curl H = ~ + pw^, div H = 0, 

im 

V dt ' 


curl E = 


div E = p 
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(using units defined by€ = 4 7r, /z = 4 7r, c = 4 ttV), transform into 
the same equations in the primed letters E' and H', whose values in 
terms of E and H are given in (121.1). There is the additional equa¬ 
tion of definition 

p' = )8p(l-^)' (121.3) 

and €, ju, and c are supposed to have the values given above. 

2. Show that p'w'x = /3p(W:c — ^)* p'w'y = pWy, p'w'g — pWz. 

3. Show that 

d{x\ y\z') = Pd{Xy y, z) - I3vd(y, z, t), d{x', y\t') = d{x, y, t), 

Bv ( 121 . 4 ) 

d{y\ z\ V) -Pd{y,Zyt)-^^ d(x, y, z), d(x', z\ V) = d(x, 2, t). 

122. Geometric presentation of the Lorentz-Einstein transfor¬ 
mation. There are many interesting relations between the 
various physical quantities so far discussed, which may be best 
shown by a geometric presentation first given by Minkowski. 
As a preliminary it is necessary to note the fact that in a space 
of n dimensions in which a point is defined by n rectangular 
Cartesian coordinates (xi. ^ 2 , • • Xn), the distance of any point 
from the origin being given by the square root of the sum of 
the squares of the coordinates, this sum of squares is the same 
for all rectangular Cartesian frames having the same origin. 
The coordinates in any two frames X and Y will be connected 
with one another by linear equations of the type 


y\ — CllXl + C 12 X 2 -f- • • • + CjnXny 
y2 = C 21 X 1 + C 22 X 2 H-h C2n^n, 

y-n (^nlXl ~{“ ^712*^2 ~i“ * * * “f“ CnnX-n’ 


( 122 . 1 ) 


2/n ^nlXi ~{“ Cn2X2 ~i“ * * * “f“ CnnX-n’ 

The necessary and sufficient conditions imposed on the coeffi¬ 
cients of this transformation, in order that the sum of squares 
of the x's, whatever values these may assume, may be equal to 
the sum of the squares of the corresponding y'Sy are easily seen 
to be as follows: 

(1) n equations of the type 

C 1.2 + C2r2 + + • • • + Cnr2 =1. (r = 1, 2, • • •, TZ) (122.2) 

(2) equations of the t 3 rpe 


CirCu + C2rC2, H-h c„,c„, = 0. (r, s = 1, 2, ■ ■ ■, fi, T 9^ s) (122.3) 
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The transformation (122.1) from the x to the y coordinates is 
said to be an orthogonal one when the relations (122.2) and 
(122.3) are satisfied; and we find at once, on multiplying the 
equations (122.1) by cu, C 21 , * • *, c*„i etc. in turn, and adding, that 


= CnVl + C212/2 + • • • + Cniyrif 
X2 = Cl 2?/l + C22?/2 + • • * + C„22/n, 


(122.4) 


Xn — ClnVl + C2w 2/2 + ' * ' + CVin^/r; 


It follows from these that since the sum of the squares of the 
x's is the same as the sum of the squares of the no matter 
what values the i/s may assume, the following relations hold: 

(3) + c. 2 “ + • • • + - 1, (r = 1, 2, . . - , 7z) (122.5) 

(4) CriCsi+Cr2Cs2-\ -hc.r,c,n=:0. (r, s= 1, 2, * • *, n, Ti^s) (122.6) 

These relations are therefore an algebraic consequence of the 
relations (122.2) and (122.3). Since there are n + ~ 

or . ' —~ independent relations on the n- coefficients cv.s, only 

U of these may be varied arbitrarily. In other words, 
an orthogonal transformation in n dimensions depends on 
parameters. 

The equations (119.1) defining the Lorentz-Einstein trans¬ 
formation are linear but not orthogonal, since the relations 
(122.2) are not satisfied. However, the relation (119.2) suggests 
that the introduction of the imaginary variable s = iVt will 
make the transformation an orthogonal one in space of four 
dimensions. Then (119.2) takes the fonn 

x'- + y'" + = X- + y- + + S-. (122.7) 

The new form of the transformation is 

x' = l3(x + i^sj, y’ = y, z' = z, s' = (122.8) 

so that the matrix of the coefficients is as follows: 


^ 0 

0 10 0 

0 0 10 


(122.9) 


V' 
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It is evident that these coefficients satisfy the conditions of 
orthogonality (122.2) and (122.3). 

This means that in the space K — that is, to observers 
attached to this frame, — the coordinates of an ''event'' would 
be (x, y, z, iVt), and to observers attached to the frame K' the 
same event would be described by the coordinates y', z', iVt'). 
The axes of y and y' and of z and z' coincide. Those of x and iVt 
and of x' and iVt' will therefore be in a common plane, and 
the equations (122.8) express the fact that the {x\ iVt') axes 


may be obtained from the (x, iVt) 
i Vi\ axes by rotating them in their plane 

\ through an angle whose cosine is 

\ , and whose sine is Systems K' 

having different values of v will be 
C 08 ^ described by different rotations. In 

3 C) ^his way we obtain a great many 

different '"time axes," no one of 
which is privileged over any other. The space of three dimen¬ 
sions which is orthogonal to the time axis may be taken as the 
Euclidean space of Newton, and it is apparent that time and 
space have now no absolute meaning. The ideas are inextri¬ 
cably connected, and the stratification of the space-time con¬ 
tinuum of four dimensions into a time axis and orthogonal space 
axes depends on the particular system A' to which the observer 
is attached. 


123. Four-vectors. In exactly the same way as a vector is 
defined with reference to three orthogonal axes in a space of 
three dimensions, a four-vector may be defined with reference 
to orthogonal axes in a space of four dimensions (see Chapter I, 
§ 2). Let the transformation equations connecting the two sets 
of orthogonal axes have the matrix 



Xi 

X2 

X3 

X4 

x\ 

Cii 

Cl 2 

Cl 3 

Cl4 


C21 

C22 

C23 

C24 

x'3 

C31 

C32 

C33 

C34 

xU 

C41 

C42 

C43 

C44 


and let there be a quantity requiring four measurements for its 
description. Let these, when made by an observer attached to 
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the (xif X2f X3, X4) frame, be denoted by (Ai, A2, A3, A4), and 
when made by an observer attached to the {x'l, x'2, x'3, xU) 
frame be denoted by (A'l, A'2, A'3, A'4). If these eight num¬ 
bers are connected by the same relations as the coordinates 
themselves, th it is, if 

A'r = CriA\ + Cr2A2 + CV3A3 -( Cr4A4, (r = 1 , 2 , 3 , 4 ) ( 123 . 2 ) 

and, consequently, 

Ar = CirA'i + C 2 rA '2 + CsrA'^s + C 4 rA' 4 , (t = 1 , 2 , 3 , 4 ), ( 123 . 3 ) 

then the original quantity is called a four-vector, and 
(Ai, A2, A3, A4) are called its components with reference 
to the (xi, X2, X3, X4) frame. Its components in the other 
frame are (A'l, A'2, A'3, A'4). The former represent the aspects 
of a certain quantity to one observer; the latter, the aspects of 
the same quantity to a different observer. The order in which 
the four components are given is essential to the description : 
Ai, for example, is called the Xi-component, and so on. It fol¬ 
lows at once, from the equations ( 123 . 2 ) and the relations 
( 122 , 2 ) and ( 122 . 3 ) among the coefficients of an orthogonal 
transformation of coordinates, that 

A\2 + _j. ^^32 + ^'^2 = ^j2 + ^32 ^ ^^2^ ( 123 . 4 ) 

If this sum is written A^, the quantity A- is called the square of 
the magnitude of the four-vector. Although the components of 
a vector in two different frames K and K' are different, the mag¬ 
nitude is the same in both frames. Quantities such as this, 
which have the same value in all frames, are known as invariant, 
or scalar, quantities. 

If a point (xi, X2, X3, X4) is so chosen that Xi = Ai, X2 = A2, 
Xz = A3, X4 = A4, it follows that x'l = A'l, x'2 = A'2, x'3 = A'3, 
x'4 = A'4; and the segment of the straight line joining the 
origin to the point may be taken as the geometric representa¬ 
tion of the vector. Unless we wish to localize the vector, any 
segment which is equal and parallel to the representative seg¬ 
ment just mentioned, and which is similarly directed, would do 
equally well. 

Since any coefficient say, of the transformation ( 123 . 1 ) has 
the physical dimensions of the ratio x'r: x^, the physical dimen¬ 
sions of the components (Ai, A2, A3, A4) must be such that 
the ratios Ai: Xi, A2: X2, A3: xs, and A4: X4 all have the same 
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dimensions. It follows that the ratios A'l : x'l etc. all have the 
same physical dimensions. 

There are several ways in which four-vectors may be formed. 

1. If there are two four-vectors, A and B, with components 
(Ai, A2, A3, A4) and (Hi, Bo, H3, H4) respectively, then the four 
quantities (Ai + Hi, A2 + H2, A3 + H3, A4 + H4) are the com¬ 
ponents of a four-vector which is called the sum of the two 
four-vectors A and B and which is denoted by A + B. Of course, 
for this addition to have a physical meaning, A and B must be 
of the same kind ; that is, the common dimensions of the ratios 
Ai: xiy A2: X2, etc. must be the same as the common dimensions 
of the ratios Hi: Xi, H2: X2, etc. Then Ar and Dr (r — 1 , 2 , 3 , 4 ) 
have the same dimensions and can be added together. 

2 . If I is an invariant with reference to change of axes, the 
four quantities (/Ai, IA2, I As, IA4) are the components of a 
four-vector if (Ai, Ao, A3, A4) are. This four-vector is known 
as the product of the vector A by the invariant I and is denoted 
by 7 A. In particular, if / is a pure number, we have numeric 
multiplication of a four-vector. Thus, if I is negative unity, 
(— A], — A2, — A3, — A4) are the components of the four-vector 
— A, which is known as the negative of A. 

3 . If I is an invariant operator, (/Ai, /A2, /A3, /A4) are again 
the components of a four-vector. For example, (Ai, A2, A3, A.i) 
may be functions of a single parameter r which is the same for 

all frames. Then are the components of 

\ dr dr dr dr J 

/7 A 

a four-vector which we may denote by -p-- If the components 

dr 

are functions of more than one invariant parameter, then the 
differentials (dAi, dA2, dAs, dA^) are the components of a four- 
vector which may be denoted by dA. 

124. Illustrations of four-vectors. Many interesting illustra¬ 
tions of four-vectors may be obtained in the Minkowski space- 
time continuum in which the coordinates are {x, y, z, iVi), The 
orthogonal transformations of coordinates in this space are the 
modified Lorentz-Einstein transformations (122.8). 

1 . The quantities (x2 — Xi, ^2 — Vu ^2 — iV{t2 — ^i)) are 
the components of a four-vector, showing that space and time 
intervals are but different aspects of the same thing (the four- 
vector space-time interval). 
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2. If we denote the diflferential with respect to some invariant 

parameter by the sign 6, (5a:, 5^, 5z, iV5t) is a four-vector. The 
square of the magnitude of this four-vector is the invariant 
quantity 8 x'^ + 8 t^. It is customary to write 

5^2 __ _ ^y2 _ 5^2, (124.1 j 

3. We have seen in (120.8) that — = dto is an invariant, where 

a 

a— (l — • Hence 4- ~ a~ is an invariant operator. 

V 1/2/ fii ^ 

Operating on the position-time four-vector (x, z, iVt), this 

invariant operator produces the four-vector 

(a -4* ^ ^ iav\ (124.2) 

\ dt dt dt / ^ ^ 

This is known as the velocity four-vector, and may be written 

(qw, iaV). 

The square of its magnitude is 

V-). (124.3) 

d 

Repeating the invariant operation a ~ on the velocity four- 

at 

vector (or tensor), we obtain the acceleration tensor 

(124.4) 

Upon multiplication of the acceleration tensor by the invariant 
rest mass ???(), we obtain a new four-vector which is known as 
the force tensor. It is 

^moa ~ (ofw), irri^aV (124.5) 


We have already seen, in (120.15), that the ordinary force 
vector is F = mo y (ow) and, in (120.18), that the activity 


(F.w) = moV2^^- 
the form ^ 


Hence the force tensor may be written in 
(aF/^(F.w)), (124.6) 


or, introducing the momentum vector G and the kinetic energy 
/ dG iadT\ 


/ i * ■> 4 rr \ 
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If the velocity tensor (124.2) is multiplied by the invariant rest 
mass mo we get the momentum tensor 

(G,^{T + moV^)^ (124.8) 


(see (120.21)). We thus see how linear momentum and kinetic 
energy are united in the same tensor. 

4. Referring to the equations (121.4), let us see how an 
observer in the K' system would estimate the magnitude of an 
element of volume which is at rest in the K system. In calcu¬ 
lating the element of volume in the X' system, all measurements 
will have to be supposed to be made simultaneously in that 
system. That is, we shall have to regard t' as a constant; and 
this imposes a certain relation on x and ty so that (x', y\ z'y i') 
are now functions of three independent variables (x, y, z) 
instead of four variables (x, y^ z, t) as in the formulas (121.4). 
We find . . . 

d{x’, y', z') = 0d{x, y, 


Ox „ 

where the fact that t' is constant forces ^ to be — • 

dx 


This gives 


Let us now generalize by considering an element of volume 
which is at rest in neither of the systems K and K\ By intro¬ 
ducing an auxiliary system Ko in which the elementary volume 
has momentarily the velocity zero, we find 


dix,y, = 

a 

d{x', y', z’) = <^(^ 0 , yo, 2o) ^ 

a 


where a and a' have the values given in (120.8) and (120.9). 
It follows that 

adiXy yy z) = a'd(x', z') (124.9) 

(a result which is, indeed, obvious if we consider that elements 
perpendicular to the direction of motion are not altered). Now 

we saw in (121.3) that p'=/3 p(l - p Hence, by 

\ / at 
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(120.8) and (120.9), we have =; £, so that ^ is an invariant. 
It follows, from (124.9), that “ “ “ 

p'd,{x', y', z') = pd{x, V, z), (124.10) 

a result which is known as the principle of invariance of charge. 

Since a ^ is an invariant operator, it follows that p is an 

ctt dt 

invariant operator. Using it on the velocity tensor, we obtain 
the four-vector 

(pw, tpV). 

Denoting the current density by j, we have j = pw; whence 
we get the current-density tensor 

(j, (124.11) 

The square of its magnitude gives the invariant p — 

5. In three-dimensional space with orthogonal Cartesian coor¬ 
dinates any plane area may be projected upon the coordinate 
planes; and if (x, y, z) are the coordinates of any point on the 
perpendicular from the origin to the plane of the area, we have 

A^:Ay:A^ = x:y:z 

as the ratios of the projected areas. If the area is an elementary 
one on a surface, we may write 

d{y, z): d{z, x): d{x, y)^x:y:z, 

and may speak of the vector element of area. Similarly, in space 
of four dimensions with rectangular Cartesian coordinates we 
may write 

d{yy z, s):d(z, x, s):d(x, y, s):-d{x, y, z) ^ x:y:z:s. 

The negative sign is due to the fact that we are really erasing, 
one after another, the columns of a three-row matrix with four 
columns, and that the signs follow the law of signs for cofactors 
of a determinant. We may, then, speak of the four-vector ele¬ 
ment of "volume,” and represent it by a segment along the line 
perpendicular to the orientation determined by the "volume 
element.” 

EXERCISE 

Rewrite the formulas ( 121 . 4 ), putting s = iVty s' = iW, Check the 
fact that the matrix of the transformation from d{yz8), d{zx8), 
dixys), ~ d{xyz) to d{y'z's') etc. is the matrix ( 122 . 9 ) of the trans¬ 
formation from (x, y, z, s) to (x', y', z\ s'). 
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125. Tensors of the first order. It may not be out of place to 
explain why these four-vectors have been called tensors, and, 
in so doing, to define tensors in general. 

Let there be a finite number n of independent variables 
(xi, X 2 i • • x„), and let there be given n transformation equa¬ 

tions connecting these variables with n others, (?yi, ^ 2 , • • Vn)- 

That is, let . ^ 

=fi(xu ^ 2 , • • .T„), 

2 / 2 =/ 2 (xi, X 2 , • • x„), (125.1) 

Vn^fniXu X2, • • Xn)y 


where these equations are supposed to be solvable, implying 
that the Jacobian determinant . V-r ' ' of the transfor- 

0(Xu XOy • * •, Xn) 

mation does not vanish. Then, on solving for the x's, we have 
n equations of the type 


= Fiiyu ?/2, * ♦ /yJ, 
Jo = F 2 O/ 1 , z/2, • • •, ?yn), 


(125.2) 


= FniVu 2/2, • • •, 2/n). 

A point, then, in the n-fold space is defined by either the ordered 
set (X], X 2 , • ‘ Xn) or the ordered set (2/1, 2/2, * • *, 2 /n) of n num¬ 
bers, and we may refer to x and y coordinate systems. 

Furthermore, let there be n given functions of (xi, X 2 , • • Xn) 
called (Ai, Ao, • * *, An). By the substitution (125.2) these may 
be made functions of ( 2 / 1 , 2 / 2 , • • •, 2/n)- We shall define two proc¬ 
esses for the transformation of these functions of (xi, X 2 , * • *, x,,) 
into another set of functions of (2/1, 2/2, * • *, 2 /n)- 
a. Covariant. Define (A'j, A' 2 , • • •, A'„) as functions of 
{Vu 2/2, • ' *, 2 /n) given by 


dyi dyi dyi 

A'„ = + A2^+- ■ ■ + 

OVn dVn (^Vn 


(125.3) 


in which {A\, A 2 , ■ ■ A„) and the coefficients ^ are expressed 

dy 

explicitly as functions of {yi, y 2 , ■ • yn)- It is obvious that this 
mathematical process cannot have any meaning unless all the 
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sets of products AiXu ^ 2 ^: 2 , • • AnXn have the same physical 
dimensions, that is, involve mass, length, and time to the same 
degree. Otherwise one could not speak of the sum of the terms 

Ai A 2 • • •, An etc. If there are, then, n functions of 
c^Vi dyi dyi 

(xiy X 2 , • • Xn)j whose dimensions satisfy this condition, n other 
functions of (?/], ?/ 2 , • ' ‘y yn) can be formed by the process de¬ 
fined in (125.3); and it is obvious that the dimensions of these 
quantities are such that the products A'i?/i, A' 2 ?/ 2 , ■ A'n^n 

all have the same dimensions. In this case the operation 
is called a covariant transformation of the first order, and 
(Ai, A 2 , • • An) are called the components in the x coordinate 
system of a covariant tensor of the first rank. Moreover, 
(A'l, A' 2 , * • *, A'n) are the components of the same covariant 
tensor of the first rank in the y coordinate system. These two 
sets of components represent the n different aspects of a single 
''quantity’^ as viewed by two observers having different 
reference frames. 

By convention it is agreed to write the equations (125.3) in 
the abbreviated form 

At _ A A' _ A 

Ai = Aa-^f A2=Aa-^* * * •, 

dyi dy2 

or, in general, A'r = Aa (r = 1, 2, • • •, ?*) (125.4) 

OVr 


the convention being that the appearance of the same index 
letter twice in a single term, provided it is written in Greek, 
means that this term represents a sum of n terms in which the 
letter is put equal, in turn, to 1, 2, • ■ - , w. 

As an illustration, let (Ai, A 2 , ■ ■ ■, A„) be functions having a 
potential such that 



A 

dX2 " dx„‘ 


(125.5) 


Then 


A'l 


8 x 1 8 yi 8 x 2 8 yi 8 xn 8 yi 8 yi ’ 


where we suppose V to be expressed in terms of the y’s, by 
means of the formulas (125.2), before differentiation. In gen¬ 
eral, it turns out that ^ 

A> = vT 8 Xa _ 8 V 

dxa 8yr 8yr 


(125.6) 
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Accordingly both sets of components are derived from the same 
potential V, Of course, the form of this potential is different in 
the two coordinate systems, owing to the fact that the x's are 
used in one system and the y*s in the other; but the value 
taken at any point is the same, no matter what coordinates are 
used. If we indicate that the form is changed by putting a 
prime on V when it is expressed in terms of the y coordinates, 
equation (125.6) becomes 

^ r — ^ * 

dVr 

to which must be added the equation of definition of V', 

V' = y. (125.7) 

A function such as V, which keeps its value at any point, inde¬ 
pendently of its mode of expression in any particular coordinate 
system, is called a scalar or invariant point function. The cova¬ 
riant tensor of the first rank defined by the equations (125.5) is 
known as the gradient of the scalar point function V ; its impor¬ 
tance and the obvious mode of transformation of its components 
may serve to remove some of the apparent artificiality of the 
transformation (125.3). 

h. Contravariant, Starting out once more with n functions 
(Ai, A 2 , • • •, An) of the variables (xi, X 2 , • • •, Xn)y we define 
n functions (A'l, A' 2 , * • An) of the variables ( 2 /j, 2 / 2 , • • Vn) 
bv means of the equations 


= >1, + A 2 + • • • + 1^, 

VXi 0X2 (yXn 


(125.8) 


dxi dx2 


A 

dXn 


where the (Ai, A 2 , • * •, An), and the coefficients^, are supposed 

OX 

to be expressed explicitly in terms of the y's by means of the 
equations (125.2). It is obvious, as before, that the mathemat¬ 
ical process has no physical meaning unless the quantities with 
which we start out are such that the n ratios Ai: Xi, - • A„: Xn 
have the same physical dimensions. Otherwise the sums used 
could not be formed. It follows at once that if these ratios have 
the same physical dimensions, the ratios A'liyu * •', A'n^Vn 
have the same dimensions. 
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The transformation (125.8) from the n functions A of the x's 
to the n functions A' of the y's is quite different from the 
covariant transformation of the first order (125.3). The new 
type of transformation is distinguished from the covariant type 
by calling it a contravariant transformation of the first order. 
Since the set of functions A are of a different kind from those 
discussed in the previous case, it is proper to emphasize this 
fact by using different symbols for them; so they are written 
(A^ A-y • • •, A”) and {A'\ A'% • • A'"') respectively. The 

former are called the components with reference to the x coordi¬ 
nate system of a contravariant tensor of the first rank; the 
latter, its components with reference to the y coordinate system. 
Equations i;l25,8), defining the transformation to which the 
components of a contravariant tensor of the first rank are sub¬ 
ject when we pass from one coordinate system to another, may, 
in accordance with the convention mentioned above, be written 
in the form ^ 

A'r ^ (r = 1, 2, . • ri) (125.9) 

wXfx 

EXAMPLE 

The n differentials (dxi, dx 2 , • * •, dxn) may be chosen as the n com¬ 
ponents in the x coordinate system of a contravariant tensor of the 
first rank, since the ratios dXriXr all have the same dimensions, 
namely, zero. The components of this tensor in the y coordinate 
system are ^ ^ 

A" = dxi H- \-dx„^- dyi, 

and, in general, dyr- 

Hence the n differentials of the coordinates are the components in 
each coordinate system of the same contravariant tensor of the first 
rank. This tensor is called the direction tensor. It was this tensor 
that first suggested the importance of studying the contravariant 
law (125.8) of transformation. 

Remark. The reader will remark that since the differentials of 
the coordinates form a contravariant tensor, the separate components 
dxr should have the attached labels above, instead of below, if the 
notation is to be kept consistent. The usual practice is to indicate 
the coordinates of a point by the symbols (xb x^, • • •, x"), so that 
the fth component of the direction tensor in the x coordinate system 
is dx^ We shall not, however, in this brief introduction follow this 
convention. 
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If (A], A 2 , • • •, An) are the components, in the x coordinate 
system, of a covariant tensor of the first rank, so that the prod¬ 
ucts XiAiy X 2 A 2 , etc. have the same physical dimensions, the 

reciprocals — j —» etc. may be chosen as the components in the 
AI A‘2 

same coordinate system of a contravariant tensor of the first 
rank, since the ratios Xr: — all have the same dimensions. 

Ar 

However, the connection between the two tensors, one cova¬ 
riant and the other contravariant, would be quite peculiar to 

the coordinate system x, as it would not follow that A'^ — 

1 ^ 
etc. when A* = — etc. 

Ai 

126. Tensors of higher order. Let us suppose that we have 
functions of (xi, X 2 , • • •, x„), which are arranged in a definite 
order and which we may denote by 

All, A12, • ♦ •, Alny 

A 21 , A 22 , * • *, A 2 f», 


Au\r An2j ' * ’ A/,,j. 


A covariant transformation of the second order is, by definition, 
one by which n- functions A' of the variables (//i, ^ 2 , • • *, yn) 
are defined by the conventional formula 


A ra — Aaii 


dXg dx^^ 
rHh dys 


(r, s = 1, 2, • • •, n) 


(126.1) 


Thus A'^i= An^l^+ Avj 
oys dy^ 


dxi dxo , , . dx^ dxi 

T—' T-^+ h A2I 77-^77-^ 

dy:\dy^ (hj- 2 ()y\ 


+ • • * + Ann 


dXn dXn 

dy:\ dvA 


It is, as before, evident that onl}'^ certain types of functions Ar., 
lend themselves to a transformation of this type, namely, only 
those groups for which the products AnXiXi, Aj 2 a:iX 2 , and, in 
general, Ar^^XrX, have the same physical dimensions. It follows 
at once that the products A'^^ypyq all have the same physical 
dimensions. The functions Ars satisfying this requirement are 
called the components in the x coordinate system of a covariant 
tensor of the second rank, and the functions A'r., are the com¬ 
ponents in the y coordinate system of the same tensor. 
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A contravariant transformation of the second order, on the 
other hand, is one by which a group of functions A"'* of the 
n variables y are defined, in terms of a given group of func¬ 
tions of the n variables oc, by means of the formula 

^ s = 1, 2, • • •, w) (126.2) 

dXa dX0 

Thus A'-'*'' = A" ^ ^ + A' A+ ■ - ■ + A"" 1^. 

Since the formulas (126.2) are quite different from the formulas 
(126.1) for a covariant transformation, the functions A to 
which the contravariant operation is applied are distinguished 
from those to which the covariant transformation is applied by 
having the attached labels placed as superscripts instead of sub¬ 
scripts. It is evident that the functions A^* must be such that 
the ratios A'^'* :XrXs {nr in number) must all have the same phys¬ 
ical dimensions for the indicated mathematical operations in 
order to have any physical meaning; and it follows as before 
that if this is so, the ratios all have the same dimen¬ 

sions. The ri- functions A’"" are called the components in the 
X coordinate system of a contravariant tensor of the second 
rank, and the n- functions are the components in the y 
coordinate system of the same contravariant tensor of the 
second rank. 

Again, if there is a set of n^ functions A/ of the variables 
(xi, X 2 y ’ y Xn) possessing the property that the quantities 

Ag?' n?- in number, all have the same physical dimensions, 
we may apply the mixed transformation 

AV = A^“^^ (r,s = l,2, (126.3) 

vX-oi vy», 

to obtain a new set of nr functions of the variables y. The n? 
functions A/ are, in this case, called the components in the x 
coordinate system of a mixed tensor of the second rank, partly 
contravariant and partly covariant. 

Similarly, if there is a set of functions Arsh in number, of 
the variables x and of the proper dimensions, a covariant trans¬ 
formation of the third order would be defined by 

{r s, t = l, 2,-■■,n) (126.4) 

OVr oy, dyt 
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Moreover, contravariant transformations and two types of 
mixed transformations of the third order may be defined for 
other sets of functions with different properties. These differ¬ 
ences may be indicated by using for the three different sets 
the symbols 

AmpQ^ Apg^. 


The transformations are obvious. 

127. Sjrmmetric and skew-symmetric tensors. A S 5 mimetric 
tensor of the second order is one in which Apq = Aqp, It read¬ 
ily follows, from the equations of transformation, that this 
implies A'pq = A'qp, showing that the property of being sym¬ 
metric is not peculiar to any particular coordinate system but 

is, rather, a property of the tensor itself. There are only 

distinct components of a symmetric tensor of the second order. 

A skew-symmetric tensor of the second order is one for 
which Apq = — Aqp. It is again obvious, from the equations of 
transformation, that this is properly a quality of the tensor 
itself, not having anything to do with the particular coordinate 
system in use. Since here App == — Appy the n diagonal com¬ 
ponents vanish; and, the others being equal and opposite in 

sign in pairs, there are only — distinct components of a 

skew-symmetric tensor of the second order. Owing to this fact 
the transformation equations take a relatively simple form, thus: 


A'„ ~ 4.,(|a |a _ ^ |a)+ . 

\()yr oy, dyr dyj 

. djXg, Xff) 


= AaP 


S{yr, y,) 


(127.1) 


In the summation on the right it is understood that no Jacobian 
is repeated. Similarly, for a skew-symmetric contravariant 
tensor of the second rank the equations of transformation run 


A = A«P liVrjJfA . (127.2) 

Let us suppose that we are considering a space of four dimen¬ 
sions, and let the six distinct components of an alternating or 
skew-symmetric covariant tensor of the second rank be written 
in the order (A 23 , A 31 , A 12 , Au, A 24 , A 34 )* Let us confine our 
attention to orthogonal transformations, and among these 
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orthogonal transformations let us consider for the moment only 
those which involve merely the variables (xi, X 2 , X 3 ). Then 
three of the Jacobians in the summation on the right of (127.1) 
(those involving the derivatives of X 4 , in fact) vanish in the 
expressions for A'23, A'31, and A'12. We have, for example, 


A'23 = A23 + A31 + A,2 

o{V2, 1/3) d{y2, y 3 ) d{y2, y 3 ) 

Now the transformation from the three variables (xi, X2, X3) to 
the three variables (|/i, ^ 2 , 2 / 3 ) is an orthogonal one, and so the 


Jacobian for example, is equal to (see (3.3)). 

^( 2 / 2 , Vs) oyi 

Hence, if we write A 23 = Bi, etc., our formulas take the form 


B'l = Bi + B 2 + B 3 etc. 
oyi oyi dyi 

This tells us that the three quantities (A 23 , A 31 , A 12 ) may be 
regarded as the components of a vector in the three-dimensional 
subspace obtained by setting X 4 constant. Similarly, the three 
quantities (Ah, A24, A34) are the three components in the x 
coordinate system of a vector, provided the fourth variable X 4 
does not enter the transformation. Thus the alternating tensor 
might be written in the form (B, C), but there is a physical dis¬ 
tinction between the vectors B and C to which attention should 
be called. The three quantities A23, A31, A12 are such that 
A2SX2X3, A31X3X1, A12X1X2 all have the same physical dimen¬ 
sions, and hence the three ratios : Xi, B 2 : X 2 , B 3 : xs all have 
the same physical dimensions. By a similar argument the three 
products CiXi, C2X2, C3X3 all have the same physical dimensions. 
In other words, the vector B is contravariant in type, and the 
vector C is covariant in t 3 rpe. 

A similar analysis of an alternating contravariant tensor of 
the second rank may be made. The first of the two vectors will 
now be covariant; the second, contravariant. 

A symmetric tensor — covariant, let us say — of the third 
order is one for which 


Amoo — Apfna — An 


Amqp — Apqrn — A^p, 


Ammp — Ampm ' 


There are 


distinct terms of the former type, and 


n{n — 1) of the latter. In addition, there are n terms of the type 
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Ammm- The total number of distinct terms is then i 
as is evident directly. ^ 

A skew-symmetric, or alternating, tensor of the third order 
is one in which an interchange of two index letters changes the 
algebraic sign but not the numeric magnitude of the component 
in question. As before, it is readily apparent that this is a qual¬ 
ity of the tensor itself and has nothing to do with the particular 
coordinate system in which we are examining its components. 
We have 

•^mpq ~ ^pniq — ^qmp -^mqp ~ ‘^pgm ~ -^gpmf 

■^mmp ~ ^mmp ~ 0 , 

A,nmm — -^Trimm 0. 

There are consequently S n(n — 1) nor Sn- — 2n terms which 
vanish. The remaining — 3n- + 2 n or n(n — l){n — 2) tenns 
may be grouped in sets of six, three of each six being equal and 
three being equal to these in magnitude but opposite in sign. 

There are, accordingly, distinct terms. Owing 

o 

to the relations given above, the formulas of transformation 
take the relatively simple form 

AV., = Xfr Xy) ^j27.3) 

OiVr. Vsr Vt) 

where it is understood, as before, that no Jacobian is repeated 
in the summation. 

128. Use of orthogonal axes. The t 3 rpe of transformation from 
the variables x to the variables y which we have been considering 
in the foregoing paragraphs has been quite general. All the 
properties of tensors, however, simplify if the coordinates x and 
y are orthogonal and Cartesian, so that the transformation is of 
the type considered in § 123. The transformation from x to y 
being written in the form 

yr — Cra^af 

the transformation from ^ to x is 

Xr — Caryoc 

(see (123.2) and (123.3)). It follows at once that 



(128.1) 
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showing that there is now no distinction whatever between 
the covariant type of transformation defined by (125.3) and the 
contravariant type defined by (125.9). 

The coordinates x of a point, when we restrict ourselves to 
transformations from one set of rectangular Cartesian coordi¬ 
nates to another, are now the components in the x coordinate 
system of a tensor of the first rank, which is called the position 
vector. Since the distance of a point from the common origin 
of the coordinate frames is independent of the particular system 
of coordinates in use, we have the invariant xr + ^ 2 ^ + ^ 3 ^ + X 4 -, 
Similarly, from the formulas 

A'r = Ac ^ = CraAa (128.2) 

OVr 

connecting the components of any tensor of the first rank (or 
vector) in two coordinate frames, we derive the invariant 

+ A 2 ^ + ^ 3 - + (128.3) 

which is known as the square of the magnitude of the tensor. 
In a four-dimensional space in which transformations from one 
set of Cartesian axes to another are being considered, a tensor 
of the first rank is known as a four-vector. Any four-vector may 
be represented geometrically by the linear segment joining the 
origin to the point whose coordinates are (Ai, A 2 , A 3 , A 4 ). 

There is a similar simplification for tensors of higher rank. A 
covariant tensor of the second rank has its components subject 
to the transformation 

A'rs = Aa/3 == CraCa^Aa^^ 

OVr ()Vn 

and a contravariant tensor of the second rank has its compo¬ 
nents subject to the transformation 

^ = CraCseA'^^ I 

i/Xoc 

so that the transformation for covariant and contravariant ten¬ 
sors of the second rank is the same. The alternating tensors of 
the second rank, in space of four dimensions, are known as 
six-vectors. We have already seen how to present them as a 
combination of two vectors in the subspace of three dimen¬ 
sions obtained by not subjecting the fourth variable to any 
change and not letting it enter the transformation of the other 
three variables. 
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129. The products of tensors. It is an immediate consequence 
of the formulas (125.4) and (126.1) that if the n quantities 
(Ai, • • An) are the components, in any system of coordinates 
X, of a covariant tensor of the first rank, and if the n quantities 
(Hi, • • •, Bn) are the components, in the same system of coordi¬ 
nates, of a second covariant tensor of the first rank, then the 
71- quantities (AiBi, A 1 B 2 , • • *, AnBn), arranged in the order 
indicated by Ar* = ArB«, are the components, in the x system 
of coordinates, of a covariant tensor of the second rank. This 
tensor is called the simple product of the tensors A and B in the 
order AB. It is at once evident that this kind of product is not 
commutative in general; that is, it is not in general true that the 
product BA is the same as the product AB. In fact, the com¬ 
ponent Brny say, of the product BA is Br A^. If now we form the 
difference of the two products AB and BA, we derive a covari¬ 
ant tensor of the second rank whose rs component is ArB* — BrA«. 
This new tensor is alternating, and is called the outer, or geo¬ 
metric, product of the two covariant tensors of the first rank, 
A and B. When n = 4, there are six distinct components in 
the alternating outer product; and when we limit ourselves 
to orthogonal transformations, the outer product of two four- 
vectors is a six-vector. When n = 3, there are only three dis¬ 
tinct components in the outer product; and when we limit 
ourselves to orthogonal transformations, we see that the outer 
product of two vectors is again a vector. This is the vector 
product [A.B] of Chapter I. In exactly the same way we can 
form the outer product of two contravariant tensors of the first 
rank. As an illustration, let us consider a spread 82 of two dimen¬ 
sions in a space of n dimensions. The points x on S2 are express¬ 
ible in terms of two parameters (ui, U 2 ); and at any point x of 
S2 we have two direction tensors whose components are, respec- 

tively, dxr and Sxr, where dxr = ^ dui and dxr = ^ dw 2 . The 

aui 0U2 

outer product of these two direction tensors is a contravariant 
tensor of the second rank whose rs component is 

dui du2. (129.1) 

d(ui, M 2 ) 

This component is conveniently denoted by d(Xr, x,). The ten¬ 
sor derived in this way by forming the outer product of the two 
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parametric direction tensors is called the orientation tensor of 
the element of surface of S 2 at the point in question. In space 
of four dimensions, when we limit ourselves to orthogonal trans¬ 
formations, this orientation tensor is a six-vector. 

In exactly the same way that simple products of covariant 
tensors and of contravariant tensors of the first rank have been 
formed, a simple product of a covariant tensor of the first rank 
and a contravariant tensor of the first rank may be set up. 
Thus, if we have a covariant tensor A and a contravariant 
tensor B, the quantities Ararranged in the order indicated 
by Ar* = ArB* form a mixed tensor of the second rank, partly 
covariant and partly contravariant. This follows at once from 
the formulas (125.4), (125.9), and (126.3). In fact, we have 


AV = A',B'* = Acc 


dXg 

dVr 


dx^ 


AaB3 


dxg dy, 
dyr dx^ 


= Ag^ 


dxg dys 
dyr dx0 


showing that the quantities A/ are the components of a mixed 
tensor. The components A'/, n in number, for which the 
superscript takes the same numeric value as the subscript, are 

given by the formula ^ ^ 

A V = AaiS ^ ^. 

dyr dx^' 


and if we add these n components together, we obtain the 
relation » _ 

A'p — A 

dyp dxfi 


We have a triple summation on the right; and if we sum with 
respect to p first, we see that the result is unity or zero, accord¬ 
ing as the value assigned to ^ is or is not the same as the value 

assigned to a. For the summation is nothing but the 

dyp dx0 

derivative of Xg with respect to x^, the y's acting as intermediary 
variables. We have, then, the relation 


AV = Aa« (129.2) 

which tells us that the sum of the n components of a mixed ten¬ 
sor of the second rank, for which the numeric value assigned the 
superscript is the same as the numeric value assigned the sub¬ 
script, has the same value in all coordinate systems. In other 
words, this sum is an invariant. It is easy to see that the method 
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by which this result was deduced is applicable to obtain other 
results of a similar nature. Thus, if we have a mixed tensor of 
rank three Ars\ covariant of rank two and contravariant of rank 
one, the sum of the n components for which the numeric value 
assigned to s is the same as the numeric value assigned to t is 
a covariant tensor of rank one. Thus from the mixed tensor 
we derive the covariant tensor Ar = Ara“, whose rank is 
less than that of the original tensor by two. Similarly, we can 
derive another covariant tensor of rank one, Br — A^r". This 
process, by which we can derive from any mixed tensor one or 
more tensors whose rank is less than that of the original one by 
two, is known as the process of contraction. When the mixed 
tensor is itself derived as the simple product of two tensors, one 
covariant and the other contravariant, the double operation — 
that of first finding the simple product and then contracting the 
resulting mixed tensor — is known as inner multiplication. 
Thus the inner product of the covariant tensor of the first 
rank Ar and the contravariant tensor of the first rank R* is 
the invariant AaR". In Chapter I we have already met this 
scalar product of two vectors. As we were there limiting our¬ 
selves to orthogonal transformations, the distinction between 
covariant tensors and contravariant tensors did not appear. 

The process of forming the simple product is at once seen to 
be applicable to tensors of higher rank than the first. A single 
example will suffice. Thus, if we have a covariant tensor of the 
second rank, Ars, and a contravariant tensor of the third rank, 
R/mn^ the quantities arranged in the order indicated 

by = ArsB^^^, are the components of a mixed tensor of 

the fifth rank, covariant of rank two and contravariant of rank 
three. A first contraction of this mixed tensor yields the mixed 
tensor of the third rank, A^aR^"*", covariant of rank one and 
contravariant of rank two. A second contraction yields the 
contravariant tensor of rank one A^aR^^". 

Similarly, the process of forming the outer product can be 
extended to tensors of higher order. Thus the outer product of 
three covariant tensors of rank one, Ar, R*, C<, is found by first 
forming the six simple products obtainable by permuting the 
order of the factors, and then adding or subtracting these ten¬ 
sors according to the rule of signs which holds in the theory of 
determinants. Thus the outer product of the three covariant 
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tensors of the first rank is a skew-sjnnmetric covariant tensor 
of rank three, whose rst component is the determinant 

Ar As At 
Br Bs Bt » 

Cr Cs Ct 

and similarly for the outer product of three contravariant ten¬ 
sors of the first rank. 

For example, let us consider a spread of three dimensions, S3, 
in our space of n dimensions. At any point x of this spread we 
have three parametric directions, the direction tensors being 
dXr, dxs, and Sxt, say, where 

dXr^^dUi, dx, = ^dU 2 , bx, = ^dU3, 

OUl 0U2 m3 

(ui, U 2 , U 3 ) being the three independent parameters in terms of 
which the various points x of the spread S3 may be expressed. 
The outer product of these three direction tensors is an alternat¬ 
ing contravariant tensor of rank three whose rst component is 

dui du 2 du3. (129.3) 

d(Uu U 2 , U 3 ) 

This component is usually denoted by d{Xr, Xs, Xt), and the ten¬ 
sor may be said to describe the orientation of the element of 
volume of the spread S3 at the point x in question. If we are 
dealing with a space of four dimensions, the outer, or geometric, 
product of three tensors, either contravariant or covariant, of 
the first rank has only four distinct components; and if we are 
limiting ourselves to orthogonal transformations of coordinates, 
these may be regarded as the components of a four-vector. In 
the case treated above, where the outer product describes the 
orientation of the volume element of S3, the four-vector is per¬ 
pendicular to this volume element. A little care is necessary in 
regard to sign in passing over in this way from the alternating 
tensor of rank n — 1 to the vector. What we are really doing 
is observing that each element of the matrix of the orthogonal 
transformation is equal to its cofactor in the determinant of the 
matrix. Thus, when n = 3, the three components of the vector 
are (A 23 , — A 13 , A 12 ). If we wish to avoid writing in the nega¬ 
tive sign, we may avail ourselves of the alternating character of 
the tensor of rank two to write these components as (A 23 , Aai, 
A 12 ). In the case where w = 4, the four components of the four- 
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vector are (A234, — A134, A124, A123). If we wish to avoid the 

minus signs, we may write these (A234, A314, A124, A321); but 
then especial attention must be directed to the reversal in the 
order of the subscripts in the last term. 

EXAMPLES 

1. The simple product of An, a covariant tensor of rank two, and 
a contravariant tensor of rank one, is the mixed tensor of rank 

three A^AK Contracting this in one of the two possible ways, we 
have one of the inner products of the two tensors; for example, 
Aa»A^ — At, The inner product of this and a second contravariant 
tensor of rank one, yields the invariant 
A^B^, or Aa&A^B^, 

Conversely, if we are assured of the invariancy of this double sum¬ 
mation when the quantities A'^ and S* are the components of arbitrary 
vectors, we may infer that the quantities Art are the components 
of a covariant tensor of rank two. 

2. The Lorentz-Einstein transformation, when put in the modified 
form introduced by Minkowski, is a special orthogonal transforma¬ 
tion of four variables. The matrix of the coefficients has been given 
in (122.9), and from this matrix the components of a four-vector in 
one system can be read off when the components in the other system 
are known. As examples of four-vectors, we have already given the 

velocity tensor (ow, iaV) and the force tensor (a¥, ~ (F.w)^. The 

matrix from which we can read off the components of a six-vector 
in one system when its components in the other system are known 
has six rows and six columns. The number in the pq row and rs 
column of this matrix of order six is the two-row determinant 

I c c I 

^ formed by taking the rows p and q and the columns r and 8 

Cqr Cgt I 

of the matrix (123.1). In this way we obtain the following matrix, 
showing how the components of a six-vector are transformed: 



23 

31 

12 

14 

24 

34 

2'3' 

1 

0 

0 

0 

0 

0 

31' 

1'2' 

0 

0 

0 

0 

0 

0 

0 

— i0v 
V 

i0v 

V 

0 

1'4' 

0 

0 

0 

1 

0 

0 

2'4' 

3'4' 

0 

0 

0 

— iffv 
V 

i§v 

V 

0 

0 

0 

P 

0 

0 

P 


(129.4) 



From this table we read off 
A'23 = 
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A'zi — ^ -^ 34 ^, 

A'\2 — ^{Ai2 ■— “ > 424 ^» 


A'li, — Ai4, 

-A'24 = ^^A 24 + ^ Ai2^, 
A'34 = /^^A 34 — ~ Asi^. 


Upon comparing these equations with equations (121.1), giv¬ 
ing the transformation undergone by the electric and magnetic 
force components when we pass from a system X to a system 
K' having a uniform velocity v in the direction of the common 
x-axis relative to Ky we see that under a LfOrentz transformation 

the six quantities (Ej,, Ey, E^y H^y Hy, transform 

\ c c c f 

like the components of a six-vector. On using the relation 

c = V(e/x)^, we see that under a Lorentz transformation the six 


quantities 




transform like the components of a six- 


vector. This is not sufficient to show that these six quantities 
are actually the components of a six-vector, since the Lorentz 
transformation is a special orthogonal transformation. But if 
we remember that there is no privileged direction in our three- 
dimensional space, we can consider all possible Lorentz trans¬ 
formations which are obtained by varying arbitrarily the 
direction of the x-axis and the magnitude of the relative velocity 
V; and in this way all possible orthogonal transformations of the 


four variables are obtained, showing that 




is actually 


a six-vector. Obvious modifications are obtained by using the 
definitions D = -—> B = juH, and remembering that V — —-— 

Thus there are the six-vectors 


{VeE, iVJill), (129.5) 


It is easily verifiable that if (A, B) constitutes a six-vector 
so also does (B, A), and that B- and (A.B) are invariants. 
Using these results, a number of invariants of the electromag¬ 
netic field can be obtained from (129.5). 
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CHAPTER XIX 


PHYSICAL DIMENSIONS 

130. Definition of dimensions. Illustrations. The fundamen¬ 
tal quantities discussed in mechanics are mass, length, and time, 
and all the physical quantities considered in mechanics are 
defined in terms of these. Thus the numeric value of a velocity 

is ^; of a force, m ~; of kinetic energy, i mv -; and so on. 

at at Z 

Consequently velocity is said to have the dimensions of LT~^; 
force, those of MLT~'^; kinetic energy, those of and 

so on. One cannot add or subtract the numeric measures of 
two quantities unless these two quantities have the same dimen¬ 
sions. It is meaningless to add the measure of a mass to the 
measure of a velocity. Any equation in physics, therefore, 
must involve only terms of the same dimensions. It can then 
express the equality of two numbers which represent the values 
of the terms as obtained, either directly or indirectly, by meas¬ 
urements. Further, if vectors appear in an equation, the vector 
on the right-hand side of the equation must have the same vec¬ 
tor sense as the vector on the left. A vector, for instance, in the 
direction of the x-axis cannot be equated to one in the direction 
of the 2 /-axis. We shall use rectangular Cartesian axes; and, in 
order to keep the direction concept in our equations, we shall 
use the symbols Ly, to denote lengths measured parallel 
to the (x, y, z) axes respectively. Thus, instead of saying merely 
that velocity has the dimensions LT~^, we shall say that it has 
the dimensions (LjT~\ LyT~\ LzT~^)y implying thereby that 
it is a vector and that its three components have, respectively, 
the dimensions mentioned. Our remark that a vector in the 
direction of the x-axis cannot be equated to one in the direction 
of the y-axis implies that a term with dimensions LxT~^y for 
example, cannot be equated to a term having dimensions 
Every equation involving physical quantities must be homo¬ 
geneous with respect to M, T, L^, L^, L^. 

It is important, therefore, to determine what are the dimen- 

449 
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sions of the more usual physical quantities which occur in 
mechanics. The dimensions of the most important of these 
quantities are given below. 


Velocity components (p. L^T-\ LyT-\ UT-\ 

\at at at/ 

Momentum components (m m m MLxT~^, MLyT~^, 
MIj T~^ ^ 

Acceleration components L^T-^ L^T-^, 

\at^ at^ at-/ 


Force components etc.^: MLxT~^ etc. 

Element of area {d{y, z), d{z, x), d{x, y)): LyL^, LzL^, LxLy. 

Element of volume {d{:x, y, z)): L^LyL,. 

Density 

Work ((F.ds), the two vectors ha\ing the same direction): 
ML;^T--, MLy^T-'^, or MLrT-^. 

Energy mv^): ML^-T-^, MLy^T~^, or 

Activity or power (F.v): MLx^T~'^, MLy~T~^, or MLx^T~^. 

Action (m ^ • dt^: MLx^T~\ MLy^T-\ or MW^T-\ 

Pressure (force per unit area, the area being perpendicular to 
the force): ML^Ly-^Lr^T-^, MLyLr^Lx-'T-~, etc. 

Tangential or shearing stress (force per unit area, the area being 
parallel to the force): MLxLx~'Ly~^T~^, that is, MLy~^T~^ 
etc. 


Strain etc.^: dimensions are zero. 

Coefficient of elasticity, (that is. Young’s modulus): 




strain 


Compressibility, the reciprocal of the coefficient of elasticity, has 
the dimensions of the reciprocal of pressure: M~^Lx~^LyLxT^ 
etc. 

Coefficient of viscosity (tangential stress divided by the change, 
per unit length perpendicular to the stress, of the velocity 


parallel to the stress): = ML^-^Ly-^UT-^ etc. 

(The dimensions given correspond to the case where the area 
is perpendicular to the z-axis.) 
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Plane angle where ds is perpendicular to r^: for instance, 

TjyTjx ©tc. 

Solid angle where dS is perpendicular to : Lx'^^LyL^ etc. 

Moment of inertia, simplest case (mr^): etc. (see below). 

Product of inertia: MLyLz etc. 

Angular velocity: LyLx~^T~^ etc. 

Angular momentum : MLxLyT~^ etc. 

Moment of force: MLxLyT~^ etc. 

Now the formula for the distance between two points in a ^ 
Euclidean space, when rectangular Cartesian coordinates are 
employed, is of the type 

= (Ax )2 + {^yY + {^zY ; (130.1) 

and if we are going to employ this formula, we shall have to 
admit that a quantity of dimensions Lx^ can be added to a quan¬ 
tity of dimensions Ly- or of dimensions In other words, the 
square of Lx, of Ly, or of Lz has lost the element of direction and 
is simply the square of a length. (This is illustrated by the 
dimensions of energy, activity, and action.) For example, 

L^LyLr^ = = L,Ly~'L„ so that L„7„-> = In- 

stead of doing this, we may regard the unit coefficients of the 
fundamental formula (130.1) as themselves dimensional quan¬ 
tities, the coefficient of (Ax)- having then, necessarily, the 

dimensions and likewise for the other coefficients. As we 

Lx"" 

shall wish to add lengths in different directions, we shall as 
before have to regard L- as having lost the element of direction, 
so that the two points of view are equivalent. However, the 
latter has the advantage that it enables us to avail ourselves of 
generalized coordinates in which the distance formula is of the 
type = QatsAqaAq^. The dimensions of would then be 

where Or, for instance, denotes the dimensions of the 

QrQs 

generalized coordinate qr. Directly connected with the distance 
formula is the identical relation connecting the direction cosines 
of a line; and a consideration of this formula also shows that 
Lx^, Ly^, Lz^ must be regarded as having the common dimen¬ 
sions L^. 
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It should be noted that there are two distinct groups of vector 
quantities, which are distinguished by their dimensions. In one 
group belong vectors such as velocity, force, and acceleration, 
which have the property that the dimensions of the component 
with reference to any axis are proportional to the element of 
length in that direction; so that, calling the vector A, and 
indicating dimensions by the use of a square bracket, 

[AJ:[A,]:1A,]=:L,:L,:L.. 

The dimensions of — > — are all the same. This group con- 

X y z 

tains the vectors which in the preceding chapter were called 
contravariant tensors of the first rank. In the other group are 
contained vectors such as angular momentum and moment of 
force. The vectors of this group are such that the dimensions 
of the component with reference to any axis are proportional to 
the products of the elements of the other two axes. Denoting 
the vector by B, we have 

[B .]: [B ,\: [B.J = : L.L,: L.Ly. 

The dimensions of xBx, yBy, zBz are therefore all the same. 
This group consists of the covariant vectors of the first rank. 
As has been seen in the preceding chapter, the outer product of 
any two vectors of the first group belongs to the second group. 
The equation of the momental ellipsoid is 

Ax^ + By^ +• Cz^ — 2 Fyz — 2 Gzx — 2 Hxy = 1, 
where A = 'Em{y-+ B ~Zm{z- + x-)^ C = + 

F = Zmyz, G = Zmzx, H = 'Emxy. 

These, when a minus sign is attached to F, G, and //, are the 
six distinct components of a symmetric covariant tensor of the 
second rank. In general, the dimensions of the various compo¬ 
nents Axx etc. of any covariant tensor of rank two are such that 
the products A^xX^^ * • •, Ayzyz^ • • • all have the same dimensions. 

The case of pressure also calls for attention. Writing the com¬ 
ponents of the normal and tangential stresses at a point as 
Pxxy Pyyy Pzzy Pyzy Pzxy Pxyy thcir dimeusionsare ML^Ly'^ 

MLz~^T~^, respectively. The dimensions are such that the 

quantities ^ all have the same dimen- 

yz zx xy 
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sions. The stress tensor is therefore a symmetric contravariant 
tensor of rank two. 

131. Other fundamental dimensions. It has been proposed to 
adopt, in place of one of the fundamental quantities M, L, T, 
the concept energy. This is possible, as £7 = ML^T~^ may be 
substituted in any one of the fonnulas. 

In other branches of physics than mechanics, quantities enter 
the formulas for which the expressions in terms of mass, length, 
and time are not known. Thus the experimental law for the 
equation of state of a perfect gas is 

pV = mRd, 

where p is the pressure, V the volume, m the mass, d the absolute 
temperature, and R a constant for any one gas. Writing the 
dimensional equation 

ML^Ly~^L^-^T-^.L,LyU = MlRd], 

we find \Re\ = = L^T-^. 

If R is replaced in the formula for the equation of state by —,y 

m' 

where m' is the mass of a molecule of the gas, Rq will be a uni¬ 
versal constant, the same for all gases, and 

[i?o0] = 

Hence the product Rod has the dimensions of energy, and this 
is all that can be said. 

Similarly, by the equation of definition of entropy S, dS = , 

0 

in which AH is the heat added to the body at temperature 6. 
Hence SO has the dimensions of energy, so that Rq and have 
the same dimensions. 

Another illustration is furnished by the experimental law for 
the force between two electric charges e and e', at a distance r 
apart, in a definite dielectric, namely. 



where € is a constant for any one medium. Writing down the di¬ 
mensions, we have 

ML.r-2=[yL-3L., 
or P j= whence = 
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Similarly, writing fx as another constant for a medium, depend¬ 
ing upon its magnetic properties, the dimensions of a magnetic 

charge are ^ 

Furthermore, since the velocity of electromagnetic waves is 
—-—» where c is a dimensionless number, 

[e/x] = L-^T^. 


Nothing further is known concerning the dimensions of e, m, 
e, and jjl, 

132. Dimensional equations. The properties of dimensions 
may be used to determine physical laws, provided there is 
sufficient knowledge of the elements involved in the phenomena. 
Two simple illustrations will be given; but for a detailed treat¬ 
ment, reference should be made to Bridgman’s ''Dimensional 
Analysis” and to papers by Buckingham and others. 

Let there be a drop of liquid oscillating under the influence 
of its surface tension. It will be assumed that the only properties 
of the drop which affect the period of its vibrations are its den¬ 
sity p, its volume F, and its surface tension H. Under these 
conditions the dimensions of the period must be the same as 
those of some function of p, V, and H. Assuming that this 
function is a simple product of powers of these quantities, 
we have 

T = ipnvnHy. 

where (a, jS, 7 ) are unknown exponents which we proceed to 
determine. Writing in the dimensions of the various quantities 
involved, we have 

This gives the three equations 

a 4 . 7 = 0, 
iS - a = 0, 

-27 = 1 ; 

whence we obtain 7 = — a = ^, /3 = f. 

Accordingly, the law of vibration of the drop is that the period 
T is proportional to 
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This process can be applied if there are only three variables 
upon which the period depends. But it is obvious that the vis¬ 
cosity and the coefficient of elasticity may be involved. The 
viscosity /x, being the ratio of force per unit area to velocity per 
unit length, has the dimensions of ; and, instead of 

expressing the elasticity explicitly, the velocity of compressional 
waves, c, in the liquid may be used, the dimensions of which are 

LT~K It is then obvious that the dimensions of the ratios 

LL H ** ^ 

—and -- reduce to zero. Instead of the five variables 

pcV* pc^V^ 

p, Vy Hy fXy and c, it is necessary, then, to choose three, and two 
functions of a dimensionless character. Choosing p, V, H, and 
the first two dimensionless ratios just given, our dimensional 
equation becomes 

T=[pnvmvh (f )/2 

Since the arguments of the functions /i and J 2 are dimensionless, 
we find the same values for a, /3, 7 as before; and we have 

If we had chosen p, and H as the three dimensional quanti¬ 
ties, and ^ and - - ■ as the two dimensionless ratios, we 
H 

should have found in precisely the same way 

Since V appears only in the last factor, a further conclusion can 
be drawn from this last equation, namely, that if experiments are 

jj 

performed upon different drops for which-- is the same, the 

pc^V^ 

ratio of the periods is independent of the volume. 

Another illustration is afforded by the problem of the resist¬ 
ance of a fluid to a sphere moving through it. The possible 
variables (of which there are five) may be selected, a prioriy as 
the density of the fluid, p; the linear dimensions of the sphere, I ; 
its velocity, v ; the viscosity of the fluid, p ; and the velocity 
of compressional waves, c. The dimensions of the quantities 
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^ and - are zero. Hence, choosing n, p, and v as variables, the 
p c 

law of resistance is 

whence MLT-^ = M“L-“r-“M^L- 3 ^L')'r-X 


It follows that a = 2 , /3 = — 1 , 7 = 0 , 


Experiments show that F is proportional to P over certain 

ranges of v. Hence we may put » and our 

formula becomes ^ ^ ^ ' 


F = 



In any case, it is clear that if in experiments on two spheres 


the quantity 


is the same, the ratio of the forces of resist¬ 


ance is independent of the dimensions of the sphere; that is, 
that there is no scale effect. 

We might have selected p, I, and v as variables, so that 


We find, exactly as before, on equating exponents in the dimen¬ 
sional equation, that 

a = l, i 3 = 2, 7 = 2; 

so that F = 

The expression ^ is known as Reynolds’s number. 
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Atwood’s machine, 106, 111 
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Bessel function of zero order, 394 
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Boundary conditions, 380 
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Canonical equations, 266, 268 
Canonical variables, 352 
Cardan bracket, 248 
Carnot’s theorem, 278 
Cartan, E., 361 
Cavendish, Henry, 178 
Center, mean, 68 
Center of mass, 185 
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Central forces, 119, 173, 320 
Centrifugal force, 117, 207 
Centrifugal moment, 238 
Centripetal acceleration, 102 
Characteristic equation, 124. 289 
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Characteristic polynomial, 133 
Characteristic spreads, 404 
Church, Alonzo, 413 
Circular points, 194 
Clifford, W. K., 72 
Clock, 410 

Compass, gyroscopic, 255 
Complete elliptic integral, 154, 243 
Complete integral, 316, 318, 406 
Compressibility, 450 
Conical pendulum, 162 
Conjugate tensor, 38 
Conservation of areas, 173 
Conservation of energy, 121, 142, 189 
Conservation of momentum, 143 
Conservative force system, 142 
Consonant notes, 386 
Constraint, least, 332 
Constraints. 256, 409 
Contact transformation, 315, 327 
Continuous groups of transformations, 
343 

Contraction, 444 
Coordinate curves, 29 
Coordinate directions at a point, 29 
Coordinate surfaces, 29 
Coordinates, Cartesian, 2; curvilinear, 
28; cyclic, 268, 270 ; cylindrical, 26; 
generalized, 256; ignorable, 159, 268, 
270; of a localized-vector system, 64 ; 
normal, 292; orthogonal (??. dimen¬ 
sions), 425, 440; of a sliding segment, 
62 ; space polar, 27 
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Coriolis, acceleration of, 101 
Couple, 67 

Curl, 54 ; in Cartesian coordinates, 22 ; 

in curvilinear coordinates, 34, 35 
Current-density tensor, 431 
Curvature, principle of least, 832 
Curvature vector, 98 
Cyclic coordinates, 268 
Cycloidal pcmdulum, 152 
Cyclones, 224 

Damped harmonic vibrations, 123 
Damped waves, 391 
Damping factor, 392 
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Decrement, logarithmic, 126 
Definite quadratic form, 296 
Degrees of freedom, 329 
Denizot, A., 254 

Density, linear, 196; surface, 196; vol¬ 
ume, 196 

Derivative of a vector, 23, 88 
Deviation moment, 233 
Dielectric constant, 453 
Differential equations: linear, 123; 
linear partial (w variables), 401; 

pi = a^g,877: |S=a^A.«. 401; 

Differential parameters, Cartesian coor¬ 
dinates, 22; curvilinear coordinates, 
34, 35 


Dimensional equations, 454 
Dimensions, physical, 449-456 
Direction tensor, 435 
Directional derivative, 20 
Dirichlet’s theorem, 283 
Discriminant of a quadratic form, 292 
Dispersion of waves, 397; J. J. Thom¬ 
son’s model, 400 
Displacement, rigid, 76, 86 
Dissipation forces, 267, 285 
Dissipation function, 267, 285 
Distortion of waves, 383, 397 
Divergence, 50; in Cartesian coordi¬ 
nates, 21; in curvilinear coordinates, 


34 


Drag acceleration, 101 
Drag velocity, 92 

Djmamic equations, first integrals of, 
338 

Dynamics, Newton’s laws of, 104, 105, 
109 


Energy, of the accelerations, 332; of 
forced vibrations, 137; kinetic, 121, 
141,187.190; potential, 121,142,188; 
of a wave train, 388 
Energy integral, 121, 141, 189 
Energy and mass, 422 
Entropy, 453 

Epicycloidal precession, 219 
Equilibrium, 282 

Equivalent localized-vector systems, 64 
Euler’s angles, 80 
Euler’s equations, 198, 207 
Euler’s theorem, 83 

Falling body, deflection of, 224 
First integrals, 338 

Flux of a vector field through a surface, 
45 

Foci of inertia, 195 
Focus, 174 

Force, absolute, 116; central, 119; cen¬ 
trifugal, 117; concept of, 107, 421; ex¬ 
ternal, 184; generalized, 150; gravi¬ 
tational, 112; of gravity, 223; inter¬ 
nal, 184; moment of, 143; relative, 
115 

Force tensor, 429 
Forced precession, 232 
Forced vibrations, 132, 287 
Forces, composition of, 106 
Foucault’s gyroscope, 250 
Foucault's pendulum, 225 
Fourier analysis of vibrations or waves, 
384 

Four-vectors, 427, 428-431; products 
of, by a scalar, 428; sum of, 428 
Free axes of rotation, 198 
Freedom, degrees of, 329 
Frequency, 122, 379 


Earth, rotation of, 220, 223, 225 
Einstein transformation, 415 
Elastic constants of a wire, 377 
Electric current, 431 
Electric density, 423, 430 
Electromagnetic field, equations of, 56, 
423 

Element of area, 45 

Element of volume, 47, 430; four- 
vector, 431 

Ellipse, geometry of, 176; momental, 
194 

Ellipsoid, momental, 192 
Elliptic functions, Jacobian, 165; Weier- 
strassian, 163, 243 
Elliptic integral, 154,168, 243 


Galileo, experiments of, 104 
Gas constant, 453 

Gaussian principle of least constraint, 
332 

Gauss’s theorem, 49 
Generalized coordinates, 256 
Generalized forces, 160, 258 
Generalized momenta, 150, 262 
Geometric product of tensors, 442, 455 
Gradient vector, Cartesian coordinates, 
20, 434; curvilinear coordinates, 31,35 
Gravitation, law of universal, 177 
Gravitational constant, 178 
Gravity, acceleration due to, 222 
Green’s lemma, 48 
Green’s theorem, 60 
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Group velocity, 399 
Group of waves, 399 
Gyroscope, 231 
Gyroscopic compass, 255 
Gyroscopic motion, 231-255 

Hamilton, Sir William, 16 
Hamilton-Jacobi equation, 313 
Hamiltonian function, 307-311 
Hamilton's dynamic equations, 266, 268 
Harmonic motion, circular, 129 ; damj>ed, 
123; simple, 122 

Harmonic motions, composition of, 123, 
128, 130 

Harmonics, 382, 385 

Helmholtz's reciprocal theorem, 362 

Herpolhode cone, 209 

Herpolhode curve, 209 

Hertzian principle of least curvature, 332 

Hodograph, 75 

Holonomic systems, 329 

Hooke's law of elasticity, 376 

Huygens's principle, 406 

Hypocycloidal precession, 237 

Ignorable coordinates, 159, 268, 270 
Impact, 112 
Impulse, 201 

Impulsive force, mean, 109 
Impulsive forces, 201, 277 
Index of refraction, 401 
Inertia, 105 

Inertia, moment of, 191; principle of, 
104 ; products of, 191 
Inertial reference frame, 105, 113 
Initial conditions, 380, 394, 396 
Inner multiplication, 444 
Inner product of a tensor and a vector, 
41 

Integral curves, 264 
Integral invariants, 349, 361 
Integral spreads, 340 
Integrals, first, 338; line, 43; surface, 
44; volume, 46 

Interval, musical, 385. See also Vector 
interval 

Invariable line, 217 
Invariable plane, 186, 208 
Invariance of charge, 431 
Invariant, 6, 427 

Invariants of a localized-vector system, 
65 

Involution, operators in, 346 
Jacobi, 313 

Jacobian determinant, 29 


Kamerlingh Onnes, 228 
Kepler’s laws, 177 
Kepler’s principle of inertia, 104 
Kinematic differential, 257 
Kinetic energy, 121, 141, 187, 190; of 
rotation, 192 
Kinetic reaction, 106 

Lagra»ige’s equations, 145, 147, 259 
Lagrangian function, 267, 270 
Laplace's invariable plane, 186 
Laplacian, Cartesian coordinates, 22; 

curvilinear coordinates, 34, 35 
Least action, 311 
Least constraint, 332 
Least curvature, 332 
Legendre’s normal elliptic integrals, 154 
Line integral, 43 
Linear vector function, 41 
Lissajous's figures, 130 
Localized vector, 60; coordinates of, 
62; moment of, about an axis, 62; 
moment of, about a point, 61 
Localized vectors, composition of, 66; 

relative moment of, 62 
Localized-vector system, 63; invariants 
of, 65; parallel, 68 
Logarithmic decrement, 126 
Longitudinal waves, 385 
Loops, 383 

Lorentz equations of electromagnetic 
field, 423 

Lorentz-Einstein transformation, 415 

Magnetic permeability, 454 
Magnitude, of a vector, 6; of a four- 
vector, 427 

Mass, 105, 418; center of, 185; gravi¬ 
tational, 108; inertial, 105, 108; as re¬ 
lated to energy, 420, 422; stationary 
and moving, 420; transverse and lon¬ 
gitudinal, 421-422 
Maxwell's equations, 56, 423 
Mean center, 68 

Measurements of length, mass, and 
time, 408-412 

Minkowski’s geometrical treatment of 
the Lorentz-Einstein transformation, 
424 

Modulus, of elliptic functions, 165; 
Young's, 376, 450 

Moment, of force, 61, 62; of inertia, 
191; of a localized vector about an 
axis, 62; relative, 62. See also Vector 
moment 

Momental ellipse, 194 
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Momental ellipsoid, 192 
Momentum, angular, 143, 190; general¬ 
ized, 160; linear, 108, 421; moment 
of, 143, 190; of a wave train, 389 
Momentum integral, 268 
Momentum system, 186 
Momentum tensor, 430 
Motion, on a curve, 144; on a surface, 
147; in space, curvilinear coordi¬ 
nates, 149 
Moulton, F. R,, 180 

Multipliers of a system of differential 
equations, 354 
Musical interval, 385 
Musical scale, 385 

Newtonian time scale, 105, 114 
Newton’s law of universal gravitation, 
177 

Newton’s laws of dynamics, 104, 105, 
109 

Nodes and loops, 383 
Nonholonomic system, 320 
Non-inertial reference frame, 115 
Normal coordinates, 292 
Normal vibrations, 300 
Nutation, 167 

Orthogonal Cartesian coordinates (n di¬ 
mensions), 425, 440 

Orthogonal curvilinear coordinates (three 
dimensions), 26, 57 
Osculating plane, 25 
Outer product, of two integrals, 353; of 
tensors, 442, 446 
Overtones, 385 

Parallel axiom, 1 
Parallel-axis theorem, 191 
Path of a dynamic system, 264 
Pendulum, conical, 162 ; cycloidal, 152; 
double, 302; Foucault’s, 225; simple, 
153; spherical, 159 
Pericycloidal precession, 219 
Period of vibration, 122 
Periodic apparatus, 153 
Permanent axes of rotation, 198 
Phase of a dynamical system, 263 
Phase space, 263 
Phase of vibration, 122 
Phase-time, 263 
Pitch of a screw, 69 
Plane of a couple, 67 
Poincar^, H., 346, 361 
Poincare’s variational equations, 346 
Poinsot ellipsoid, 208 


Poinsot motion, 208 
Poisson’s bracket, 343 
Poisson's theorem, 348 
Polhode cone, 209 
Polhode curve, 209, 210 
Position vector, 25 

Positively related sliding segments, 63 
Postulates, space-time, 1 
Potential, double-layer, 367, 373; sur¬ 
face, 366, 373; volume, 364, 373 
Potential function, 363-373 
Power, 141 

Precession, 168, 232; direct or epicy- 
cloidal, 219; hypocycloidal, 237; pe¬ 
riod of, 221; plane of, 218, 236; retro¬ 
grade or pericycloidal, 219 
Presentation of a vector, 5 
Pressure, 450, 453; between polhode 
cones, 238; due to waves, 389-391 
Principal axes, of a dynamic system, 
192, 193; of a symmetric tensor, 38 
Principal normal, 26 
Products of inertia, 191 
Pythagorean scale, 386 

Quality of musical notes, 385 
Quaternions, 15, 85 

Radius of curvature, 25 
Rate of doing work, 141 
Rayleigh’s theorem, 300, 301 
Reaction, 109,144,158,168; kinetic, 106 
Relative integral invariants, 351 
Relative moment, 62, 69 
Relative motion, effect on measure¬ 
ments, 411 

Resolved part of a vector in a given 
direction, 11 
Resonance, 135 
Rest mass, 421 
Reynolds’s number, 456 
Riemann’s method, 393 
Rigid body, 76, 409; displacement of, 
77, 83, 87; motion of, about an axis, 
198; motion of, about a fixed point, 
207 

Rotations, composition of, about co- 
planar axes, 82; about parallel axes, 
85 

Routh, E. J., 269 
Routh’s rule, 197 

Scalar, 6, 427 

Scalar invariants of a symmetric tensor, 
39 

Scalar point function, 19, 434 
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Scale,muBical, 385 

Scale effect in motion of a solid through 
a fluid, 456 
Screw, 69, 87 

Screws, composition of, 70 
Separable variables, 321 
Sidereal day, 221 
Six-vectors, 441, 446, 447 
Skew-symmetric tensors, 37, 40, 438, 
440 

Sleeping top, 248 
Sliding segment, 60 

Smooth curve or surface, 144, 149, 259 
Space-time interval, four-vector, 428 
Space-time postulates, of classical me¬ 
chanics, 1; of relative motion, 408- 
412 

Spherical pendulum, 159 
Spherical points, 194 
Spin, 218 

Stable equilibrium, 283 
Standing wave, 383 
State of a dynamic system, 263 
State space, 264, 306 
Stationary vibration, 383 
Stokes's theorem, 51, 351, 370 
Strain, 450 

Stress, 450; components of, 452 
Stress tensor, 453 
Stretched wire, vibrations of, 375 
Sudden fixture, 203, 278 
Sum of two coplanar localized vectors, 
66 

Superfluous coordinates, 260, 330 
Surface integrals, 44 
Surface tension, 454 
Symmetric tensors, 37, 438, 439 
Systems, dynamic, 256-279; localized- 
vector, 63 

Telegraphic equation, 391 
Tempered scale, 387 
Tension in a wire, 376 
Tensor fields, analysis of, 42 
Tensor of a quaternion, 85 
Tensors, of first order or rank, contra- 
variant, 434; of first order or rank, 
covariant, 432; of second order or rank, 
35, 436, 437; of higher order or rank, 
437, 438; products of, 442; referred to 
orthogonal axes, 440; skew-symmetric 
(alternating), 438, 440; stress, 429; 
symmetric, 37, 438, 439 
Thomson, J. J., 400 

Thomson, J. J., model for dispersion, 
400 


Thomson, Sir W. (Lord Kelvin), 54, 
255 

Time axis, 426 

Time derivative of a vector, 88 

Time scale, Newtonian, 105, 114 

Top, motion of, 240-248 

Torsion, radius of, 99 

Trajectory of a dynamic system, 264 

Transverse axes, 80 

Transverse plane, 236 

Transverse waves, 385 

Triple product, scalar, 15; vector, 16 

Two gravitating centers, 324 

Undamped waves, 379 
Uniqueness theorems, 51 
Unit vector, 10 

Variations, calculus of, 308 
Vector, derivative of, 23, 88; product 
of, by a scalar, 6; product of, by a 
tensor, 41 

Vector algebra, 1-19 
Vector analysis, 19-60 
Vector field, 19 
Vector function, linear, 41 
Vector interval, 428 

Vector moment, of a couple, 67; of a 
localized vector about a point, 61; of 
a localized-vector system about a 
point, 64 

Vectors, 4; addition and subtraction 
of, 7; equality of, 6; four-, 427-431; 
scalar product of, 10; scalar triple 
product of, 15; six-, 441, 446, 447; 
tensor product of, 36; vector product 
of, 12; vector triple product of, 16. 
See also Localized vectors 
Velocities, composition of, 92, 418 
Velocity, 91; absolute, 92; angular, 
93; in curvilinear codrdinates, 94; 
drag, 92; group, 399; relative, 92; 
wave, 378 

Velocity of compressional waves, 455 

Velocity tensor, 429 

Velocity vector, 91 

Versor, 85 

Vertical, 222 

Vibrations, composition of, 123, 128, 
130; damped, 123; forced, 132, 287; 
harmonic, 122 ; stationary, 383; of a 
stretched wire, 375; of a system hav¬ 
ing n degrees of freedom, 284 
Virtual displacement, 148, 257 
Virtual work, 147, 148, 258, 282 
Viscosity, coefficient of, 455 
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Volume, element of, 47, 450; four- 
vector, 431 
Volume integrals, 46 

Wave equation, 401 
Wave front, 405 
Wave length, 379,409 
Wave motion, distortion of, 383, 397; 
energy of, 388; momentum and pres¬ 
sure of, 389-391; in one direction, 378, 
381; symmetrical, about a point, 405 


Wave velocity, 378 

Waves, composition of, 387; group of, 399 
Weak gyroscope, 245 
Work, 141 
Wrench, 69 

Young’s modulus, 376, 450 

Zero system of localized vectors, 67 
Zero tensor, 37 
Zero vector, 7 



THE TAYLOR SERIES 
by P. Dienes 

The aim of this book is an investigation of the entire realm of analytic 
functions by means of the Taylor series. Except for the final two chap¬ 
ters, the exposition assumes only a thorough grounding in ordinary 
calculus. Defining an analytic function by a Taylor series and its formal 
continuations, and continuing this extension of the original series by 
successive transformations, the complete analytic function is defined 
by an infinite network of Taylor series. The properties of this function 
are then investigated through the coefficients of this infinite network. 

Starting with an introduction to real variables and complex algebra, 
the properties of infinite series, elementary functions, complex differen¬ 
tiation and integration, are carefully derived. Biuniform mapping and 
a thorough two-part discussion of representation and singularities of 
analytic functions follow. In the last chapters, overconvergence and 
gap theorems, divergent series, the Taylor series on its circle of con¬ 
vergence, and divergence and singularities, are treated with depth and 
clarity. 

PARTIAL CONTENTS: I. Algebra of real numbers. Closed sets and 
Borel’s lemma. IV. Exponential, trigonometrical and gamma functions. 
Riemann surfaces. Multiform functions. VI, Jordan’s theorem. Connec¬ 
tivity of domains. VII. Taylor and Laurent series. Residue theorem. 
Elliptic and hyper-elliptic functions. VIII. Biuniform mapping. Theorems 
of Bloch, Picard, Schottky, Landau. IX. Mittag-Leffler and Runge’s theo¬ 
rems. Borel’s integral and the exponential means. Painleve’s expan¬ 
sion. XI. Ostrowski's gap theorem and converse. Fabry’s results on 
non-continued Taylor series and the detection of singular points. XII. 
Transformation of sequences and series, Abel’s transformation. Gen¬ 
eralized limits and summations. Commutable semi-matrices. XIII. 
Bounded functions with Landau, Bohr, and Nevanlinna’s results. Fatou’s 
theorem. XIV. Divergence and singularities. Converse theorems by 
Hardy and Littlewood. General means and singularities. 

Unabridged, corrected reissue of first edition. Preface and Index. 186 
examples, many fully worked out. 67 figures, xii -f 555pp. 5% x 8. 

S391 Paperbound $2.75 



THE THEORY OF FUNCTIONS OF A REAL VARIABLE 
by E. W. Hobson 

This monumental work undertakes a detailed development of the 
theory of functions of a real variable. It is based upon an exact con¬ 
ception of the arithmetic continuum forming the field of the variable, 
a precise arithmetic theory of the nature of a limit, and a definite con¬ 
ception of functional relation. 

The exposition is rigorous, and based upon precise definitions of 
classes of functions with respect to continuity, differentiability, etc., 
over the region of the variable or over selected point-sets of the 
region. The exact formulation of necessary and sufficient conditions 
for the validity of the limiting processes of Analysis is one of the major 
objectives. In addition, direct application of such topics as Riemann, 
Lebesgue and Fourier integrals, trigonometric and power series, and 
functions as limits of integrals, can be made to many fields including, 
hydrodynamics, aerodynamics, atomic physics, stellar mechanics and 
information theory. Because this book contains hundreds of valuable 
proofs, it has become a standard reference work for mathematicians 
and physicists. 

Partial Contents of Vol. I: NUMBER — Arithmetical theoicy of limits, 
Cantor's and Dedekind’s theory, theory of indices, continuum of real 
numbers. PROPERTIES OF POINT-SETS—Linear and non-linear sets, 
transfinite cardinals, Heine-Borel theorem, general analysis of sets, 
families of sets. METRIC PROPERTIES OF POINT-SETS — Problem of 
measure, congruent sets, measure of unbounded sets and sets related 
to a system of sets, Vitali’s theorem, Jordan’s measure. TRANSFINITE 
NUMBERS AND ORDER-TYPES — Operations with cardinals, order- 
type of simply ordered aggregates, theory of ordinal numbers, para¬ 
doxes of Burali-Forti and Russell, multiple correspondence. FUNCTIONS 
OF A REAL VARIABLE — Continuity and discontinuity, quasi-monotone 
functions, functions with lines of invariability, functions of two vari¬ 
ables, higher partial differential coefficients. TFIE RIEMANN INTEGRAL 
— Properties of, two or more variables, Riemann-Stieitjes integral. 
LEBESGUE INTEGRAL — As a measure of point-sets, equivalent L-inte- 
grals, Lebesgue-Stieitjes and Hellinger’s integrals. NON-ABSOLUTELY 
CONVERGENT INTEGRALS — Harnack-Lebesguc integrals, Denjoy in¬ 
tegral and extensions. Young’s integral. 

Third revised, enlarged edition. 88 detailed examples. 10 figures. 
Index. XV -f- 736pp. 6 Vs x 9%. 


5387 Paperbound $3.00 



THE THEORY OF FUNCTIONS OF A REAL VARIABLE 
by E. W. Hobson 

This monumental work undertakes a detailed development of the 
theory of functions of a real variable. It is based upon an exact con¬ 
ception of the arithmetic continuum forming the field of the variable, 
a precise arithmetic theory of the nature of a limit, and a definite con¬ 
ception of functional relation. 

The exposition is rigorous, and based upon precise definitions of 
classes of functions with respect to continuity, differentiability, etc., 
over the region of the variable or over selected point-sets of the 
region. The exact formulation of necessary and sufficient conditions 
for the validity of the limiting processes of Ahalysis is one of the major 
objectives. In addition, direct application of such topics as Riemann, 
Lebesgue and Fourier integrals, trigonometric and power series, and 
functions as limits of integrals, can be made to many fields including, 
hydrodynamics, aerodynamics, atomic physics, stellar mechanics and 
information theory. Because this book contains hundreds of valuable 
proofs, it has become a standard reference work for mathematicians 
and physicists. 

Partial Contents of Vol. II: SEQUENCES AND SERIES OF NUMBERS — 
Convergence of series, Cesdro’s summation, series of transfinite type, 
convergence of infinite products, equivalence of Cesaro’s, Holder’s and 
Riesz’ methods of summation. FUNCTIONS DEFINED BY SEQUENCES 
OR SERIES — Continuity of a sum-function at a point and in a 
domain distribution of points of non-uniform convergence, monotone 
sequences, homogeneous oscillation. POWER SERIES. SEQUENCES OF 
INTEGRALS — Generalized integrals, Tonelli’s theory. Perron’s defini¬ 
tion, summability of integrals. CONSTRUCTION OF FUNCTIONS WITH 
ASSIGNED SINGULARITIES. FUNCTIONS AS LIMITS OF INTEGRALS. 
TRIGONOMETRIC SERIES — General definition of Fourier’s series, con¬ 
ditions of convergence, integration of Fourier's series, Riesz’ extension 
of Parseval's theorem, Riemann’s theory of trigonometric series, double 
Fourier’s series, Parseval’s theorem for the double series. REPRESENTA¬ 
TION OF FUNCTIONS BY FOURIER’S INTEGRALS. SERIES OF NORMAL 
ORTHOGONAL FUNCTIONS. 

Second revised, enlarged edition. 117 detailed examples. 13 figures. 
Index. X -f- 780pp. 6 Vs x 9V4. 
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MATHEMATICAL FOUNDATIONS OF 
STATISTICAL MECHANICS 

by A. I. Khinchin 

The translation of this important book brings to the English-speaking 
mathematician and mathematical physicist a thoroughly up to date 
introduction to statistical mechanics. 

It offers a precise and mathematically rigorous formulation of the prob¬ 
lems of statictical mechanics, as opposed to the non-rigorous discussion 
presented in most other works. It provides analytical tools needed to 
replace many of the cumbersome concepts and devices commonly used 
for establishing basic formulae, and it furnishes the mathematician with 
a logical step-by-step introduction, which will enable him to master 
the elements of statictical mechanics in the shortest possible time. 

After a historical sketch the author discusses the geometry and kine¬ 
matics of the phase space, with the theorems of Liouville and Birkhoff; 
the ergodic problem (in the sense of replacing time averages by phase 
averages); the theory of probability, central limit theorem, ideal mon¬ 
atomic gas; foundation of thermodynamics, and dispersion and dis¬ 
tribution of sum functions. 

“An excellent introduction to the difficult and important discipline of 
Statistical Mechanics. It is clear, concise, and rigorous. There is a very 
good chapter on the ergodic theorem, (with a complete proof!) and 
. , . a highly lucid chapter on statistical foundations of thermodynamics 
, . . useful to teachers . . . and to mathematicians,” M. Kac, QUAR¬ 
TERLY OF APPLIED MATHEMATICS. 

Index. Key to notations, viii 179pp. 5% x 8. 

SI47 Paperbound $1.35 



THE ELECTROMAGNETIC FIELD 
by Max Mason and Warren Weaver 

This classic work has been widely adopted as a standard text by 
universities throughout the country, and is used considerably by 
graduate engineers. Clearly written and readable, it presents a con¬ 
sistent and systematic treatment of the field of electromagnetics. 

In the first of four chapters, the authors discuss Coulomb’s law and 
its implications; in Chapter 2, they treat the general theory of electro¬ 
statics for conductors and dielectrics. Chapter 3 covers magnetostatics; 
and Chapter 4 deals with the Maxwell field equations. There is a 
mathematical appendix giving a continuous exposition of vector 
analysis, and a table that converts any quantity into absolute electro¬ 
static, absoluts electromagnetic, or practical units. Vector methods, 
expansion methods and rational units are used throughout. 

PARTIAL CONTENTS: I. Coulomb’s Law & Some Analytic Consequences. 
Discrete charges. Complexes of charge. Ponderable bodies. II. The 
Electrostatic Problem for Conductors & Dielectrics. Distribution problem: 
Conductors. Special & general methods of solution. Dielectrics. III. 
Magnetostatics. The fundamental law. Complexes of charge. Ponder¬ 
able bodies. Magnetism. Steady currents: Ohm’s law. IV. The Maxwell 
Field Equations. 

Introduction. 147 problems. Formula & subject indexes. Mathematical 
appendix. Table for change of units. 61 diagrams, xiii -|-. 390pp. 

5% X 8. 
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THEORY OF VIBRATIONS 
by N. W. McLachlan 


Based upon an enormously successful series of graduate lectures given at 
Brown University, this volume presents a concise analytical coverage of 
vibration theory. Individual chapters cover linear systems with one degree 
of freedom; forced vibrations of simple linear systems; non-linear systems 
with one degree of freedom; systems with more than one degree of free¬ 
dom; vibration of flexible strings; longitudinal and torsional vibration of 
uniform bars and tubes; transverse vibration of bars and tubes; vibration of 
circular and annular membranes; transverse vibration of circular plate; 
sound waves of finite amplitude. 

This book differs from other texts on the subject in its free use of the 
operational method for impulses, the use of Bessel functions, inclusion of 
modern versions of certain non-linear problems, use of frequency spectra, 
considerations of electro-mechanical system. The book is stimulating and 
clear throughout, with material presented in logical sequence and in order 
of analytical difficulty. An elementary knowledge of Bessel functions, 
Fourier's theorem, and operational calculus is desirable for the reader. 

"Of special value to the practicing engineer for its application of opera¬ 
tional calculus to vibration problems and for exact solutions of circular 
plates," JOURNAL, FRANKLIN INSTITUTE. "It is remarkable that the author 
should have lucidly presented such a vast amount of information in such a 
short space," APPLIED MECHANICS REVIEW. 

Glossary of symbols. Bibliography. Index. 99 diagrams, vi -f 154pp. 
5% X 8. 



NUMERICAL INTEGRATION OF 
DIFFERENTIAL EQUATIONS 

by A. A. Bennett, W. E. Milne, Harry Bateman 

Unabridged republication of an original monograph for the National 
Research Council. This well-known greatly sought-after volume de¬ 
scribes new methods of integration of differential equations developed 
by three leading mathematicians. It contains much material not readily 
available in detail elsewhere. Discussions on methods for partial dif¬ 
ferential equations, transition from difference equations to differential 
equations, solution of differential equations to non-integral values of 
a parameter are of special interest to mathematicians, physicists, 
mathematical physicists. 

Partial contents. THE INTERPOLATIONAL POLYNOMIAL, A. A. Bennett. 
Tabular index, arguments, values, differences. Displacements, divided 
differences, repeated arguments, derivation of the interpolational 
polynomial, integral. SUCCESSIVE APPROXIMATIONS, A. A. Bennett. 
Numerical methods of successive substitutions. Approximate methods in 
solution of differential equations. STEP-BY-STEP METHODS OF INTE¬ 
GRATION, W. E. Milne, Differential equations of the 1 st order; Taylor’s 
series, methods using ordinates, Runge-Kutta method. Systems of dif¬ 
ferential equations of the first order. Higher order differential equa¬ 
tions. Second order equations in which first derivatives are absent. 
METHODS FOR PARTIAL DIFFERENTIAL EQUATIONS, Harry Bateman. 
Transition from solution of difference equations to solution of differen¬ 
tial equations. RItz’s method. Least squares method. Extension of solu¬ 
tion to nonintegral values of a parameter. 

288 footnotes, mostly bibliographic, 285 item classified biblography. 
108pp. 53/8 X 8. 


S305 Paperbound $1.35 



TREATISE ON THE DYNAMICS OF A SYSTEM 
OF RIGID BODIES (Advanced Part) 

by Edward John Routh 

This is an unabridged republication of the 6th revised edition of a 
standard work on the fundamentals of dynamics. It provides a full 
coverage of basic theorems, motions and forces, and applications of 
calculus to dynamics studies. It is especially valuable for its full 
demonstrations and analyses, and contains much material that has 
not been duplicated in more recent texts: application of the calculus 
of finite differences to the dynamics of rigid bodies. It is highly 
concrete and practical, with hundreds of applied situations and hun¬ 
dreds of full demonstrations. More than 400 problems are provided 
for the student to work out; in most cases instructions are provided 
for solution. A brilliant section on the calculus of variations is of 
special interest. 

“Expert handling and masterly presentation give Ihis book its value,” 
AUSTRALIAN ENGINEER. “A profusion of individual problems and 
methods, such as is seldom treated so extensively and so basically,” 
FACULTE DES SCIENCES, UNIVERSITY OF INSTANBUL. “Much of its 
material has never been duplicated, of great value,” AERO DIGEST. 

PARTIAL CONTENTS. Chapters cover Moving axes and relative mo¬ 
tion. Oscillations about equilibrium. Oscillations about a state of 
motion. Motion of a body under no forces. Motion of a body under 
any forces. Nature of motion given by linear equations, conditions 
of stability. Free and forced vibrations. Determination of constants 
of Integration in terms of initial conditions. Calculus of finite differ¬ 
ences. Calculus of variations. Procession and nutation. Motion of the 
moon about its center. Motion of a string or chain. Motion of a 
membrane. 

Index. 64 figures, xiv + 484pp. 5 Ye x 8. 


S229 Paperbound $2.35 



Catalogue of Dover 

SCIENCE BOOKS 


DIFFERENTIAL EQUATIONS 

(ORDINARY AND PARTIAL DIFFERENTIAL) 


INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, 1. Hopf. Especially valuable 
to engineer with no math beyond elementary calculus. Emphasizes intuitive rather than 
formal aspects of concepts. Partial contents. Law of causality, energy theorem, damped 
oscillations, coupling by friction, cylindrical and spherical coordinates, heat source, etc. 
48 figuies. 160pp. S^/b x 8. S120 Paperbound $1.25 

INTRODUCTION TO BESSEL FUNCTIONS, F. Bowman. Rigorous, provides all necessary material 
during development, includes practical applications. Bessel functions of zero order, of any 
real order, definite integrals, asymptotic expansion, circular membranes, Bessel’s solution 
to Kepler's problem, much more. “Clear . . . useful not only to students of physics and 
engineering, but to mathematical students m general,” Nature. 226 problems: Short tables 
of Bessel functions. 27 figures, x -f- 135pp. 5% x 8. S462 Paperbound $1.35 

DIFFERENTIAL EQUATIONS, F. R. Moulton. Detailed, rigorous exposition of all non-elemen- 
tary processes of solving ordinary differential equations. Chapteis on practical problems; 
more advanced than problems usually given as illustrations. Includes analytic differential 
equations; variations of a parameter, integrals of differential equations, analytic implicit 
functions; problems of elliptic motion; sine-amplitude functions, deviation of formal bodies; 
Cauchy-Lipshitz process; linear differential equations with periodic coefficients; much more. 
Historical notes. 10 figures. 222 problems xv + 395pp. 5% x 8. S451 Paperbound $2.00 

PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. Valuable 
sections on elasticity, compression theory, potential theory, theory of sound, heat conduc¬ 
tion, wave propagation, vibration theory. Contents include: deduction of differential equa¬ 
tions, vibrations, normal functions, Fourier’s senes. Cauchy’s method, boundary problems, 
method of Riemann-Volterra, spherical, cylindrical, ellipsoidal harmonics, applications, etc. 
97 figures, vii -F 440pp. 5% x 8. S263 Paperbound $2.00 

ORDINARY DIFFERENTIAL EQUATIONS, E. L. Ince. A most compendious analysis m real and 
complex domains. Existence and nature of solutions, continuous transformation groups, 
solutions in an infinite form, definite integrals, algebraic theory. Sturmian theory, boundary 
problems, existence theorems, 1st order, higher order, etc. “Deserves highe;;t praise, a 
notable addition to mathematical literature,’’ Bulletin, Amer. Math Soc. Historical appendix, 
18 figures, viii -f 558pp. 5% x 8. S349 Paperbound $2.55 

ASYMPTOTIC EXPANSIONS, A. Erd6lyi. Only modern work available in English; unabridged 
reproduction of monograph prepared for Office of Naval Research. Discusses various proce¬ 
dures for asymptotic evaluation of integrals containing a large parameter; solutions of 
ordinary linear differential equations. vi -f 108pp. 5% x 8. S318 Paperbound $1,35 

LECTURES ON CAUCHY’S PROBLEM, J. Hadamard. Based on lectures given at Columbia, Rome, 
discusses work of Riemann, Kirchhoff, Volterra, and author’s own research on hyperbolic 
case in linear partial differential equations. Extends spherical cylindrical waves to apply 
to all (normal) hyperbolic equations. Partial contents: Cauchy’s problem, fundamental for¬ 
mula, equations with odd number, with even number of independent variables; method of 
descent. 32 figures, hi + 316pp. x 8. S105 Pap,:fbound $1.75 



CATALOGUE OF 


NUMBER THEORY 


INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive, with 
adequate coverage of classical literature. Not beyond beginners, chapters on divisibility, 
congruences, quadratic residues and reciprocity, Diophantine equations, etc. Full treatment 
of binary quadratic forms without usual restriction to integral coefficients. Covers infinitude 
of primes, Fermat’s theorem. Legendre’s symbol, automorphs, Recent theorems of Thue, 
Siegal, much more. Much material not readily available elsewhere. 239 problems. 1 figure, 
viii -I- 183pp. 5 ^'b X 8. S342 Paperbound $1.65 

ELEMENTS OF NUMBER THEORY, I. M. Vinogradov. Detailed 1st course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone 
no farther than high school algebra. Partial contents: divisibility theory, important number 
theoretical functions, congruences, primitive roots and indices, etc. Solutions to problems, 
exercises. Tables of primes, indices, etc. Covers almost every essential formula in ele¬ 
mentary number theory! “Welcome addition . . . reads smoothly,’’ Bull of the Amer. Math. 
Soc. 233 problems. 104 exercises, viii + 227pp. S^/a x 8. S259 Paperbound $1.60 


PROBABILITY THEORY AND INFORMATION THEORY 


SELECTED PAPERS ON NOISE AND STOCHASTIC PROCESSES, edited by Prof Nelson Wax. U of 
Illinois. 6 basic papers for those whose work involves noise characteristics Chandrasekhar, 
Uhlenback and Ornstein, Uhlenbeck and Ming, Rice, Doob. Included is Kac's Chauvenet- 
Prize winning “Random Walk.’’ Extensive bibliography lists 200 articles, through 1953. 21 
figures. 337pp. OVa x 9V4. S262 Paperbound $2.35 

A PHILOSOPHICAL ESSAY ON PROBABILITIES, Marquis de Laplace. This famous essay explains 
without recourse to mathematics the principle of probability, and the application of prob¬ 
ability to games of chance, natural philosophy, astronomy, many other fields. Translated 
from 6th French edition by F. W. Truscott, F. L. Emory. Intro, by E. T. Bell. 204pp. SVa x 8. 

S166 Paperbound $1.25 

MATHEMATICAL FOUNDATIONS OF INFORMATION THEORY, A. I. Khinchin. For mathematicians, 
statisticians, physicists, cyberneticists, communications engineers, a complete, exact intro¬ 
duction to relatively new field. Entropy as a measure of a finite scheme, applications to 
coding theory, study of sources, channels and codes, detailed proofs ol both Shannon 
theorems for any ergodic source and any stationary channel with finite memory, much more 
“Presents for the first time rigorous proofs of certain fundamental theorems . . quite 
complete . . . amazing expository ability,” American Math. Monthly, vii l?0pp. 5% x 8. 

S434 Paperbound $1.35 


VECTOR AND TENSOR ANALYSIS AND MATRIX THEORY 


VECTOR AND TENSOR ANALYSIS, G. E. Hay. One of clearest introductions to increasingly 
important subject. Start with simple definitions, finish with sure mastery of oriented 
Cartesian vectors, Christoffel symbols, solenoidal tensors. Complete breakdown of plane, 
solid, analytical, differential geometry. Separate chapters on application. All fundamental 
formulae listed, demonstrated. 195 problems. 66 figures, viii -f 193pp. 5% x 8. 

S109 Paperbound $1.75 

APPLICATIONS OF TENSOR ANALYSIS, A. J. McConnell. Excellent text for applying tensor 
methods to such familiar subjects as dynamics, electricity, elasticity, hydrodynamics. Ex¬ 
plains fundamental ideas and notation of tensor theory, geometrical treatment of tensor 
algebra, theory of differentiation of tensors, and a wealth of practical material. “The 
variety of fields treated and the presence of extremely numerous examples make this 
volume worth much more than its low price,” Alluminio. Formerly titled “Applications of the 
Absolute Differential Calculus.” 43 Illustrations. 685 problems, xii -f 381pp. 

S373 Paperbound $1.85 

VECTOR AND TENSOR ANALYSIS, A. P. Wills. Covers entire field, from dyads to non-Euclidean 
manifolds (especially detailed), absolute differentiation, the Riemann-Christoffel and Ricci- 
Einstein tensors, calculation of Gaussian curvature of a surface. Illustrations from electrical 
engineering, relativity theory, astro-physics, quantum mechanics. Presupposes only working 
knowledge of calculus. Intended for physicists, engineers, mathematicians. 44 diagrams. 
114 problems, xxxii -f 285pp. 5% x 8 S454 Paperbound $ 1.75 
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DOVER SCIENCE BOOKS 
PHYSICS, ENGINEERING 

MECHANICS. DYNAMICS, THERMODYNAMICS, ELASTICITY 


MATHEMATICAL ANALYSIS OF ELECTRICAL AND OPTICAL WAVE-MOTION, H. Bateman. By one 

of century’s most distinguished mathematical physicists, a practical introduction to develop¬ 
ments of Maxwell’s electromagnetic theory which directly concern the solution of partial 
differential equation of wave motion. Methods of solving wave-equation, polar-cylindrical 
coordinates, diffraction, transformation of coordinates, homogeneous solutions, electromag¬ 
netic fields with moving singularities, etc. 168pp. 5% x 8. S14 Paperbound ^1,60 

THERMODYNAMICS, Enrico Fermi, Unabridged reproduction of 1937 edition. Remarkable tor 

clarity, organization; requires no knowledge of advanced math beyond calculus, only familiar¬ 
ity with fundamentals of thermometry, calorimetry. Partial Contents: Thermodynamic sys¬ 
tems, 1st and 2nd laws, potentials; Entropy, phase rule,- Reversible electric cells; Gaseous 
reactions: Van’t Hoff reaction box, principle of LeChatelier; Thermodynamics of dilute 
solutions: osmotic, vapor pressures; boiling, freezing point; Entropy constant. 25 problems. 
24 illustrations, x -f 160pp. 5% x 8. S361 Paperbound $1.75 

FOUNDATIONS OF POTENTIAL THEORY, 0. D. Kellogg. Based on courses given at Harvard, 
suitable for both advanced and beginning mathematicians, Proofs rigorous, much material 

here not generally available elsewhere. Partial contents- gravity, fields of force, divergence 
theorem, properties of Newtonian potentials at points of free space, potentials as solutions 
of LaPlace’s equation, harmonic functions, electrostatics, electric images, logarithmic po¬ 
tential, etc. ix -f 384pp. 53/8 X 8. S144 Paperbound $1.98 

DIALOGUES CONCERNING TWO NEW SCIENCES, Galileo Galilei. Classic of experimental science, 
mechanics, engineering, as enjoyable as it is important. Characterized by author as “superior 
to everything else of mine.’’ Offers a lively exposition of dynamics, elasticity, sound, ballistics, 
strength of materials, scientific method. Translated by H. Grew, A. de Salvio. 126 diagrams, 
xxi 4- 288pp. 53/8 X 8. S99 Paperbound $1.65 

THEORETICAL MECHANICS; AN INTRODUCTION TO MATHEMATICAL PHYSICS, i. S. Ames, F. 0. 
Murnaghan. A mathematically rigoious development for advanced students, with constant 
practical applications. Used in hundreds of advanced courses. Unusually thorough coverage 
of gyroscopic baryscopic material, detailed analyses of Corilis acceleration, applications of 
Lagrange's equations, motion of double pendulum, Hamilton-Jacobi partial differential equa¬ 
tions, group velocity, dispersion, etc. Special relativity included. 159 problems. 44 figures, 
ix + 462pp. 53/8 X 8 . S461 Paperbound $2.00 

STATICS AND THE DYNAMICS OF A PARTICLE, W. D. MacMillan. This is Part One of Theoret¬ 
ical Mechanics.’’ For over 3 decades a self-contained, extremely comprehensive advanced 
undergraduate text in mathematical physics, physics, astronomy, deeper foundations of 
engineering. Early sections require only a knowledge of geometry, later, a working knowledge 
of calculus. Hundreds of basic problems including projectiles to moon, harmonic motion, 
ballistics, transmission of power, stress and stiam, elasticity, astronomical problems. 340 
practice problems, many fully worked out examples. 200 figures xvii + 430pp. 53'8 x 8 

S467 Paperbound $2.00 

THE THEORY OF THE POTENTIAL. W. D. MacMillan. This is Part Two of “Theoretical Mechan¬ 
ics.’’ Comprehensive, well-balanced presentation, serving both as introduction and reference 
with regard to specific problems, for physicists and mathematicians. Assumes no prior 
knowledge of integral relations, all math is developed as needed. Includes: Attraction of 
Finite Bodies; Newtonian Potential Function; Vector Fields, Green and Gauss Theorems, 
Two-la/er Surfaces; Spherical Harmonics, etc. “The great number of particular cases . . . 
should make the book valuable to geo-physicists and others actively engaged in practical 
applications of the potential theory,” Review of Scientific Instruments, xn + 4G9pp. 548 x 8. 

S486 Paperbound $2.25 

DYNAMICS OF A SYSTEM OF RIGID BODIES {Advanced Section), E. J. Routh. Revised 6th edi 
tion of a classic reference aid. Partial contents- moving axes, relative motion, oscillations 
about equilibrium, motion. Motion of a body under no forces, any forces Nature of motion 
given by linear equations and conditions of stability. Free, forced vibrations, constants ot 
integration, calculus of finite differences, variations, procession and mutation, motion of 
the moon, motion of string, chain, membranes. 64 figures. 498pp. 53,8 x 8. 

S229 Paperbound $2.35 

THE DYNAMICS OF PARTICLES AND OF RIGID, ELASTIC, AND FLUID BODIES: BEING LECTURES 
ON MATHEMATICAL PHYSICS, A. G. Webster. Reissuing of classic fills need for comprehensive 
work on dynamics. Covers wide range in unusually great depth, applying ordinary, partial 
differential equations. Partial contents: laws of motion, methods applicable to systems ot 
all sorts; oscillation, resonance, cyclic systems; dynamics of rigid bodies; potential theory; 
stress and strain; gyrostatics; wave, vortex motion; kinematics of a point; Lagrange’s equa¬ 
tions; Hamilton’s principle; vectors; deformable bodies; much more not easily found to¬ 
gether in one volume. Unabridged reprinting of 2nd edition. 20 pages on differential 
equations, higher analysis. 203 illustrations, xi -f 588pp. 53/8 x 8. S522 Paperbound $2.35 
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PRINCIPLES OF MECHANICS, Heinrich Hertz. A classic of great interest in logic of science. 
Last work by great 19th century physicist, created new system of mechanics based upon 
space, time, mass; returns to axiomatic analysis, understanding of formal, structural 
aspects of science, taking into account logic, observation, a priori elements. Of great 
historical importance to Poincar6, Carnap, Einstein, Milne. 20 page introduction by R. S. 
Cohen, Wesleyan U., analyzes implications of Hertz’s thought and logic of science. 13 page 
introduction by Helmholtz, xlii -f 274pp. 5% x 8. S316 Clothbound $3.50 

S317 Paperbound $1.75 

MATHEMATICAL FOUNDATIONS OF STATISTICAL MECHANICS, A. I. Khinctiin. A thoroughly 
up-to-date introduction, offering a precise and mathematically rigorous formulation of the 
problems of statistical mechanics. Provides analytical tools to replace many commonly 
used cumbersome concepts and devices. Partial contents: Geometry, kinematics of phase 
space; ergodic problem; theory of probability; central limit theorem; ideal monatomic gas; 
foundation of thermodynamics; dispersion, distribution of sum functions; etc. “Excellent 
introduction . . . clear, concise, rigorous,’’ Quarterly of Applied Mathematics, vm -f 179pp. 
Sys X 8. S146 Clothbound $2.95 

S147 Paperbound $1.35 

MECHANICS OF THE GYROSCOPE, THE DYNAMICS OF ROTATION, R. F. Delmel, Prof, of Me¬ 
chanical Engineering, Stevens Inst, of Tech. Elementary, general treatment of dynamics of 
rotation, with special application of gyroscopic phenomena. No knowledge of vectors 
needed. Velocity of a moving curve, acceleration to a point, general equations of motion, 
gyroscopic horizon, free gyro, motion of discs, the damped gyro, 103 similar topics. Exer¬ 
cises. 75 figures. 208pp. bVs x 8. S66 Paperbound $1.65 

MECHANICS VIA THE CALCULUS, P. W. Norris, W. S. Legge. Wide coverage, from linear motion 
to vector analysis; equations determining motion, linear methods, compounding of simple 
harmonic motions, Newton’s laws of motion, Hooke’s law, the simple pendulum, motion of 
a particle in 1 plane, centers of gravity, virtual work, friction, kinetic energy of rotating 
bodies, equilibrium of strings, hydrostatics, sheering stresses, elasticity, etc. Many worked- 
out examples. 550 problems. 3rd revised edition, xii -I- 367pp. S207 Clothbound $3.95 

A TREATISE ON THE MATHEMATICAL THEORY OF ELASTICITY, A. E. H. Love. An indispensable 
reference work for engineers, mathematicians, physicists, the most complete, authoritative 
treatment of classical elasticity in one volume. Proceeds from elementary notions of exten¬ 
sion to types of strain, cubical dilatation, general theory of strains. Cot/ers relation between 
mathematical theory of elasticity and technical mechanics; equilibrium of isotropic elastic 
solids and aelotropic solid bodies; nature of force transmission, Volterra’s theory of 
dislocations; theory of elastic spheres in relation to tidal, rotational, gravitational effects 
on earth; general theory of bending: deformation of curved plates; buckling effects; much 
more, “The standard treatise on elasticity,” American Math. Monthly. 4th revised edition. 
76 figures, xviii + 643pp. 6V8 x 91 / 4 . S174 Paperbound $2.95 


NUCLEAR PHYSICS, QUANTUM THEORY, RELATIVITY 


MESON PHYSICS, R. E. Marshak. Presents basic theory, and results of experiments with em¬ 
phasis on theoretical significance. Phenomena involving mesons as virtual transitions 
avoided, eliminating some of least satisfactory predictions of meson theory. Includes pro¬ 
duction study of TT mesons at nonrelativistic nucleon energies contracts between tt and ii 
mesons, phenomena associated with nuclear interaction of rr mesons, etc. Presents early 
evidence for new classes of particles, indicates theoretical difficulties created by discovery 
of heavy mesons and hyperons. viii -F 378pp. x 8 . S500 Paperbound $1.95 

THE FUNDAMENTAL PRINCIPLES OF QUANTUM MECHANICS, WITH ELEMENTARY APPLICATIONS, 
E. C. Kemble. Inductive presentation, for graduate student, specialists in other branches of 
physics. Apparatus necessary beyond differential equations and advanced calculus developed 
as needed. Though general exposition of principles, hundreds of individual problems fully 
treated. “Excellent book ... of great value to every student . . . rigorous and detailed 
mathematical discussion . ,. has succeeded In keeping his presentation clear and under¬ 
standable,” Or. Linus Pauling, J. of American Chemical Society. Appendices: calculus of 
variations, math, notes, etc. 611pp. SVa x 8%b. T472 Paperbound $2.95 

WAVE PROPAGATION IN PERIODIC STRUCTURES, L. Briliouin. General method, application to 
different problems: pure physics—scattering of X-rays in crystals, thermal vibration In 
crystal lattices, electronic motion in metals; problems in electrical engineering. Partial 
contents: elastic waves along l-dimensional lattices of point masses. Propagation of waves 
along 1-dimensional lattices. Energy flow. 2, 3 dimensional lattices. Mathieu’s equation. 
Matrices and propagation of waves along an electric line. Continuous electric lines. 131 
illustrations, xii + 253pp. 5% x 8. S34 Paperbound $1.85 
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DOVER SCIENCE BOOKS 


THEORY OF ELECTRONS AND ITS APPLICATION TO THE PHENOMENA OF LIGHT AND RADIANT 
HEAT, H. Lorentz. Lectures delivered at Columbia Univ., by Nobel laureate. Unabridged, form 
historical coverage of theory of free electrons, motion, absorption of heat, Zeeman effect, 
optical phenomena in moving bodies, etc. 109 pages notes explain more advanced sec¬ 
tions. 9 figures. 352pp. 5% x 8 . S173 Paperbound $1.85 

SELECTED PAPERS ON OUANTUM ELECTRODYNAMICS, edited by J. Schwinger. Facsimiles of 
papers which established quantum electrodynamics; beginning to present position as part 
of larger theory. First book publication in any language of collected papers of Bethe. Bloch, 
Dirac, Dyson, Fermi, Feynman, Heisenberg, Kusch, Lamb, Oppenheimer, Pauli, Schwinger, 
Tomonoga, Weisskopf, Wigner, etc. 34 papers; 29 in English, 1 in French, 3 in German, 

1 in Italian. Historical comment-’-^y by editor, xvii 4- 423pp. 6Vb x 9V/j. 

S444 Paperbound $2.45 

FOUNDATIONS OF NUCLEAR PHYSICS, edited by R. T. Beyer. 13 of the most important papers 
on nuclear physics reproduced in facsimile in the original languages; the papers most often 
cited in footnotes, bibliographies. Anderson, Curie, Joliot, Chadwick, Fermi, Lawrence, Cock- 
roft, Hahn, Yukawa. Unparalleled bibliography: 122 double columned pages, over 4,000 
articles, books, classified. 57 figures. 288pp. GVe x 9 V 4 . S19 Paperbound $1.75 

THE THEORY OF GROUPS AND QUANTUM MECHANICS, H. Weyl. Schroedinger's wave equation, 
de Broglie’s waves of a particle, Jordon-Hoelder theorem. Lie's continuous groups of trans¬ 
formations, Pauli exclusion principle, quantization of Mawell-Dirac field equations, etc. 
Unitary geometry, quantum theory, groups, application of groups to quantum mechanics, 
symmetry permutation group, algebra of symmetric transformations, etc. 2 nd revised edi¬ 
tion. xxii + 422pp. 53/8 X 8 . S268 Clothbound $4.50 

S269 Paperbound $1.95 

PHYSICAL PRINCIPLES OF THE QUANTUM THEORY, Werner Heisenberg. Nobel laureate dis¬ 
cusses quantum theory; his own work, Compton, Schroedinger, Wilson, Einstein, many 
others. For physicists, chemists, not specialists in quantum theory. Only elementary formulae 
considered in text; mathematical appendix for specialists. Profound without sacrificing 
clarity. Translated by C. Eckart, F. Hoyt. 18 figures. 192pp. 53/8 x 8 . 

S113 Paperbound $1.25 

INVESTIC,ATIONS ON THE Tl EORY OF THE BROWNIAN MOVEMENT, Albert Einstein. Reprints 
from rare European journals, translated into English. 5 basic papers, including Elementary 
Theory of the Brownian Movement, written at request of Lorentz to provide a simple 
explanation. Translated by A. D. Cowper. Annotated, edited by R. Furth. 33pp, of notes 
elucidate, give history of previous investigations. 62 footnotes. 124pp. 53/8 x 8 . 

S304 Paperbound $1.25 

THE PRINCIPLE OF RELATIVITY, E. Einstein, H. Lorentz, M. Minkowski, H. Weyl. The 11 basic 
papers that founded the general and special theories of relativity, translated into English. 

2 papers by Lorentz on the Michelson experiment, electromagnetic phenomena. Minkowski's 

“Space and Time,’’ and Weyl’s “Gravitation and Electricity.’’ 7 epoch-making papers by Ein¬ 
stein: “FJectromagnetics of Moving Bodies,” “Influence of Gravitation in Propagation of 
Light,” "Cosmological Considerations,” “General Theory,” 3 others. 7 diagrams. Special 
notes by A. Sommerfeld, 224pp. 53/8 x 8 . S93 Paperbound $1.75 


STATISTICS 


ELEMENTARY STATISTICS, WITH APPLICATIONS IN MEDICINE AND THE BIOLOGICAL SCIENCES, 
F. E. Croxton. Based primarily on biological sciences, but can be used by anyone desiring 
introduction to statistics. Assumes no prior acquaintance, requires only modest knowledge 
of math. All basic formulas carefully explained, illustrated; all necessary reference tables 
Included. From basic terms and concepts, proceeds to frequency distribution, linear, non¬ 
linear, multiple correlation, etc. Contains concrete examples from medicine, biology. 101 
charts. 57 tables. 14 appendices. Iv + 376pp. 5% x 8 . S506 Paperbound $1.95 

ANALYSIS AND DESIGN OF EXPERIMENTS, H. B. Mann. Offers method for grasping analysis of 
variance, variance design quickly. Partial contents: Chi-square distribution, analysis of 
variance distribution, matrices, quadratic forms, likelihood ration tests, test of linear 
hypotheses, power of analysis, Galois fields, non-orthogonal data, interblock estimates, etc. 
15pp. of useful tables, x -f 195pp. 5 x 73 /fe. S180 Paperbound $1.45 

FREQUENCY CURVES AND CORRELATION, W. P. Elderton. 4th revised edition of standard 
work on classical statistics. Practical, one of few books constantly referred to for clear 
presentation of basic material. Partial contents; Frequency Distributions; Pearsons Fre¬ 
quency Curves; Theoretical Distributions; Standard Errors; Correlation Ratio- Contingency; 
Corrections for Moments, Beta, Gamma Functions; etc. Key to terms, symbols. 25 examples. 
40 tables. 16 figures, xi + 272pp. bV 2 x 8 V 2 . Clothbound $1.49 
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HYDRODYNAMICS, ETC. 


HYDRODYNAMICS, Horace Lamb. Standard reference work on dynamics of liquids and gases. 
Fundamental theorems, equations, methods, solutions, background for classical hydrody¬ 
namics. Chapters: Equations of Motion, Integration of Equations in Special Gases, Vortex 
Motion, Tidal Waves, Rotating Masses of Liquids, etc. Excellently planned, arranged. Clear, 
lucid presentation. 6th enlarged, revised edition. Over 900 footnotes, mostly bibliograph¬ 
ical. 119 figures, xv + 738pp. 6 Vb x 9V4. S256 Paperbound ^2.95 

HYDRODYNAMICS, A STUDY OF LOGIC, FACT, AND SIMILITUDE, Garrett Birkhoff. A stimulating 
application of pure mathematics to an applied problem. Emphasis is on correlation of 
theory and deduction with experiment Examines recently discovered paradoxes, theory of 
modelling and dimensional analysis, paradox and error m flows and free boundary theory, 
'"lassical theory of virtual mass derived from homogenous spaces; group theory applied 
to fluid mechanics. 20 figures, 3 plates, xiii + 186pp. S-Ve x 8. S22 Paperbound S1.85 


HYDRODYNAMICS, H. Dryden, F. Murhaghan, H. Bateman. Published by National Research 
Council, 1932 Complete coverage of classical hydrodynamics, encyclopedic in quality. 
Partial contents- physics of fluids, motion, turbulent flow, compressible fluids, motion in 
1, 2, 3 dimensions, lamtim motion, resistance of motion through viscous fluid, eddy 
viscosity, discharge of gases, flow past obstacles, etc. Over 2900-item bibliography. 23 
figures 634pp. S^/a x 8. S303 Paperbound J2.75 


ACOUSTICS AND OPTICS 


PRINCIPLES OF PHYSICAL OPTICS, Ernst Mach. Classical examination of propagation of light, 
color, polarization, etc. Historical, philosophical treatment unequalled for breadth and 
readability. Contents- Rectilinear propagation, reflection, refraction, dioptrics, composition 
of light, periodicity, theory of interference, polarization, mathematical representation of 
properties, etc,. 279 illustrations. 10 portraits. 324pp. 5% x 8. S170 Paperbound ^ 1.75 

THE THEORY OF SOUND, Lord Rayleigh. Written by Nobel laureate, classical methods heie 
will cover most vibrating systems likely to bo encountered m practice. Complete coverage 
of experimental, mathematical aspects Partial contents. Harmonic motions, lateral vibra¬ 
tions of bars, curved plates or shells, applications ot Laplace’s functions to acoustical 
problems, fluid friction, etc. First low-priced edition of this great reference-study work. 
Historical introduction by R. B. Lindsay 1040pp. 97 figures. 5-i^y x 8 

S292, S233, Two volume set, paperbound $4.00 

THEORY OF VIBRATIONS, N. W. McLachlan. Based on exceptionally successful graduate 
course. Brown University Discusses linear systems having 1 degree ot freedom, forced 

Vibrations of simple linear systems, vibration of flexible strings, transverse vibrations of 

bars and tubes, of circular plate, sound waves of finite amplitude, etc 99 diagrams. 160pp. 
53/8 X 8. S190 Paperbound $1.35 

APPLIED OPTICS AND OPTICAL DESIGN, A. E. Conrady. Thorough systematic presentation of 
physical and mathematical aspects, limited mostly to “real optics ” Stresses practical 

problem of maximum aberration permissible without affecting performance. Ordinary ray 
tracing methods, complete theory ray tracing methods, primary aberrations, enough higher 
aberration to design telescopes, low powered microscopes, photographic equipment. Covers 
fundamental equations, extra-axial image points, transverse chromatic aberration, angular 
magnification, similar topics. Tables of functions of N. Over 150 diagrams, x -+- 518pp. 

53 'fi X 85/8. S366 Paperbound $2.98 

RAYLEIGH’S PRINCIPLE AND ITS APPLICATIONS TO ENGINEERING, G. Temple, W. Bickley. 

Rayleigh’s principle developed to provide upper, lower estimates of true value of funda¬ 
mental period of vibrating system, or condition of stability of elastic system. Examples, 
rigorous proofs. Partial contents; Energy method of discussing vibrations, stability. Per¬ 
turbation theory, whirling of uniform shafts. Proof, accuracy, successive approximations, 
applications of Rayleigh’s theory. Numerical, graphical methods. Ritz’s method. 22 figures, 
ix -t- 156pp. 53/8 X 8. S307 Paperbound $1.50 

OPTICKS, Sir Isaac Newton. In its discussion of light, reflection, color, refraction, theories 
of wave and corpuscular theories of light, this work is packed with scores of insights and 
discoveries. In its precise and practical discussions of construction of optical apparatus, 
contemporary understanding of phenomena, it is truly fascinating to modern scientists. 
Foreword by Albert Einstein. Preface by I. B. Cohen, Harvard. 7 pages of portraits, facsimile 
pages, letters, etc. cxvi + 414pp. 53/a x 8. S205 Paperbound $2.00 
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DOVER SCIENCE BOOKS 


ON THE SENSATIONS OF TONE, Hermann Helmholtz. Using acoustical physics, physiology, 
experiment, history of music, covers entire gamut of musical tone: relation of music 
science to acoustics, physical vs. physiological acoustics, vibration, resonance, tonality, 
progression of parts, etc. 33 appendixes on various aspects of sound, physics, acoustics, 
music, etc. Translated by A. J. Ellis. New introduction by H. Margenau, Yale. 68 figuies. 43 
musical passages analyzed. Over 100 tables, xix + 576pp. GVs x 9V4. 

S114 Clolhbound H.35 


ELECTROMAGNETICS, ENGINEERING, TECHNOLOGY 


INTRODUCTION TO RELAXATION METHODS, F. S. Shaw. Describes almost all manipulative re¬ 
sources of value in solution of differential equations. Treatment is mathematical rather 
than physical. Extends general computational process to include almost all branches of 
applied math and physics. Approximate numerical methods are demonstrated, although high 
accuracy is obtainable without undue expenditure of time. 48pp. of tables for computing 

irregular star first and second derivatives, irregular star coefficients for second order 
equations, for fourth order equations. “Useful. . . . exposition is clear, simple ... no 

previous acquaintance with numerical methods is assumed," Science Progress. 253 dia¬ 
grams. 72 tables. 400pp. 5% x 8. S244 Paperbound $2.45 

THE ELECTROMAGNETIC FIELD, M. Mason, W., Weaver. Used ronstantly by graduate engineers. 
Vector methods exclusively, detailed treatment of electrostatics, expansion methods, with 
tables converting any quantity into absolute electromagnetic, absolute electiostatic, prac¬ 
tical units. Discrete charges, ponderable bodies. Maxwell field equations, etc. 4]6pp 

5% x 8. S185 Paperbound $2.00 

ELASTICITY, PLASTICITY AND STRUCTURE OF MATTER, R. Hoiiwink. Standard treatise on 

rheological aspects of different technically important solids- crystals, resins, textiles, rubber, 
clay, etc. Investigates general laws for defoimations, determines diveigences. Covers gen¬ 
eral physical and mathematical aspects of (ilasticity, elasticity, viscosity, Detailed examina 

tion of deformations, internal structure of matter m relation to elastic, plastic behaviour, 

formation of solid matter from a fluid, etc Treats glass, asphalt, balata, proteins, baker’s 
dough, others. 2nd revised, enlarged edition. Extensive revised bibliography m over 500 
footnotes 214 figures, xvii + 368pp. 6 x 9Vt. S385 Paperbound $2.45 

DESIGN AND USE OF INSTRUMENTS AND ACCURATE MECHANISM, T. N. Whitehead. For the 

instrument designer, engineer, how to combine necessary matht'matical abstractions with 
independent observations of actual facts Partial contents, instruments and their parts, 

theory of errors, systematic errors, probability, short period errors, erratic errors, design 
precision, kinematic, semikinematic design, stiffness, planning of an instrument, human 

factor, etc. 85 photos, diagrams xii -f 288pp. x 8. S270 Paperbound $1.95 

APPLIED HYDRO- AND AEROMECHANICS, L. Prandtl, 0. G. Tietjens. Presents, for most part, 

methods valuable to engineers Flow m pipes, boundary layers, airtoil theory, entry condi¬ 
tions, turbulent flow, boundary layer determining drag frorTi pre.ssure and velocity, etc. 
"Will be welcomed by all students ot aerodynamics," Nature. Unabridged, unaltered. An 
Engineering Society Monograph, 1934. Index. 226 figures. 28 photographic plates illustrating 
flow patterns, xvi Sllpp SVb x 8 S375 Paperbound $1.85 

FUNDAMENTALS OF HYDRO- AND AEROMECHANICS. L. Prandtl, 0. G. Tietjens. Standard work, 
based on Prandtl's lectures at Goettingen. Wherever possible hydrodynamics theory is 
referred to practical considerations in hydraulics, unifying theory and experience. Presenta¬ 
tion extremely clear. Though primarily physical, proofs are rigorous and use vector analysis 
to a great extent. An Engineering Society Monograph, 1934. "Still recommended as an 
excellent introduction to this area," Physikalische Blatter 186 figures, xvi + 270pp. 

5-18 X 8. S374 Paperbound $1.85 

GASEOUS CONDUCTORS; THEORY AND ENGINEERING APPLICATIONS, J. D. Cobine. Indispensable 
text, reference, to gaseous conduction phenomena, with engineering viewpoint prevailing 
throughout. Studies kinetic theory of gases, loni/ation. emission phenomena; gas breakdown, 
spark characteristics, glow, discharges-, engineering applications in circuit interrupters, recti¬ 
fiers, etc. Detailed treatment of high pressure arcs rSuits); low pres.sure arcs (Langmuir, 
Tonks). Much more. “Well organized, clear, straightfoiward," Tonks, Review of Scientific 
Instruments. 83 practice problems. Over 600 figures. 58 tables, xx -f 606pp. 

53/t X 8 . S442 Paperbound $2.75 

PHOTOELASTICITY: PRINCIPLES AND METHODS, H. T. Jessop, F. C. Harris. For engineer, spe¬ 
cific problems of stress analysis. Latest time-saving methods of checking calculations in 
2-dimensional design problems, new techniques for stresses in 3 dimensions, lucid descrip¬ 
tion of optical systems used in practical photoelectricity. Useful suggestions, hints based 
on on-the-job experience included. Partial contents; strain, stress-strain relations, circular 
disc under thrust along diameter, rectangular block with square hold under vertical thrust, 
simply supported rectangular beam under central concentrated load, etc. Theory held to 
minimum, no advanced mathematical training needed. 164 illustrations. vUi -p 184pp. 
eVs X 91 / 4 . S137 Clothbound $3.75 
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MICROWAVE TRANSMISSION DESIGN DATA, T. Moreno. Originally classified, now rewritten, 

enlarged (14 new chapters) under auspices of Sperry Corp. Of immediate value or reference 
use fo radio engineers, systems designers, applied physicists, etc. Ordinary transmission 
line theory; attenuation; parameters of coaxial lines; flexible cables; tuneable wave guide 
impedance transformers; effects of temperature, humidity; much more, “Packed with informa¬ 
tion . . . theoretical discussions are directly related to practical questions,” U. of Royal 
Naval Scientific Service. Tables of dielectrics, flexible cable, etc. ix -4- 248pp. SVe x 8. 

S549 Paperbound $1.50 

THE THEORY OF THE PROPERTIES OF METALS AND ALLOYS, H. F. Mott, H. Jones. Quantum 
methods develop mathematical models showing interrelationship of fundamental chemical 
phenomena wtih crystal structure, electrical, optical properties, etc. Examines electron 
motion in applied field, cohesion, heat capacity, refraction, noble metals, transition and 
di-valent metals, etc. "Exposition is as clear . . . mathematical treatment as simple and 
reliable as we have become used to expect of . . . Prof. Mott,” Nature. 138 figures, xiii -I- 
320pp. 53/8 X 8. S456 Paperbound $1.85 

THE MEASUREMENT OF POWER SPECTRA FROM THE POINT OF VIEW OF COMMUNICATIONS 

ENGINEERING, R. B. Blackman, J. W. Tukey. Pathfindmg work reprinted from “Bell System 
Technical Journal.” Various ways of getting practically useful answers in power spectra 

measurement, using results from both transmission and statistical estimation theory. Treats: 

Autocovariance, Functions and Power Spectra, Distortion, Heterodyne Filtering, Smoothing, 
Decimation Procedures, Transversal Filtering, much more. Appendix reviews fundamental 
Fourier techniques. Index of notation. Glossary of terms. 24 figures. 12 tables. 192pp. 

5V8 X SVa. S507 Paperbound $1.85 

TREATISE ON ELECTRICITY AND MAGNETISM, James Clerk Maxwell. For more than 80 years 
a seemingly inexhaustible source of leads for physicists, mathematicians, engineers. Total 
of 1082pp. on such topics as Measurement of Quantities. Electrostatics, Elementary Mathe¬ 
matical Theory of Electricity, Electrical Work and Energy in a System of Conductors, Gen¬ 
eral Theorems, Theory of Electrical Images, Electrolysis, Conduction, Polarization, Dielectrics, 
Resistance, much more. “The greatest mathematical physicist since Newton,” Sir James 
Jeans. 3rd edition. 107 figures, 21 plates. 1082pp. 53/8 x 8. S186 Clothbound $4.95 


CHEMISTRY AND PHYSICAL CHEMISTRY 


THE PHASE RULE AND ITS APPLICATIONS, Alexander Findlay. Covers chemical phenomena of 
1 to 4 multiple component systems, the “standard work on the subject” (Nature;. Completely 
revised, brought up to date by A. N. Campbell, N. 0. Smith. New material on binary, tertiary 
liquid equilibria, solid solutions in ternary systems, quinary systems of salts, water, etc. 
Completely revised to triangular coordinates In ternary systems, clarified graphic i representa¬ 
tion, solid models, etc. 9th revised edition. 236 figures. 505 footnotes, mostly bibliographic, 
xii •+• 449pp. 53/8 X 8. S92 Paperbound $2.45 

DYNAMICAL THEORY OF GASES, James Jeans. Divided into mathematical, physical chapters for 
convenience of those not expert in mathematics. Discusses mathematical theory of gas 
in steady state, thermodynamics, Boizmann, Maxwell, k.netic theory, quantum theory, expo¬ 
nentials, etc. “One of the classics of scientific writing ... as lucid and comprehensive 
an exposition of the kinetic theory as has ever been written,” J. of Institute of Engineers. 
4th enlarged edition, with new material on quantum theory, quantum dynamics, etc. 28 figures. 
444pp. 6V8 X 91 / 4 . S136 Paperbound $2.45 

POLAR MOLECULES, Pieter Debye. Nobel laureate offers complete guide to fundamental 
electrostatic field relations, polarizability, molecular structure. Partial contents: electric 
intensity, displacement, force, polarization by orientation, molar polarization, molar refrac¬ 
tion, halogen-hydrides, polar liquids, ionic saturation, dielectric constant, etc. Special 
chapter considers quantum theory. “Clear and concise . . . coordination of experimental 
results with theory will be readily appreciated,” Electronics Industries. 172pp. 5% x 8. 

563 Clothbound $3.50 

564 Paperbound $1.50 

ATOMIC SPECTRA AND ATOMIC STRUCTURE, G. Herzberg. Excellent general survey for chem¬ 
ists, physicists specializing in other fields. Partial contents: simplest line spectra, elements 
of atomic theory; multiple structure of line spectra, electron spin; building-up principle, 
periodic system of elements; finer details of atomic spectra; hyperfine structure of spectral 
lines; some experimental results and applications. 80 figures. 20 tables, xiii + 257pp, 
5^ X 8. S115 Paperbound $1.95 

TREATISE ON THERMODYNAMICS, Max Planck. Classic based on his original papers. Brilliant 
concepts of Nobel laureate make no assumptions regarding nature of heat, rejects earlier 
approaches of Helmholtz, Maxwell, to offer uniform point of view for entire field. Seminal 
work by founder of quantum theory, deducing new physical, chemical laws. A standard 
text, an excellent introduction to field for students with knowledge of elementary chemistry, 
physics, calculus. 3rd English edition, xvi + 297pp. 53 /b x 8. S219 Paperbound $1.75 
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KINETIC THEORY OF LIQUIDS, J. Frenkel. Regards kinetic theory of liquids as generalization, 
extension of theory of solid bodies, covers all types of arrangements of solids; thermal 
displacements of atoms; interstitial atoms, lons; orientational, rotational motion of mole¬ 
cules; transition between states of matter. Mathematical theory developed close to physical 
subject matter. “Discussed in a simple yet deeply penetrating fashion . . . will serve as 
seeds for a great many basic and applied developments in chemistry,” J. of the Amer. 
Chemical Soc. 216 bibliographical footnotes. 55 figures. xi + 485pp. SVa x 8. 

594 Clothbound $3.95 

595 Paperbound $2.45 


ASTRONOMY 


OUT OF THE SKY, H. H. Nininger. Non-technical, comprehensive introduction to “meteoritics” 
—science concerned with arrival of matter from outer space. By one of world’s experts 
on meteorites, this book defines meteors and meteorites, studies fireball clusters and 
processions, meteorite composition, size, distribution, showers, explosions, origins, much 
more, viii 336pp. 53/8 x 8. T519 Paperbound $1.85 

AN INTRODUCTION TO THE STUDY OF STELLAR STRUCTURE, S. Chandrasekhar. Outstanding 
treatise on stellar dynamics by one of greatest astro-physicists. Examines relationship be¬ 
tween loss of energy, mass, and radius of stars in steady state. Discusses thermodynamic 
laws from Caratheodory’s axiomatic standpoint; adiabatic, polytropic laws; work of Ritter, 
Emden, Kelvin, etc.; Stroemgren envelopes as starter for theory of gaseous stars; Gibbs 
statistical mechanics (quantum); degenerate stellar configuration, theory of white dwarfs; 
etc. “Highest level of scientific merit,” Bulletin. Amer. Math. Soc. 33 figures. 509pp. 
SVe X 8. S413 Paperbound $2.75 

LES M^HODES NOVELLES DE LA MECANIQUE cIlESTE, H. Poincar6. Complete French text 
of one of Poincare’s most important works. Revolutionized celestial mechanics: first use of 
integral invariants, first major application of linear differential equations, study of periodic 
orbits, lunar motion and Jupiter’s satellites, three body problem, and many other important 
topics. ‘ Started a new era . . . so extremely modern that even today few have mastered 
his weapons,” E. T. Bell. 3 volumes. Total 1282pp. eVs x 9V4. 

Vol. 1 S401 Paperbound $2.75 

Vol. 2 S402 Paperbound $2.75 

Vol. 3 S403 Paperbound $2.75 

The set $7.50 

THE REALM OF THE NEBULAE, E. Hubble. One of the great astronomers of our time presents 
his concept of “island universes,” and describes its effect on astronomy. Covers velocity- 
distance relation; classification, nature, distances, general field of nebulae; cosmological 
theories; nebulae in the neighborhood of the Milky way; etc. 39 photos, including velocity- 
distance relations shown by spectrum comparison. “One of the most progressive lines 

of astronomical research,” The Times, London. New Introduction by A Sandage. 55 illustra¬ 
tions. xxiv -f 201pp. 53/8 x 8. S455 Paperbound $1.50 

HOW TO MAKE A TELESCOPE, Jean Texereau. Design, build an f/6 or f/8 Newtonian type 
reflecting telescope, with altazimuth Couder mounting, suitable for planetary, lunar, and 
stellar observation. Covers every operation step-by-step, every piece of equipment. Dis¬ 
cusses basic principles of geometric and physical optics (unnecessary to construction), 

comparative merits of reflectors, refractors. A thorough discussion of eyepieces, finders, 
grinding, installation, testing, etc. 241 figures, 38 photos, show almost every operation 

and tool. Potential errors are anticipated. Foreword by A. Couder. Sources of supply, xiii 

+ 191pp. 6V4 X 10. T464 Clothbound $3.50 


BIOLOGICAL SCIENCES 


THE BI0L06Y OF THE AMPHIBIA, G. K. Noble, Late Curator of Herpetology at Am. Mus. of 
Nat. Hist. Probably most used text on amphibia, most comprehensive, clear, detailed. 19 
chapters, 85 page supplement: development; heredity; life history; speciation; adaptation; 
sex, integument, respiratory, circulatory, digestive, muscular, nervous systems; instinct, 
intelligence, habits, economic value classification, environment relationships, etc. “Nothing 
comparable to it” C. H Pope, curator of Amphibia, Chicago Mus. of Nat. Hist. 1047 item 
bibliography. 174 Illustrations, 600pp. 53/a x 8. S206 Paperbound $2.98 

THE ORIGIN OF LIFE, A. I. Oparin. A classic of biology. This is the first modern statement 
of theory of gradual evolution of life from nitrocarbon compounds. A brand-new evaluation 
of Oparin’s theory In light of later research, by Dr. S. Margulis, University of Nebraska. 
XXV -f 270pp. 5% X 8. S213 Paperbound $1.75 
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THE BIOLOGY OF THE LABORETORY MOUSE, edited by G. D. Snell. Prepared in 1941 by staff 
of Roscoe B. Jackson Memorial Laboratory, still the standard treatise on the mouse, 
assembling enormous amount of material for which otherwise you spend hours of research. 
Embryology, reproduction, histology, spontaneous neoplasms, gene and chromosomes muta¬ 
tions, genetics of spontaneous tumor formations, of tumor transplantation, endocrine secre¬ 
tion and tumor formation, milk influence and tumor formation, inbred, hybrid animals, 
parasites, infectious diseases, care and recording. “A wealth of information of vital con¬ 
cern. . . . recommended to all who could use a book on such a subject,” Nature. Classified 
bibliography of 1122 items. 172 figures, including 128 photos, ix A- 497pp. CVa x 9 V 4 . 

S248 Clothbound ^6.00 

THE TRAVELS OF WILLIAM BARTRAM, edited by Mark Van Doran. Famous source book of 

American anthropology, natural history, geography, is record kept by Bartram in 1770’s on 

travels through wilderness of Florida, Georgia, Carolinas. Containing accurate, beautiful 
descriptions of Indians, settlers, fauna, flora, it is one of finest pieces of Americana 

ever written. 13 original illustrations. 448pp. SVs x 8 . T13 Paperbound ^2.00 

BEHAVIOUR AND SOCIAL LIFE OF THE HONEYBEE. Ronald Ribbands. Outstanding scientific 

study; a compendium of practically everything known of social life of honeybee. Stresses 
behaviour of individual bees in field, hive. Extends von Frisch’s experiments on communi¬ 
cation among bees. Covers perception of temperature, gravity, distance, vibration; sound 
production; glands; structural differences; wax production, temperature regulation; recogni¬ 
tion, communication, drifting, mating behaviour, other highly interesting topics. ‘‘This 
valuable work is sure of a cordial reception by laymen, beekeepers and scientists,” Prof. 

Karl von Fnsch, Brit. J. of Animal Behaviour. Bibliography of 690 references. 127 diagrams, 
graphs, sections of bee anatomy, fine photographs. 352pp. S410 Clothbound $4.50 

ELEMENTS OF MATHEMATICAL BIOLOGY, A. J. Lotka. Pioneer classic, 1st major attempt to 

apply modern mathematical techniques on large scale to phenomena of biology, biochem¬ 

istry, psychology, ecology, similar life sciences. Partial contents Statistical meaning of 
irreversibility: Evolution as redistribution, Equations of kinetics of evolving systems; Chem¬ 
ical, inter-species equilibrium; parameters of state-. Energy transformers of nature, etc. 
Can be read with profit by even those having no advanced math, unsurpassed as study- 
reference. Formerly titled “Elements of Physical Biology.” 72 figures, xxx + 460pp. x 8 . 

S346 Paperbound $2.45 

TREES OF THE EASTERN AND CENTRAL UNITED STATES AND CANADA, W. M. Harlow. Serious 
middle-level text covering more than 140 native trees, impoitant escapes, with informa¬ 
tion on general appearance, growth habit, leaf forms, flowers, fruit, bark, commercial use, 
distribution, habitat, woodlore, etc. Keys within text enable you to locate various species 
easily, to know which have edible fruit, much more useful, interesting information. “Well 
illustrated to make identification very easy,” Standard Cat. for Public Libraries. Over 600 
photographs, figures, xiii + 288pp. SVs x 6 V 2 . T395 Paperbound $t.35 

FRUIT KEY AND TWIG KEY TO TREES AND SHRUBS (Fruit key to Northeastern Trees, Twig key 
to Deciduous Woody Plants of Eastern North America), W. M. Harlow. Only guides with photo¬ 
graphs of every twig, fruit described. Especially valuable to novice. Fruit key (both deciduous 
trees, evergreens) has introduction on seeding, organs invo.tved, types, habits. Twig key 
introduction treats growth, morphology. In keys proper, identification is almost automatic. 
Exceptional work, widely used in university courses, especially useful for identification in 
winter, or from fruit or seed only. Over 350 photos, up to 3 times natural size. Index of 
common, scientific names, in each key. xvii -f 125pp. 5% x Syg. T511 Paperbound $1.25 

INSECT LIFE AND INSECT NATURAL HISTORY, S. W. Frosi. Unusual tor emphasizing habits, social 
life, ecological relations of insects rather than more academic aspects of classification, 
morphology. Prof. Frost’s enthusiasm and knowledge are everywhere evident as he discusses 
insect associations, specialized habits like leaf-rolling, leaf mining, case-making, the gall 
insects, boring insects, etc. Examines matters not usually covered in general works: insects 
as human food; insect music, musicians, insect response to radio waves, use of insects in 
art, literature. ‘‘Distinctly different, possesses an individuality all its own,” Journal of 
Forestry. Over 700 illustrations. Extensive bibliography, x + 524pp, 5% x 8 . 

T519 Paperbound $2.49 

A WAY OF LIFE, AND OTHER SELECTED WRITINGS, Sir William Osier. Physician, humanist, 
Osier discusses brilliantly Thomas Browne, Gui Patin, Robert Burton, Michael Servetus, 
William Beaumont, Laennec. Includes such favorite writing as title essay, “The Old Human¬ 
ities and the New Science,” “Books and Men,” “The Student Life,” 6 more of his best 
discussions of philosophy, literature, religion. “The sweep of his mind and interests em¬ 
braced every phase of human activity,” G. L, Keynes. 5 photographs. Introduction by G. L. 
Keynes, M.D., F.R.C.S. xx -f 278pp. SYs x 8 . T488 Paperbound $1.50 

THE GENETICAL THEORY OF NATURAL SELECTION, R. A. Fisher. 2nd revised edition of vital 
reviewing of Darwin’s Selection Theory in terms of particulate inheritance, by one of 
greatest authorities on experimental, theoretical genetics. Theory stated in mathematical 
form. Special features of particulate Inheritance are examined.- evolution of dominance, main¬ 
tenance of specific variability, mimicry, sexual selection, etc. 5 chapters on man's special 
circumstances as a social animal. 16 photographs, x -f 310pp. 5Ye x 8 . 

S466 Paperbound $1.85 
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THE AUTOBIOGRAPHY OF CHARLES DARWIN, AND SELECTED LETTERS, edited by Francis 
Darwin. Darwin’s own record of early life; historic voyage aboard “Beagle;" furore surround¬ 
ing evolution, his replies; reminiscences of his son. Letters to Henslow, Lyell, Hooker, 
Huxley, Wallace, Kingsley, etc., and thoughts on religion, vivisection. We see how he revo¬ 
lutionized geology with concepts of ocean subsidence; how his great books on variation 
of plants and animals, primitive man, expression of emotion among primates, plant fertiliza¬ 
tion, carnivorous plants, protective coloration, etc., came into being. 365pp, 5% x 8. 

T479 Paperbound $1.65 

ANIMALS IN MOTION, Eadweard Muybridge. Largest, most comprehensive selection of Muy¬ 
bridge's famous action photos of animals, from his “Animal Locomotion." 3919 high-speed 
shots of 34 different animals, birds, in 123 types of action; horses, mules, oxen, pigs, 

goats, camels, elephants, dogs, cats guanacos, sloths, lions, tigers, jaguars, raccoons, 
baboons, deer, elk, gnus, kangaroos, many others, v;alking, running, flying, leaping. Horse 
alone in over 40 ways. Photos taken against ruled backgrounds; most actions taken from 

3 angles at once: 90°, 60°, rear. Most plates original size Of considerable interest to 
scientists as biology classic, ecords c; actual tacts of natural history, physiology. “Really 
marvelous senes of plates," Nature. “Monumental work," Waldcmar Kaempffert. Edited by 
L. S. Brown, 74 page introduction on mechanics of motion. 340pp. of plates. 3919 photo¬ 

graphs. 416pp. Deluxe binding, paper. (Weight: 41/2 lbs.) 7Vb x IOVk. 

T203 Clothbound $10.00 

THE HUMAN FIGURE IN MOTION, Eadweard Muybridge. New edition of great classic in history 
of science and photography, largest selection ever made from original Muybridge photos of 
human action: 4789 photographs, illustrating 163 types of motion, walking, running, lifting, 
etc, in time-exposure sequence photos at speeds up to l/6000th of a second. Men, women, 
children, mostly undraped, showing bone, muscle positions against ruled backgrounds, 

mostly taken at 3 angles at once. Not only was this a great work of photography, acclaimed 
by contemporary critics as work of genius, but it was also a great 19th century landmark 
in biological research. Historical introduction by Prof. Robert Taft, U. of Kansas. Plates 
original size, full of detail. Over 500 action strips. 407pp. 7% x 10’‘o. Deluxe edition. 

7204 Clothbound $10.00 

AN INTRODUCTION TO THE STUDY OF EXPERIMENTAL MEDICINE, Claude Bernard. 90-year old 
classic of medical science, only major work of Bernard available in English, records his 
efforts tn transform physiology into exact science. Principles of scientific research illus¬ 
trated by specified case histones from his work, roles of chance, error, preliminary false 
conclusion, in leading eventually to scientific truth, use of hypothesis. Much of modern 
aiplication of mathematics to biology rests on foundation set down here. “The presentation 
IS polished . . . reading is easy," Revue des questions scientifiques. New foreword by Prof. 
I. B. Cohen, Harvard U. xxv -f 266pp. S-Ve x 8. T400 Paperbound $1.50 

STUDIES ON THE STRUCTURE AND DEVELOPMENT OF VERTEBRATES, E. S. Goodrich. Definitive 
study by greatest modern comparative anatomist. Exhaustive morphological, phylogenetic 
expositions of skeleton, fins, limbs, skeletal visceral arches, labial cartilages, visceral 
clefts, gills, vascular, respiratory, excretory, periphal nervous systems, etc., from fish to 
higher mammals. “For many a day this will certainly be the standard textbook on Vertebrate 
Morp^’ology in the English language," Journal of Anatomy. 754 illustrations. 69 page bio¬ 
graphical study by C. C. Hardy. Bibliography of 1186 references. Two volumes, total 906pp. 
5% X 8. Two vol. set S449, 450 Paperbound $5.00 


EARTH SCIENCES 


THE EVOLUTION OF IGNEOUS BOOKS, N. L. Bowen. Invaluable serious introduction applies 
techniques of physics, chemistry to explain igneous rock diversity in terms of chemical 
composition, fractional crystallization. Discusses liquid immiscibility m silicate magmas, 
crystal sorting, liquid lines of descent, fractional resorption of complex minerals, petrogen, 
etc. Of prime importance to geologists, mining engineers; physicists, chemists working with 
high temperature, pressures. “Most important,” Times, London. 263 bibliogiaphic notes, 
82 figures, xviii + 334pp. x 8. S311 Paperbound $1.85 

GEOGRAPHICAL ESSAYS, M. Davis. Modern geography, geomorphology rest on fundamental 
work of this scientist. 26 famous essays present most important theories, field researches. 
Partial contents; Geographical Cycle; Plains of Marine, Subaenal Denudation; The Peneplain; 
Rivers, Valleys of Pennsylvania; Outline of Cape Cod; Sculpture of Mountains by Glaciers; 
etc. “Long the leader and guide,” Economic Geography. “Part of the very texture of geog¬ 
raphy . . . models of clear thought,” Geographic Review. 130 figures, vi -f 777pp, 53/8 x 8. 

S383 Paperbound $2.95 

URANIUM PROSPECTING, H. L. Barnes. For immediate practical use, professional geologist 
considers uranium ores, geological occurrences, field conditions, all aspects of highly 
profitable occupation. “Helpful information . . . easy-to-use, easy-to-find styk ’ Geotimes. 
X + 117pp. 5% X 8. T309 Paperbound $1.00 
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DE RE METALLICA, Georgius Agricola. 400 year old classic translated, annotated by former 
President Herbert Hoover. 1st scientific study of mineralogy, mining, for over 200 years 
after its appearance in 1556 the standard treatise. 12 books, exhaustively annotated, discuss 
history of mining, selection of sites, types of deposits, making pits, shafts, ventilating, 
pumps, crushing machinery, assaying, smelting, refining metals; also salt alum, nitre, glass 
making. Definitive edition, with all 289 16th century woodcuts of original. Biographical, 
historical introductions. Bibliography, survey of ancient authors. Indexes. A fascinating book 
for anyone interested in art, history of science, geology, etc. Deluxe Edition. 289 illustra¬ 
tions. 672pp. 63/4 X 10. Library cloth. S6 Clothbound $10.00 

INTERNAL CONSTITUTION OF THE EARTH, edited by Beno Gutenberg. Prepared for National 
Research Council, this Is a complete, thorough coverage of earth origins, continent forma¬ 
tion, nature and behaviour of earth’s core, petrology of crust, cooling forces in core, 
seismic and earthquake material, gravity, elastic constants, strain characteristics, similar 
topics. “One is filled with admiration ... a high standard . . . there is no reader who 
will not learn something from this book.” London, Edinburgh, Dublin, Philosophic Magazine. 
Largest Bibliography in print: 1127 classified items. Table of constants. 43 diagrams. 
439pp. BVq X 9V4. S414 Paperbouncf $2.45 

THE BIRTH AND DEVELOPMENT OF THE GEOLOGICAL SCIENCES, F. D. Adams. Most thorough 
history of earth sciences ever written. Geological thought from earliest times to end of 
19th century, covering over 300 early thinkers and systems; fo.ssils and their explanation, 
vulcanists vs. neptunists, figured stones and paleontology, generation of stones, dozens of 
Similar topics. 91 illustrations, including Medieval, Renaissance woodcuts, etc. 632 footnotes, 
mostly bibliographical. 511pp. 53/8 x 8. T5 Paperbound $2.00 

HYDROLOGY, edited by 0. E. Meinzer, prepared for the National Research Council. Detailed, 

complete reference library on precipitation, evaporation, sncw. snow surveying, glaciers, 
lakes, infilt’ntion, soil moisture, ground water, runoff, drought, physical changes produced 

by water h, rology of limestone terranes, etc. Practical in application, especially valuable 

for engineers. 24 experts have created “the most up-to-date, most complete treatment of 
the subject,” Am. Assoc, of Petroleum Geologists. 165 illustrations, xi ■+- 712pp. BVb x 9Va. 

S191 Paperbound $2.95 


LANGUAGE AND TRAVEL AIDS FOR SCIENTISTS 
SAY IT language phra.'^e books 


“SAY IT” in the foreign language of your choice! We have sold over V 2 million copies of 
these popular, useful language books. They will not make you an expert linguist overnight, 
but they do cover most practical matters of everyday life abroad. 

Over 1000 useful phrases, expressions, additional variants, substitutions. 

Modern! Useful! Hundreds of phrases not available in other texts: “Nylon,” “air-condi¬ 
tioned,” etc. 

The ONLY inexpensive phrase book completely indexed. Everything is available at a flip 
of your finger, ready to use. 

Prepared by native linguists, travel experts. 

Based on years of travel experience abroad. 

May be used by itself, or to supplement any other text or course. Provides a living ele¬ 
ment. Used by many colleges, institutions-. Hunter College; Barnard College; Army Ordinance 
School, Aberdeen; etc. 


Available, 1 book per language: 

Danish (T818) 750 
Dutch (T817) 750 

English (for German-speaking people) (T801) 600 

English (for Italian-speaking people) (T816) 600 

English (for Spanish-speaking people) (T802) 600 

Esperanto (T820) 750 

French (T803) 600 

German (T804} 600 

Moifern Greek (T813) 750 

Hebrew (T805) 600 


Italian (T806) 600 
Japanese (T807} 750 
Norwegian (T814) 750 
Russian (T810) 750 
Spanish (T811) 600 
Turkish (T821) 750 
Yiddish (T815) 750 
Swedish (T812) 750 
Polish (T808) 750 
Portuguese (T809) 750 
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DOVER SCIENCE BOOKS 


MONEY CONVERTER AND TIPPING GUIDE FOR EUROPEAN TRAVEL, C. Vamacka. Purse-si 2 e hand- 
book crammed with information on currency regulations, tipping for every European country, 
Including Israel, Turkey, Czechoslovakia, Rumania, Egypt, Russia, Poland. Telephone, postal 
rat's; duty-free imports, passports, visas, health certificates; foreign clothing sizes; weather 
tables. What, when to tip. 5th year of publication. 128pp. 3 V 2 x 5V4. T260 Paperbound 60(i 

NEW RUSSIAN-ENGLISH AND ENGLISH-RUSSiAN DICTIONARY, M. A. O'Brien. Unusually com¬ 
prehensive guide to reading, speaking, writing Russian, for both advanced, beginning stu¬ 
dents. Over 70,000 entries in new orthography, full information on accentuation, grammatical 
classifications. Shades of meaning, idiomatic uses, colloquialisms, tables of irregular verbs 
for both languages. Individual entries indicate stems, transitiveness, perfective, imper- 
fective aspects, conjugation, sound changes, accent, etc. Includes pronunciation instruction. 
Used at Harvard, Yale, Cornell, etc. 738pp. S-Va x 8. T208 Paperbound $2.00 

PHRASE AND SENTENCE DICTIONARY OF SPOKEN RUSSIAN, English-Russian, Russian-English. 

Based on phrases, complete sentences, not isolated words—recognized as one of best 
methods of learning idiomatic, speech Over 11,500 entries, indexed by single words, over 
32,000 English, Russian sentences, phrases, in immediately useable form. Shows accent 
changes in conjugation, declension; irregular forms listed both alphabetically, under main 

form of word. 15,000 word introduction covers Russian sounds, writing, grammar, syntax. 
15 page appendix of geographical names, money, important signs, given names, foods, 
special Soviet terms, etc. Originally published as U.S. Gov't Manual TM 30-944. iv -f- 573pp. 
5% X 8. T496 Paperbound $2.75 

PHRASE AND SENTENCE DICTIONARY OF SPOKEN SPANISH, Spanish-English, English-Spanish. 

Compiled from spoken Spanish, based on phrases, complete sentences rather than isolated 
words--not an ordinary dictionary. Over 16,000 entries indexed under single words, both 
Castilian, Latin-Amencan. Language in immediately useable form. 25 page introduction 
provides rapid survey of sounds, grammar, syntax, full consideration of irregular verbs. 
Especially apt in modern treatment of phrases, structure. 17 page glossary gives translations 
of geographical names, money values, numbers, national holidays, important street signs, 

useful expiessions of high frequency, plus unique 7 page glossary of Spanish, Spanish- 
American foods. Originally published as U.S. Gov't Manual TM 30-900. iv 4- 513pp. 5^/8 x S^/a. 

T495 Paperbound $1.75 


SAY IT CORRECTLY language record sets 


The best inexpensive pronunciation aids on the market. Spoken by native linguists asso¬ 
ciated with major American universities, each record contains; 

14 minutes of speech—12 minutes of normal, relatively slow speech, 2 minutes of 
normal conversational speed. 

120 basic phrases, sentences, covering nearly every aspect of everyday life, travel— 
introducing yourself, travel in autos, buses, taxis, etc., walking, sightseeing, hotels, 
restaurants, money, shopping, etc. 

32 page booklet containing everything on record plus English translations easy-to-follow 
phonetic guide. 

Clear, high-fidelity recordings. 

Unique bracketing systems, selection of basic sentences enabling you to expand use of 
SAY IT CORRECTLY records with a dictionary, to fit thousands of additional situations. 


Use this record to supplement any course or text. All sounds in each language illustrated 
perfectly—imitate speaker in pause which follows each foreign phrase in slow section, 
and be amazed at increased ease, accuracy of pronounciation. Available, one language per 
record for 


French 

Italian 

Japanese 

Polish 


Spanish 

Dutch 

Russian 

Swedish 


German 

Modern Greek 

Portuguese 

Hebrew 


English (for German-speaking people) English (for Spanish-speaking people) 


7" (33 1/3 rpm) record, album, booklet. $1.00 each. 


SPEAK MY LANGUAGE: SPANISH FOR YOUNG BEGINNERS, M. Ahiman, Z. Gilbert. Records pro¬ 
vide one of the best, most entertaming methods of introducing a foreign language to 
children. Within Iramework of tram trip from Portugal to Spam, an English-speaking child 
Is introduced to Spanish by native companion. (Adapted from successful radio program of 
N.Y. State Educational Department.) A dozen different categories of expressions, Including 
greeting, numbers, time, weather, food, clothes, family members, etc. Drill is combined 
with poetry and contextual use. Authentic background music. Accompanying book enables 
a reader to follow records, includes vocabulary of over 350 recorded expressions. Two 
10" 33 1/3 records, total of 40 minutes. Book. 40 illustrations. 69pp. 5V4 x iOVi. 

T890 The set $4.95 
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CATALOGUE OF 


LISTEN & LEARN language record sets 


LISTEN & LEARN is the only extensive language record course designed especially to meet 
your travel and everyday needs. Separate sets for each language, each containing three 33 1/3 
rpm long-playing records—1 1/2 hours of recorded speech by eminent native speakers 
who are professors at Columbia, New York U., Queens College. 

Check the following features found only m LISTEN & LEARN: 

Dual language recording. 812 selected phrases, sentences, over 3200 words, spoken first 
in English, then foreign equivalent. Pause after each foreign phrase allows time to 
repeat expression. 

128-page manual (196 page for Russian)—everything on records, plus simple transcrip¬ 
tion. Indexed for convenience. Only set on the market completely indexed. 

Practical. No time wasted on material you can find in any grammar. No dead words. 
Covers central core material with phrase approach. Ideal for person with limited time. 
Living, modern expressions, not found in other courses. Hygienic products, modern 
equipment, shopping, “air-conditioned," etc. Everything is immediately useable. 

High-fidelity recording, equal in clarity to any costing up to $6 per record. 

“Excellent . . . impress me as being among the very best on the market," Prof. Mario 
Pei, Dept, of Romance Languages, Columbia U. “Inexpensive and well done . . . ideal 
present," Chicago Sunday Tribune. “More genuinely helpful than anything of its kind," 
Sidney Clark, well-known author of “All the Best" travel nooks. 

UNCONDITIONAL GUARANTEE. Try LISTEN & LEARN, then return it within 10 days for full 
refund, if you are not satisfied. It is guaranteed after you actually use it. 

6 modern languages—FRENCH, SPANISH. GERMAN, ITALIAN, RUSSIAN, oi JAPANESE ‘—one 
language to each set of 3 records (33 1/3 rpm). 128 page manual. Album. 

Spanish the set $4.95 German the set $4.95 Japanese* the set $5.95 

French the set $4.95 Italian the set $4,95 Russian the set $5.95 

* Available Oct. 1959. 


TRUBNER COLLOQUIAL SERIES 


These unusual books are members of the famous Trubner series of colloquial manuals. They 
have been written to provide adults with a sound colloquial knowledge of a foreign lan¬ 
guage, and are suited for either class use or self-study. Each book is a complete course In 
itself, with progressive, easy to follow lessons. Phonetics, grammar, and syntax are covered, 
while hundreds of phrases and idioms, reading texts, exercises, and vocabulary are included. 
These books are unusual in being neither skimpy nor overdetailed in grammatical matters, 
and in presenting up-to-date, colloquial, and practical phrase material. Bilingual presentation 
is stressed, to make thorough self-study easier for the reader. 

COLLOQUIAL HINDUSTANI, A. H. Harley, formerly Nizam’s Reader in Urdu, U. of London. 30 
pages on phonetics and scripts (devanagari & Arabic-Persian) are followed by 29 lessons, 
including material on English and Arabic-Persian influences. Key to all exercises. Vocabufary, 
5 X 71/2. 147pp. Clothbound $1.75 

COLLOQUIAL ARABIC, DeLacy O’Leary. Foremost Islamic scholar covers language of Egypt, 

Syria, Palestine, & Northern Arabia. Extremely clear coverage of complex Arabic verbs & noun 
plurals; also cultural aspects of language. Vocabulary, xviii + 192pp, 5 x 7V2. 

Clothbound $1.75 

COLLOQUIAL GERMAN, P. F. Doring. Intensive thorough coverage of grammar in easily-followed 
form. Excellent for brush-up, with hundreds of colloquial phrases. 34 pages of bilingual 
texts. 224pp. 5 x 71/2. Clothbound $1.75 

COLLOQUIAL SPANISH, W. R. Patterson. Castilian grammar and colloquial language, loaded 

with bilingual phrases and colloquialisms. Excellent for review or self-study. 164pp. 5 x 7V2. 

Clothbound $1.75 

COLLOQUIAL FRENCH, W. R. Patterson. 16th revised edition of this extremely popular manual. 
Grammar explained with model clarity, and hundreds of useful expressions and phrases; 
exercises, reading texts, etc. Appendixes of new and useful words and phrases. 223pp. 

5 X 7Vi. Clothbound $1.75 
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DOVER SCIENCE BOOKS 


COLLOQUIAL PERSIAN, L. P. Elwell-Sutton. Best introduction to modern Persian, with 90 page 
grammatical section followed by conversations, 35 page vocabulary. 139pp. Clothbound $1,75 

COLLOQUIAL CZECH, J. Schwarz, former headmaster of Lingua Institute, Prague. Full easily 
followed coverage of grammar, hundreds of immediately useable phrases, texts. Perhaps the 
best Czech grammar m print. ‘An absolutely successful textbook,” JOURNAL OF CZECHO¬ 
SLOVAK FORCES IN GREAT BRITAIN. 252pp. 5 x 7V?. Clothbound $2.50 

COLLOQUIAL RUMANIAN, G. Nandris, Professor of University of London. Extremely thorough 
coverage of phonetics, grammar, syntax; also included 70 page reader, and 70 page vocabulary. 
Probably the best grammar for this increasingly important language. 340pp. 5 x 7 V 2 . 

Clothbound $2.50 

COLLOQUIAL ITALIAN, A. L. Hayward. Excellent self-study course in grammar, vocabulary, 
idioms, and reading. Easy progressive lessons will give a good working knowledge of ftalian 
in the shortest possible time. L x 7 V 2 . Clothbound $1.75 


MISCELLANEOUS 


TREASURY OF THE WORLD’S COINS, Fred Reinfeld. Finest general introduction to numis¬ 
matics; non-technical, thorough, always fascinating. Coins of Greece, Rome, modern coun¬ 
tries of every continent, primitive societies, such oddities as 200-lb stone money of Yap, 
nail coinage of New England; ail mirror man’s economy, customs, religion, politics, philos¬ 
ophy, art. Entertaining, absorbing study; novel view of history. Over 750 illustrations. 
Table of value of coins illustrated. List of U.S. com clubs. 224pp. 6 V 2 x 9 V 4 . 

T433 Paperbound $1.75 

ILLUSIONS AND DELUSIONS OF THE SUPERNATURAL AND THE OCCULT, 0. H. Rawcliffe. Ra¬ 
tionally e amines hundreds of persistent delusions including witchcraft, trances, mental 
healing, peyotl, poltergeists, stigmata, lycanthropy, live burial, auras, Indian rope trick, 
spinlual'.sn, dowsing, telepathy, ghosts, ESP. etc. Explains, exposes mental, physical de- 
cef tions involved, making this not only an expose of supernatural phenomena, but a valuable 
exposition of characteristic types of abnormal psychology. Originally “The Psychology of 
the Occult.” Introduction by Julian Huxley. 14 illustrations. 551pp. 5% x 8 . 

T503 Paperbound $2.00 

HOAXES, C. D. MacDougall. Shows how art, science, history, journalism can be perverted 
tor private purposes. Hours of delightful entertainment, a work of scholarly value, often 
shocking. Examines nonsense news, Cardiff giant, Shakespeare forgeries. Loch Ness monster, 
biblical frauds, political schemes, literary hoaxers like Chatterton, Ossian, disumbrationist 
school of painting, lady in black at Valentino’s tomb, over 250 others. Will probably reveal 
truth about few things you’ve believed, will help you spot more easily the editorial 
“gander” or planted publicity release. “A stupendous collection . . . and shrewd analysis,” 
New Yorker. New revised edition. 54 photographs. 320pp. S^/a x 8 . T465 Paperbound $1.75 

YOGA: A SCIENTIFIC EVALUATION. Kovoor T. Behanan. Book that for first time gave Western 
readers a sane, scientific explanation, analysis of yoga. Author draws on laboratory 
experiments, personal records of year as disciple of yoga, to investigate yoga psychology, 
physiology, “supernatural” phenomena, ability to plumb deepest human powers. In this 
study under auspices of Yale University Institute of Human Relations, strictest principles 
of physiological, psychological inquiry are followed. Foreword by W. A. Miles, Yale University. 
17 photographs, xx + 270pp, 5% x 8 . T505 Paperbound $1.65 


Write for free catalogs! 

Indicate your field of intereHt. Dover publishes hooks on physics, earth 
sciences, niatheynatics, engineering, chemistry, astronomy, anthropol- 
ogy, biology, psychology, philosophy, religion, history, literature, math- 
ematical recreations, languages, crafts, art, graphic arts, etc. 

Write to Dept, catr 
Jlover Publications, Inc, 

Science B ISO Varick St., N. Y. N. Y, 
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